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Dror Bar-Natan: Classes: 2016-17: 1617-257 Analysis II: Day 1 Handout: v

The Bare Necessities
- 1. http://drorbn.net/1617-257 2. This will be a tough class. 3. The essence: / dw = ] w, “Stokes’ Theorem”.
M oM

Like f: f'=f°, yet: What's M? What's 8M? What's w? What's dw? What's f? Why true? Why care?

Table 18-1 Classical Physics

Preview: A Bit on Maxwell’s Equations el o
L "s'i (Flux of E through a closed surface) = (Charge inside)/eo

Prerequisites. I ¥ xE==%  (Lineintepral of £ around a loop) = ~ 5 (Flux of B through the loop)
e Poincaré’s Lemma, which says that on R™, every movem-o (Flux of B through o chosed surface) = 0

closed form is exact. That is, if dw = 0, then there 1, %

& 2 . e'v x B =24 =5 ntegnlof Baround a loop) = (Current though the loop)/ 1o

exists p with dn = w. : Lt ‘
. Integration by parts J‘w A d?] i : +5‘-(F1wml'£mmshlhml

—(—1)98% [(dw) A n on domains that have Conmvofite 4l cheige

no bounda.ry. Xj=— :—5 (Flux of curcent through a closed surface) = — :-' (Charge inside)
o The Hodge star operator = which satisfies w Axn = Fotod 1ot

{(w,n)dz, - - - dz,, whenever w and 7 are of the same F=oE+vX B)

degree. Law of motion
o The simplesest leabst ; a.ct:.igon principle: the ex- L =F  whee p- \,I__:';_k’ (Newton's law, with Einstein's modification)

tremes of ¢ — [’ (3mg*(t) — V(q(t)))dt occur Bl

when mg = —V'(g(t)). That is, when F = ma. Fe-ghim,

The Feynman Lectures on Physics vol. I, page 18-2

The Action Principle. The Vector Field is a compactly supported 1-form A on R* which extremizes the action

Sy(A) = / 5 IlaA|? didedydz +.J n A
R*

where éhe 3-form J is the charge-current.

The Euler-Lagrange Equations in this case are d xdA = J, meaning that there’s no hope for a solution unless dJ = 0,
and that we might as well (think Poincaré’s Lemma!) change variables to F := dA. We thus get

[dJ=0 dF=0 dxF=J]

These are the Maxwell equations! Indeed, writing F = (E.dzdt + E,dydt + E.dzdt) + (B,dydz + Bydzdz + B.dzdy)
and J = pdzdydz — jzdydzdt — jydzdzdt — jdrdydt, we find:

dJ=0= % +divj =0 “conservation of charge”
dF = 0= divB =10 “no magnetic monopoles”
b | S AB

- cwlE=- that’s how generators work!

—_—

 “electrostatics”
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