Consult these solutions at your own risk! Perfection of the following

answers is not guaranteed or implied, etc etc
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MAT257: Problem Set 17

Section 32

3.
*Post-edit: I probably have sign errors here*

Let w = zydxr + 22dy — ydz and a(u,v) = (uv,u?,3u + v). Then

dw = d(zxydx + 2zdy — ydz) = zdy N dx + 2dz AN dy — dy A dz
afw = (uw)(u®)d(ww) + 2(3u 4+ v)d(u®) — (u?)d(3u + v)
= w3 (udv + vdu) + (6u + 2v)(2udu) — u*(3du + dv)
= (u'v — u?)dv + (u3v® 4 9u® + duv)du
o (dw) = (uv)d(u?) A d(uv) + 2d(3u + v) A d(u?) — d(u®) A d(3u + v)
= uv(2udu) A (udv + vdu) 4+ 2(3du + dv) A (2udu) — (2udu) A (3du + dv)
— 2ulvdu A dv + dudv A du — 2udu A dv
= (2u’v — 6u)du A dv
d(a*w) = d((u*v — u?)dv + (u*v? + u? + 4uv)du)
= (4u’v — 2u)du A dv + (2uv + 4u)dv A du
= (2uv — 6u)du A dv

5.
Let A be open in R* and o : A — R" be of class C®. Let z € R* and
y € R". Let I = (iy,...,4;) be an ascending [-tuple of the integers from
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1 to n.

Since a*(dyr) is an [-form, it can be uniquely rewritten as

Od*(dy]) = Z[J] thl‘J

where J = (ji, ..., Ji) is an ascending [-tuple of integers from 1 to k.
Notice that h; is the value a*(dy;) takes when evaluated on the ascend-
ing [-tuple of basis vectors {ej,,--- ,ej,}. Therefore, as in the proof of
Theorem 32.2, we have

hy = dyi(a(z))((z;e,), - o' (25 e5)),

h = dyr(o(@)(a(); )., (a(a): 22)

hy = det[£ - 7] = det 52

Therefore we have

o’ (dyr) = >y (det %)dﬁﬂj, as required.
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Section 33

2.
Let o : (0,1) — R* be given by a(s,t,u) = (s,u,t, (2u — t)?).
Let w = z1dxy A dxg N dag + 2x9x3dxy A dxs N drs. Then

/w:/ oafw
Y, (0,1)3

/ sds A d((2u — t)%) A dt + 2utds A du A dt
(0,1)?

sds A ((8u — 4t)du — (du — 2t)dt) A dt + 2utds N\ du A dt
(0,1)

=2 (4su — 2st + ut)ds A\ du A dt
(0,1)3

_ /01(/01(/01(4su st + ut)ds)du)dt
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_ 2/01(/01(2u b ut)du)dt

1
1 3
=2 [ Q—t+=t)dt=2
J g =

3.
a)

Let A be the open unit 1-ball.
Define a : A — R3 by a(u,v) = (u,v, (1 — u® — v?)V/?).
Let w = W(xldxz A dxs — xodxy N dxs + x3dxy A dxs)

/w:/a*w
Y, A

/ (udv N _“§“v2) — (vdu A =) + (1 — u? — v?)2du A dv
A

i Vw27
(\/u2 + 02+ (1 —u?—0?))m

— dv A du — du A dv + (1 —u® — 0v*)2du A do

_/ u? —?
AV1—u?2—? V1—u?—?
2 2
1 —u?—v?)du A dv

—/( - + - +
V1—u2—v2 V1 —u?2—?
1
:/ du N dv
AV —u?2 -2

1 V102 1
— du
/0 (/\/11)2 V 1 —u?—v?

)dv

1 2w r
— df)dr
/0(0 V1—r? )

1
§
=2 —(
7T/O 1 7"2 T
= —2n(v/1- 2l})

=27



b)
Define a : A — R3 by a(u,v) = (u,v, —(1 — u? — v?)1/?).

(\/u2—|—112+(1—u2—02))m
/—u + v — (V1 —u? —v?)?
A V1—u?2—12

% —1

- AV]1—u?2—?

1 V1-v? 02— 1
-1

du
iz V1 —u?2 — 2
:/1 /27T r(2r2sin29—1)d9)dr
0o Jo V1—1r2
1 27,.3 27 e 1
_/0 1—7«2(/0 (sin*0 = =—)do)dr
1 2 3

r v

/ / (udv A \/%) — (vdu A 1_”3;’_02) — (1 — u? — v®)Y2du A dv)
w =
Y, A

2

du N dv

du N dv

~~

)dv

~~




