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Definition. lxu is the linking number of hoopx with balloonu.
For x ∈ H, σx ≔

∏
u∈T T lxu

u ∈ R = RT = Z((Ta)a∈T), the ring of
rational functions inT variables.
Theorem 2[BNS]. ∃! an invariantβ : wKbh(H; T) → R ×
MT×H(R), intertwining

1.
(
ω1 H1

T1 A1
,
ω2 H2

T2 A2

)
⊔−−−−−→

ω1ω2 H1 H2

T1 A1 0
T2 0 A2

,

2.

ω H
u α
v β
T Ξ

tmuv
w−−−−−→


ω H
w α + β
T Ξ


Tu,Tv→Tw

,

3.
ω x y H
T α β Ξ

hmxy
z−−−−−→ ω z H

T α + σxβ Ξ
,

4.
ω x H
u α θ
T φ Ξ

thaux

−−−−−→
ν≔1+α

νω x H
u σxα/ν σxθ/ν
T φ/ν Ξ − φθ/ν

,

and satisfying
(
ǫx; ǫu; ρ±ux

) β−→
(

1 x
;

1
u

;
1 x
u T±1

u − 1

)
.

Proposition. If T is a u-tangle andβ(δT) = (ω,A), then
γ(T) = (ω,σ − A), whereσ = diag(σa)a∈S. Under this,mab

c ↔
thaab�tmab

c �hmab
c .

Theorem 3[BND, BN]. ∃! a homomorphic expansion, aka a ho-
momorphic universal finite type invariantZ of w-knotted balloons
and hoops.ζ ≔ logZ takes values inFL(T)H × CW(T).

“God created the knots, all else in
topology is the work of mortals.”
Leopold Kronecker (modified) www.katlas.org

u

x

v

y

Cattaneo

The BF Feynman Rules.For an edgee, let Φe be its
direction, inS3 or S1. Letω3 andω1 be volume forms
onS3 andS1. Then

ZBF =
∑

diagrams
D

[D]
|Aut(D)|

∫

R2
· · ·

∫

R2︸     ︷︷     ︸
S-vertices

∫

R4
· · ·

∫

R4︸     ︷︷     ︸
M-vertices

∏

red
e∈D

Φ∗eω3

∏

black
e∈D

Φ∗eω1

(modulo someS TU- andIHX-like relations).

degree= #(rattles)

ground
piece

air
piece

rattle

BF Following [CR]. A ∈ Ω1(M = R4, g), B ∈ Ω2(M, g∗),

S(A,B) ≔
∫

M
〈B, FA〉.

With κ : (S = R2)→ M, β ∈ Ω0(S, g), α ∈ Ω1(S, g∗), set

O(A,B, κ) ≔
∫
DβDαexp

(
i
~

∫

S
〈β,dκ∗Aα + κ∗B〉

)
.

Rossi
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Dror Bar-Natan: Talks: Oberwolfach-1405:
ωεβ≔http://www.math.toronto.edu/ d̃rorbn/Talks/Oberwolfach-1405/ Some very good formulas for the Alexander polynomial, 2

If X is a space,π1(X)
is a group,π2(X) is an
Abelian group, andπ1

acts onπ2.
Proposition.The gene-
rators generate.

K � hmxy
z : K � thaux:

u v

x y

u v

z

K:

x y

w
K � tmuv

w :

Connected
Sums.

⊔
Punctures & Cuts

Operations

ζ is computable!ζ of the Borromean tangle, to degree 5:

for trees

+ cyclic colour
permutations,

Proposition[BN]. Modulo all re-
lations that universally hold for
the 2D non-Abelian Lie alge-
bra and after some changes-of-
variable,ζ reduces toβ and the
KBH operations onζ reduce to the formulas in Theorem 2.
A Big Question.Does it all extend to arbitrary 2-knots (not neces-
sarily “simple”)? To arbitrary codimension-2 knots?

Issues.• Signs don’t quite work out, and BF seems to reproduce
only “half” of the wheels invariant.
• There are many more configuration space integrals than BF
Feynman diagrams and than just trees and wheels.
• I don’t know how to define “finite type” for arbitrary 2-knots.

= −

[u, v] cuv cvu= −

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Oberwolfach-1405/
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