October 8™

MAT 240 — Linear Algebra Lecture

GcV, |Gl=n, span(G) =V
Lis linearly independent in V

Then:

IL|<|G| & 3FRcG s.t. [RI=IL] & V=span((G\R)VL)

Proof of the above statement:

e By induction on |L|

e If|L] =0then0 = |L| < |G| (as Gis anatural number). With R = @ the conclusion
holds/

e Assume lemma is known for any set L' with |[L| =m + 1

L={v1i = Vmy1} G={w1 - Up}

e letl ={V1 * VUn}, thenL islinearly independent, |L'| = m, so by the induction
hypothesis lemma holds for L*. This implies [L']| =m < |G| =n & R C
Gs.t.|R|=1|L"] & span((G/RHUL) =V

e Finallyw.l.o.g. R ={u1 - up}

e Sonow:

span(Uy, 41, - Up, V1, - Uy ) = V. In particular, v, 1 € span(...), thatis,

3am 41,y and by ... by € F,s.t. Vipyq = Xispi1 @iy + X741 by It cannot be

that Vi,a; = 0, else we would have a linear dependency V,,, ;1 — Z,’-"=1 bjv, =0

among the elements of L, contradicting the assumption that L is independent. So
that at leastonea; = 0son >m + 1, and also w.l.o.g a,,+1 # 0 and so, by the

preliminary statement; u,, . is a linear combination of u,, 5, ... u,, and

Vi, e U g1-

Now take R = {u, 41} UR = {uy ... Uy 41}

Now span(G\R) U L) = span({upy, 42, .- Upn, V1, - Vpm41}) D Um41

= span({Up 41, U 42, - Upy U1y oo Uma1}) 2 SPAN{ U, 41, Ui 425 oo Upy V1, oo Uy }
= span(G\R) U L")
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=V
~span(G\R)UL) =V =m

Corollaries:

1. If F has a finite basis B, then every other basis 3, is also finite and |81]| = |B,| (so
dim(V) makes sense.

Proof:
Take G = B assumef; is not finite & take L to be the first |B;] + 1

elements of 5, then Lis linearly independent but |L| < |G| contradicting
Replacement Theorem.

Now with L = f3,

- Bl = 1G] = |pl

— (Go through other half of proof again: f; & 3, =
2. Assumedim(V) =n
a. If GgeneratesV, |G| = n,if also |G| = n, then G is a basis.
b. If L c Vislinearly independent, then |L| < n & ifalso |L| < n then Lis a basis.
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