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Theorem 1. ∃! an invariant γ : {pure framedS-component
tangles} → R× MS×S(R), whereR= RS = Z((Ta)a∈S) is the ring
of rational functions inS variables, intertwining

1.
(
ω1 S1

S1 A1
,
ω2 S2

S2 A2

)
⊔−−−−−→

ω1ω2 S1 S2

S1 A1 0
S2 0 A2

,

2.

ω a b S
a α β θ
b γ δ ǫ
S φ ψ Ξ

mab
c−−−−−→

µ≔1−β


µω c S
c γ + αδ/µ ǫ + δθ/µ
S φ + αψ/µ Ξ + ψθ/µ


Ta,Tb→Tc

,

and satisfying
(
|a; !a b, "b a

) γ−→


1 a
a 1

;
1 a b
a 1 1− T±1

a
b 0 T±1

a

.

Abstract. I will describe some very good formulas for a(matrix plus
scalar)-valued extension of the Alexander polynnomial to tangles,then
say that everything extends to virtual tangles, then roughly to simply
knotted balloons and hoops in 4D, then the target space extends to(free
Lie algebras plus cyclic words), and the result is a universal finite type of
the knotted objects in its domain. Taking a cue from the BF topological
quantum field theory, everything should extend (with some modifica-
tions) to arbitrary codimension-2 knots in arbitrary dimension and in
particular, to arbitrary 2-knots in 4D. But what is really going on is still
a mystery.
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Why Tangles?
• Finitely presented.
• Divide and conquer proofs and computations.
• “Algebraic Knot Theory”: IfK is ribbon,

Z(K) ∈ {cl2(Z) : cl1(Z) = 1}.
(Genus and crossing number a-
re also definable properties).

In Addition, • This is really “just” a stitching
formula for Burau/Gassner [LD, KLW, CT].
• L 7→ ω is Alexander, mod units.
• L 7→ (ω,A) 7→ ωdet′(A− I )/(1− T′) is the
MVA, mod units.
• The “fastest” Alexander algorithm.
• There are also formulas for strand deletion,
reversal, and doubling.
• Every step along the computation is the invariant of something.
• Extends to and more naturally defined on v/w-tangles.
• Fits in one column, including propaganda & implementation.

Weaknesses,•mab
c is non-linear.

• The productωA is always Laurent, but proving this takes indu-
ction with exponentially many conditions.
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Dror Bar-Natan: Talks: Oberwolfach-1405:
ωεβ≔http://www.math.toronto.edu/ d̃rorbn/Talks/Oberwolfach-1405/ Some very good formulas for the Alexander polynomial, 1

. . . divide and conquer!
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Video and more at http://www.math.toronto.edu/~drorbn/Talks/Oberwolfach-1405/
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