Unprotect [NonCommutativeMultiply];
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] :=
NCM[x_,y ,z _] :=
_*%x0 =0;
= (Zxxy) &/@x;
X_ %% (V_Plus) := (x*%x #7) & /@y;
B[x_,x_]1=0; B[x_,y ] :=
B[x ,y ,e_]:=B[x,y,e] =B[x, y];
DeclareAlgebra[U_Symbol, opts__Rule] :=
Module[{gp, sr, g, cp, M, CE, k =@,
{opts},
{opts} /. Centrals -» {}},

X3
(X **x V) *% Z;
O xx _ =

(X_Plus) *xy_

Xxkk) =Y %% X3

gs = Generators /.
cs = Centrals /.
(#y = Uer) &/@gs;
gp = Alternativese@@gs; gp =gp | gp_; (* gens =)
sr = FlatteneTable[{g » ++k, gi - {i, k}}, {8, 85}1;
(* sorting - =*)
cp = Alternativese@cs; (+ cents =)
SetAttributes[M, HoldRest]; M[@, _] = 0;
M[a_, x_] :=ax;
CE[& ] := Collect[&, U, Expand] /. $trim;
Ui [&] :=8/. {t:cp>ti, u U» (# &) /@u};
Ui [NCM[]1] =Ue{} =1, =U[];
B[Ue (x_): , Ue(y_)i ] :=U;@eB[Uex, Uey];
BlUe(x_): ,Ue(y_); 1 /5 i=1=7 := @5
B[Uey , Uex_ ] :=CE[-B[Uex, Uey]];
X_ %% (c_.1y) :=CE[cx]; (c_.1y) »*x_ :=CE[cXx];
(a_. ULxx___, x_1) #* (b_. ULly_, yy___1) :=
If[OrderedQ[{x, v} /. srl,
CE@M[ab /. $trim, U[xx, x, ¥, yy11,
U@xX **
CE@M[ab /. $trim, Uy »x» U@x + B[U@x, U@y, $E]] **
veyy];

ve{c_.x* (L:gp)"-, r___} /; FreeQ[c, gp] :=

CE[c UeTable[L, {n}] »*xU@{r}l;
ve{c_ .»L:gp,r___} := CE[cU[L] »*»U@{r}];
ve{c_, r___} /; FreeQ[c, gp] CE[cUe{r}];
ve{lL_Plus, r___} := CE[U@{#, r}& /@ L];
ve{lL_,r___} := Ue{Expand[L], r};
U[&_NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly_]1 := Module[{sp, null, vs, us},

sp = Replace[{specs}, L_List > Ly1, {1}1;
vs = Joinee (First /@ sp);
us =Joinee@ (sp /. L_s =» (L/.x_ i »Xxs5));

CE[Total[
CoefficientRules[poly, vs] /.
11 /7« X_pui1 = X135
Oy[specs___, E[L_, Q ,P_1] :=
Oy [specs, SS@Normal [P e“q] ] 3

Ors___[C_.%u_U] :=
(c /. (t:cp); = tj/.(rsy) U[List@@ (u /. v_j = Vi (rs3) 15
mj L. [C_.*xu_U] :=

CE[((c /. (t:cp); - ty) DeleteCases[u, _jr]) **
Uee Cases[u, w_; > W] *x U@@ Cases [u, _r]];
Uu/: c_.

Si [c_.*u_U] :=
CE[((c /. Si[U, Centrals]) DeleteCases[u, _i]) *=*
U; [NCM @@ Reverse@Cases [u, x_; » S@U@x]]1];
Ai i ,k_[C_-
CE[((c /. bisj,r[U, Centrals]) DeleteCases[u, _i]) **
(NCM @e Cases [u, x_; = 01,5,2-r@A@U@xX] /.
NCM[] - U[1) 15 ]

*U Uxv_U := CE[cux**xV];

*U_U] :=

(p_ > c_) = cUe (usP)

DeclareMorphism
DeclareMorphism[m_, U - V_, ongs_List, oncs_List: {}] :=
Replace[ongs, {(g_ - img_) = (m[U[g]] = img),
(g_ = img_) » (m[U[g]] :=img /. $trim)}, {1}];
m[1ly] = 1v;
m[U[g_:_ 11 := Vi[m[Ueg]];
m[U[vs__1] := NCMee (m/@U /@ {vs});
m[&_ 1 := Simp[& /. oncs /. u_ Us>»m[ull /. $trim; )
Meta-Operations
ors __[&_Plus] := oqs /@55
m; ,; = Identity; m; .. [@] = ©;
m; ., [& Plus] := Simp[mj,. /@ &];
Mis i ,j -k [E] i=mje@mis ;@55
Si [& Plus] := Simp[S; /@ &];
Ais  [& Plus] := Simp[Ais /@ &];
Implementing CU = Z(sl¥*)

DeclareAlgebra[CU, Generators » {y, a, x}, Centrals -» {t}];

B[acus Ycul = =¥ Ycus B[Xcus acul = -¥ Xcus
B[Xcus Yeul = 2€acy - t 1cys
(S@ycy = -Ycu; S@acy = —acy; S@Xcy = -Xcus)

Si [CU, Centrals] = {t; » -t;};

A@ycy = CU@y; + CURyY,;; A@acy = CU@a; + CUe@a,;
A@Xcy = CU@X; + CU@X;;

Ai L5 ,r [CU, Centrals] = {tj » tj + tk};

Implementing QU = U, (sl5€)
DeclareAlgebra[QU, Generators - {y, a, x},
Centrals » {t, T}];
B[agus Youl = =¥ You; B[Xqu, aqu]l = -¥ Quex;
B[Xqu> Youl :=SS[qn - 1] QUe{y, x} +
O [{a}, SS[(1-Te?°?") /a]];
(Seyqu := 0qu[{a, ¥y}, SS[-T*e"*?y]]; Seaq = -aw;
Sexq := Oqu[{a, x}, SS[-e"?x]];)
S: [QU, Centrals] = {ti > -t;, Ti->Ti'};
A@Yqu := Oqu[{Y1s @1}1s {Y2}2s SS[y1+ Tie ¢ y,]];
A@ag = QU@a; + QUea,;
A@Xqu := Oqu[{a1, Xa}tas {Xa}as SS[x1+ e x,]];
Ai L5 ,r [QU, Centrals] = {tj » t5 + tx, Ti » T5 Tk};

The representation p

P@Ycy = P@Yqu = (: g)ip@acu=9@aw= (3 g);

1930 e (2 e ),
P@Xcy (0 g)’ P@Xqu (] ’
p[e™] :=MatrixExp[p[£]11];
ple] :=
(5/.T2t/.t->‘t€/-
(U:CU | QuU)[u_

tSwW

Goal. In either U, compute F = e~'M e e e~%*. First compute

1> Fold[pot, (1 °),p/@U/@{u}])

o 1

G = e ye %, a finite sum. Now F satisfies the ODE
0pF = 8,(e~ @1°) = —yF + FG with initial conditions F(n=0) = 1. So

we set it up and solve:

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Matemale-1804/
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