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Unitary =⇒ Group-Algebra.
∫∫

ex+yφ(x)ψ(y) =
〈1, ex+yφ(x)ψ(y)〉 = 〈V 1, V ex+yφ(x)ψ(y)〉 =
〈1, exeyV φ(x)ψ(y)〉 = 〈1, exeyφ(x)ψ(y)〉 =

∫∫
exeyφ(x)ψ(y).

Convolutions statement (Kashiwara-Vergne, simplified). Con-
volutions of invariant functions on a Lie group agree with con-
volutions of invariant functions on its Lie algebra. More ac-
curately, let G be a finite dimensional Lie group and let g be
its Lie algebra, and let Φ : Fun(G) → Fun(g) be given by
Φ(f)(x) := f(expx). Then if f, g ∈ Fun(G) are Ad-invariant
and supported near the identity, then Φ(f) ⋆Φ(g) = Φ(f ⋆ g).

w-Jacobi diagrams and A. Aw(Y ↑) ∼= Aw(↑↑↑) is
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The Bracket-Rise Theorem. Aw is isomorphic to
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Corollaries. (1) Related to Lie algebras! (2) Only wheels and
isolated arrows persist.

The Finite Type Story. With X := /−G
set Vm := {V : wK → Q : V (X>m) = 0}.
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Low Algebra. With (xi) and (ϕj) dual bases of g and g∗ and
with [xi, xj ] =

∑
bkijxk, we have Aw → U via

i j

k
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The Scheme. Topology → Combinatorics → Lie Theory via

K Z: high algebra−−−−−−−−−−−−−→
equations, unknowns

A = projK =⊕
Im/Im+1

Tg: low algebra−−−−−−−−−−−−−→
pictures → formulas

“U(g)”

1+1 = 2, on an abacus, implies
Duflo’s U(g)g ∼= S(g)g (with
T. Le and D. Thurston).
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iϕjxnxmϕl ∈ U(Ig := g∗ ⋊ g)

Knot-Theoretic statement (simpli-
fied). There exists a homomorphic
expansion Z for trivalent w-tangles.
In particular, Z should respect R4.

;
Diagrammatic
statement (sim-
plified). Let
R = expS ∈
Aw(↑↑). There
exist V ∈ Aw(↑↑)
so that

V=

Algebraic statement (simplified). With r ∈ g∗⊗g the identity
element and with R = er ∈ Û(Ig) ⊗ Û(g) there exist V ∈
Û(Ig)⊗2 so that V (∆ ⊗ 1)(R) = R13R23V in Û(Ig)⊗2 ⊗ Û(g)

Convolutions and Group Algebras (ignoring all Jacobians). If
G is finite, A is an algebra, τ : G → A is multiplicative then
(Fun(G), ⋆) → (A, ·) via L : f 7→ ∑

f(a)τ(a). For Lie (G, g),
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(G, ·) ∋ ex τ1 // ex ∈ Û(g)

so

Fun(g)
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Φ−1
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Fun(G)
L1 // Û(g)

with L0ψ =
∫
ψ(x)exdx ∈ Ŝ(g) and L1Φ

−1ψ =
∫
ψ(x)ex ∈

Û(g). Given ψi ∈ Fun(g) compare Φ−1(ψ1) ⋆ Φ−1(ψ2) and
Φ−1(ψ1 ⋆ ψ2) in Û(g): (shhh, L0/1 are “Laplace transforms”)

⋆ in G :

∫∫
ψ1(x)ψ2(y)e

xey ⋆ in g :

∫∫
ψ1(x)ψ2(y)e

x+y

Unitary statement (simplified). There exists a unitary tan-
gential differential operator V defined on Fun(gx ×gy) so that

V êx+y = êxêyV (allowing Û(g)-valued functions)

Unitary ⇐⇒ Algebraic. Interpret Û(Ig) as tangential differ-
ential operators on Fun(g): ϕ ∈ g∗ becomes a multiplication
operator, and x ∈ g becomes a tangential derivation, in the
direction of the action of adx: (xϕ)(y) := ϕ([x, y]).

Group-Algebra statement (simplified). For every φ, ψ ∈
Fun(g)G (with small support), the following holds in Û(g):∫∫

g×g

φ(x)ψ(y)ex+y =

∫∫

g×g

φ(x)ψ(y)exey.

(shhh, this is Duflo)
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