Problem 5. (Klein’s 1983 course) Show that Z[v/10] is not a UFD.

Consider the element 9 € Z[v/10]. 9 = 3 - 3 is a factorization of 9 and
3 is an prime number. If Z[v/10] is a UFD then it must also be an Integral
Domain. In any Integral Domain all prime elements are irreducible and since

3 in Z[v/10] is prime it is also irreducible in Z[v/10].

Notice that 9 = (7 4+ 2v/10)(7 — 24/10) is also a factorization of 9. The
norm of any a + bv/10 € Z[+/10] is given by N(a +by/10) = a*> — 106%. Since
the norm of (7 + 2v/10) is 72 — 10 - 22 = 9, if there exist some z,y € Z[/10]
such that (74 2v/10) = 2y then the norm of z must equal to 3 meaning that
there must be some integers a, b such that a®> — 106> = 3. No such integers
exist because a? — 106> = 3 means that a? = 3 (mod 10) and no such number
exists (02 =0,12=1,22=4,5°=5,6°=6,7=9,8 =4, 9> =1 all
(mod10)). Therefore (7+2+1/10) is irreducible in Z[v/10] and so is (7 —2+/10)

because it also has a norm of 9.

Therefore 9 can be factored into irreducibles in two distinct ways and
since 9 € Z[V10], Z[v/10] is not a UFD.O



