
Checklist for Topics covered in the lectures (based off of the photos 

taken in class) 

Thursday September 11 
1. Finished up non-commutative Gaussian elimination  

2. Definitions: Group, order, homomorphism, anti-homomorphism, category 

Definition of category: Collection of “objects”, for any pair of objects, X, and Y, a set Mor(X,Y) of 

“morphisms”  X -> Y, also along with a special morphism I_X in Mor (X,X), along with “composition 

maps” Mor (X,Y) x Mor (Y,Z) -> Mor (X,Z). I_X looks like the identity and the composition maps are 

“associative” 

Aut (X) = invertible in Mor (X,X) always a group 

Defined the action of conjugation by h^-1 g h and listed 3 properties  

Conjugation is an automorphism G -> G 

There is a surjective morphism S4 to S3 using the coloured tetrahedron.  

Is there a morphism S4 -> H such that ker phi is S3? Nope, since S3 is not normal in S4.  

(Don’t confused this with S4 isn’t simple! S4 does have a nontrivial normal subgroup because of the 

surjective morphism S4 to S3 using the coloured tetrahedron). 

Claim: S3 is a subgroup of S4, but S3 is not normal in S4. (Just do a calculation to show this) 

Claim: Every normal subgroup is the kernel of some surjective homomorphism G -> H.  

Set theoretical surjections are the “same” as equivalence relations. 

Monday September 15 
Proved that the every normal subgroup is the kernel of surjective homomorphism G -> G/H.  

If K is a subgroup of G, there is a bijection between g1K and g2K (but G/K may not be a group!) 

First isomorphism theorem. Main idea of proof: Show G/ker phi -> im phi is well-defined and bijective 

 Claim: HK is a subgroup of G if and only if HK = KH. 

Defined normalizer and centralizer of X, where X is a subset of G. All are subgroups. (I.e., the stabilizer of 

any element is a subgroup, but conjugacy classes may not be subgroups. Don’t confuse the two!) 

Claim: If H is a subgroup of N(K) then HK = KH, K is a normal subgroup of HK, and the intersection of H 

and K is a normal subgroup of H.  



2nd isomorphism theorem. Main idea of proof: Show HK/K -> H/(H intersect K) is well-defined and 

bijective 

3rd isomorphism theorem. Main idea of proof: Show (G/K)/(H/K) -> G/H is well-defined and bijective. 

4th isomorphism theorem. 3 things to remember that the bijection preserves: containment of subgroups, 

whether the subgroup is normal or not, and intersection of subgroups. 

Thursday September 18 
Z/n is simple if and only if n is prime 

Jordan Holder theorem.  

Examples of Jordan Holder theorem: Composition series of S4. sign homormophism, with An = ker (sign) 

Monday September 22 
Defined the sign homomorphism, showed that it is a homomorphism 

Sn = <(i,j)> 

When you write sigma as a product of transpositions, the sign is the parity of the number of 

transpositions 

Permutations are conjugate if and only if they have the same list of cycle length 

# of conjugacy classes in Sn = number of partitions of n 

An is simple if n = 3 or n >= 5 

Defined G-set, G-set homomorphism 

Examples of G-sets: G under conjugation, subgroups of G under conjugation, quotients of G, Sn acts on 

Sn/Sn-1 

Thursday September 25 
 Group actions 

Defined transitive action 

Proved: Every G-set is a disjoint union of “transitive G-sets” 

Proved: If X is a transitive G-set, then X is isomorphic to G/Stab (x) for any x in X 

Proved: Orbit Stabilizer theorem and the class equation as a corollary 

Proved: If G is a group of order a prime power then the center is non-trivial 



Monday September 29 
Proved: There exists Sylow p-subgroups (Sylow 1). Main idea of proof: Induction on the order of G. 

There are two cases. Case 1: If p divides the order of the center, then by induction, there exists an 

element x of order p. By induction, there exists a subgroup of G/<x> of order p^(a-1), and the preimage 

of that subgroup will have order p^a by the fourth isomorphism theorem. Case 2: If p doesn’t divide the 

order of the center, then p^a divides the centralizer of some element, so by induction, we’re done.  

Proved: Cauchy’s theorem. Main idea of proof: Induct on the order of G. If |x| = pm, then take x^m. If p 

doesn’t divide the order of x, take G/<x>. By induction, G/<x> has an element of order p, so take a 

preimage y of that element and use the fact that the order of the image of an element divides the order 

of the element to show that y has order divisible by p. By induction, we are done. 

Example: Group of order 15. This group is a direct product of a unique Sylow 3-subgroup and a unique 

Sylow 5-subgroup. Details as follows: 

Defined commutator.  

Proved: If H and K are normal subgroups of G, G = HK, and H and K intersect trivially, then G = H x K.  

Idea of proof:  Show that every element can be written uniquely as hk. Show that h,k commute by 

showing that the commutator is trivial (as the commutator lies in both H and K), and use that to show 

that the bijection is a homomorphism.  

Aside 1: A group of order p is isomorophic to Z/p. Proof: A nontrivial element has order p, and the 

subgroup generated by that element is G.  

Aside 2: If a,b coprime, then Z/a x Z/p = Z/(ab).  

Thursday October 2 
Example: Group of order 21. P3 may not be normal, so there are two possible groups. One is the direct 

product, the other is y the semi-direct product.  

Example: Group of order pq. Either both Sylow subgroups are normal, or if p divides q-1, then we can 

have G = Z/q semidirect product Z/p.  

Finished proving Sylow theorems.  

 

  

 


