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Uye.;, conventions. “consolidate”
q =& H = (a, x)/(la, x] = yx) with
A=e " xA =qgAx, Sy(a.A.x)=(-a, A", A"y,
Apla, A, x) = (a) + ar, AjAs, x) + A1 x2)
and dual H* = (b, y)/([b,y] = —€y) with
B=e™" By=gqyB, Sy(b,B,y)=(-b,B~" -yB"),
Ap-(b, B,y) = (b) + by, B1 B2, y1 B2 + ¥2).
Pairing by (a, x)* = fi(b,y) (= (B,A) = ¢) making (b, a/x*)y =

N SLMIN i ok
810l j1[K]g) so R = 3 MIBECE Then U = H*P @ H
T,

with (@) Wg) = (1S~ f3)(Ws. fi)(@y2)(f2g) and
S(v.b,a,x) = (—B_'y, —b,—a,-A""x),

Ay, b,a,x) = (yi + vaB1, by + ba,a) + az, x; + Ajx2).
With the central t := ea — yb, T = €/ = A7 B get

[a,y] = —yy, [b,x]=e€x, xy—qyx=(1-TA?/h.
Cartan: @(y,b,a,x) = (=B 'T"2x,=b,—a,-A~'T"'?y). (Sug-
gesting that it may be better to redefine y — y = 6x
ATIT12y)
Ate = 0, Uppo = (ty.a.x)/([t,:] = 0, [a,x] = yx, |a,y]
—yy, [x,y] = (1 =T)/h) with A(t,y,a,x) = (t) +t2, y1 + T1y2, a; +
az, x; + x2) and @(y, b,a, x) = (=T""2x, =b, —a, =T~ "/2y).
Working Hypothesis. (7.1, y, a, x) makes a PBW basis.
Casimir. w = yyx + ea® — (1 — ye)a, satisfies.... Roland in
MixOrder.pdf: Centrals are valuable; perhaps we should write
everything in CU/QU as (x V y)-(functions of a)-(centrals).
Scaling with deg: {y,e€,a,b,x,y) 1, {f) =2, {t}

2, {w) = 3.

— —

Verification (as in Projects/PPSA/Verification.nb).
DQ[& ] :=

{Exponent [Nor‘mala‘s /.

{a—»afe, a; »aj/e, (Uix]|y) ey,
(uix|y); »e*?u}, e, Min] z@);

$p=2; $k=1; $E := ($k, $p};
$trim := (8" /5 p>$p>0, € /; k>$k>0};
SetAttributes[{SS, S5T}, HoldAll];
TRule = {T;_ -+ e"", Tae"'}; qn=e"°";
SS[& , op_ ] := Collect[

Normal@Series [If[$p > @, 5, & /. TRule], {h, @, $p}],

h, op];
SS[& ] :=S5[&, Together];
SST[£ ,o0p__ ] :=5S5[& /. TRule, op];
Simp[& , op ] := Collect[#, _CU| _QU, op];
Simp[& ] :=Simp[&, SS[#, Expand] &];
SimpT[&£ ] := Collect[s, _CU | _QU, SST[#, Expand] &];
DP; .o, ,50, [P_1[A] i=

Total [CoefficientRules [Normaler, {a, 5}] /.

({m_, n_} =+ c_) + €Bx,m,{y,np 4]
CF[£ ] := ExpandDenominator@

ExpandNumeratore

Together [Expand[&] //. e™ e me™ /. e »eTl];
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Unprotect [SeriesData] ;
SeriesData /: CF[sd_SeriesData] := MapAt[CF, sd, 3];
SeriesData /: Expand[sd SeriesData] :=
MapAt [Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData] :
MapAt [Simplify, sd, 3];
SeriesData /: Together[sd SeriesData] :
MapAt [Together, sd, 3];
SeriesData /: Collect[sd SeriesData, specs__] :=
MapAt [Collect[#, specs] &, sd, 3];
Protect [SeriesData];
SP[P_] = P
y[P_] := Expand[P // SP(psy] /. f_. &% # 9x,a)f
DeclareAlgebra[CU, Generators -+ {y, a, x}, Centrals + {t}];
Blacy, Yeu] = =¥ Yeus BlXeus acw] = =¥ Xeus
B[Xcu, You] = 2€ acy - t1cus
(S@Ycy = -Yeu; S@acy = -acy; S@Xcy = -Xew3)
S; [CU, Centrals] = {t; =+ -t;};
A@yey = CU@Y, + CU@Y,; A@agy = CU@a; + CU@ay;
A@xgy = CU@x; + CU@x;;
Ai 4j ,r [CU, Centrals] = {t; » tj+ t};
DeclareAlgebra[QU, Generators —» {y, a, x},
Centrals -+ {t, T}];
Blagu, Yol = -7 Yous BlXqu, aqu] = -vQUex;
BIXqus Youl i=SS[aQs-1] QUe{y, x} +
o([{a}, SS[(1-Te2*"") /n]];
(S@yw 1= oqu[{a, ¥}, SS[-T'lmnEa y]]; S@ag = -ag;
Sexg = 'DQU[{a: X}, S!S[-epan x]]j}
Si [QU, Centrals] = {t; » -t;, T; - Ti'};
A@yqu = Oqu[{y1s 3a1}1, (V2}2s SS[y1+ Tre" 1 y,]];
A@agy = QUea; + QUeas;
A@xqu i= Ogu[{a1s X1}1s {X2}2, SS[X1+ e ™ x;]];
Ai 45,k [QU, Centrals] = {t; » tj+ 1y, Ty = Ty Ty};
Declar'enor'phism[ce, CU=sCU, {y—-Xcu, @ -acu, X -Yeul},
{to-t, T2T}];
DeclareMorphism[Qe, QU - Qu,
{y=o@[{a, x}, SS[-T*2e"*x]], a- -aq,
x = 0qu[{a, y}, SS[-T 2”7 y]]}, {t=-t, T2T?}]

Sp{f —X_,ps

Cosh [n [ae+xzi-§)]-f.osh[n (‘—‘;’i]z+ew]
AD$F = ¥ H
B el ((a+r) e-t/2) Sinh[rj—“] (azs+a‘re—at—m}

AD$w = ¥y CU[y, x] +eCU[a, a] - (t-ye) CU[a];
DeclareMorphism[AD, QU -+ CU,
{a - agy, x = CUex,
Yy +» Scy [SS[AD$F], @ = acy, w » ADSw] ** Yy} ]

27[(05h[§‘\}t2+7252+4em] —Cosh[t'—:‘:ﬁ])

51nh[!;—”] (t(2a+y)-2a(a+y)e+2w) A

SD$g =

SD$F =simp11fy[e“ (t/2-¢3) (spgg /. {a--a, t- -t})];

SD$w = y CU[y, x] +eCU[a, a] - (t-ye) CU[a] -ty lw/2;
DeclareMorphism[SD, QU - CU, {a - acy,

X+ Sey [SS[SD$F], a » acy, @ - SDI@] ** Xcu,

Y »» Scy[SS[SD$g], a » acy, @ -+ SD$w] ** Yeu }]



P@8Yey = p@Yq = (: :)ipﬁacu=993qu= (g g)a

- @ YEh
p@Xey = (96]’ peXxqy = (: (1 e e)/(eh)];
ple*] :=
pl&] :=
(SI.TRulef.t-»ys!.

MatrixExp[p[£]1];

(U:CU|QU)[u ] »Fnld[Dnt, (; 3], o /el /e {u}]]
G [s1__,0Q1_,P1_1Gy [s2__,0Q2 ,P2 ] *:=
@y [s1, 52, Q1 +Q2, P1P2];
CUeGcy[specs___, Q_, P_] i= Ow[specs, 55[e?P]];
QUeGy [specs___, @ , P_] Oqu[specs, ss[eP]];
c_Integery rnpeger t= € +0[e]™?;
Ay e [{a s A, (x5 x_}] = G[{x}, (a+7) x, 1];
Ay p [{6 s a )}, {%; a}] :=G[{a, x}, aa+eTT Ex, 1;];
Ay ke [{a_y 7.}, {2, ¥}] t=C[{y, a}, aa+ e 7y, 1:];
Fear Not. If G = ef"ye_fx then F = e Pef*ele ™ = ¢ W@
satisfies ,F = —yF + FG and F-g
Ay e [{€1_, 71}, {%, ¥}] =
Ay, ek [{€1, 71}, {X, ¥}] =
Block[ {$k = kk, $p = kk},
Module[{&, n, G, F, fs, f, bs, e, b, es},
G = Simp[Table[&" /k1, {k, @, $k+1}].
NestList[Simp[B[x,, # 1] &, vu, $k+ 1]];
fs = Flatten@Table[fy,s:,5,k[n], {1, @, $k}, {i, @, 1},
{i, e, 1}, {k, 8, 1}];
F=fs.(bs="Fs /. fi i,k [n]»e vefy’,a, x"});
es = Flatten[Table[Coefficient[e, b] =@,
{e, {F-1y/.n->20, Fx«G-y,»xF-0,F}},
{b, bs}1];
F=F/.DSolve[es, fs, n][11;
E[{y, a, x},
Ex+ny+ (U /. {(CU>s-tn&, U ns(1-T)/0}),
F+@y /. {&- =+ 1, U~ Times}
1/. 16> &1, n-71}]];
Simp[Gy [specs___, @_, P_]]
Ay o [{ed_, ed_, &}, {u_, W_}]
Simp@HOdu]-e[[U, w, yax, q; p, Q, d},
{yax, q, p} = LiStWAU,k[{Ua w},y {u, wil;
G[yax, Q= (vu+ww+ Suw+dvw) / (1-dJ),
Expand[ (1-d &) " e DP,,p,,u, [P]1[e]] + @] /.
{d=38,,.,9} /. {v=> 1, w> a)l}];
Rordu_i_,u_j_-h_[Gu_['l-___: “—___J ”_i 3 ""_j 3 r___}s 3
R___,0.,P11:
SimpeModule[{v, w, &, Al, yax, d, p, kk = P[5,
51 =aui,ij}a
{yax, q, p} =
Echo[
List @@ If[51 8, Ay,k[{vs w}, (U, W},
Ay [{vy wy 8}, (U, Ww}1] /.
(Y=o Vrs @ ap, XX, t 2 ts, T T:}]5
(EU[L, {L, Sequence@@yax, r}., R, q+ (0 /. u; | w; @),
@ “DPy, 0,0, [P1 [P e"]] /.
{vs0,0/.wj+0,0-0,,0/.u1+0, 56 51}];

1
—

@y [specs, CF[Q], CF[P]];
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Rord, ; ,u ;o [€ [L_
R___,Q.,P_]]
SimpeModule|{v, w, 6, A1, yax, q, p, n, kk = P[5],
61 = 8u;,w; 0}
{vax, q, p} =
List @@ If[51 0, Ay [{v, w}, {u, w}],
Ay [{vs ws 8}, {u, w}1] /.
{y=2¥n,@asan, XX, tats, ToaTs};
(#Echo@{ {{us,v}, {Wj,w}},P,p e};=*)
@ [L, {L, Sequence@@yax, r}s, R, g+ (Q /. ui | w; > @),
€ ISPy} [PP Y]] 7.
{n-ok, v=98,,0/.w;»0, w-ode.Qf. u; -0, 6-)61}];
COI"d[IIU_ “-___: {'l'___l u_l'_: w_j_: r'___}s_: R___: Q_: P_]] f:'
OrderedQ[{w, u} /. {y=»1,a-2, x -+ 3}]
( (*Echo@{us,wy};+)
Cord [Rord.,u,unique) [Es [Ls {Ls Uis Wy, Yoy Ry Q5 P11])
Cord[&; [specs__, Q_, P_1]
&, [Sequence @@ Sort@ {specs}, 0, P] /.
Flatten[{specs} /. {yax__}s = ({yax} /. u_; = (Ui->us5))]
m; ok [€u [specs__, @_, P_1] :i=
Cord|
& [Sequence @@ Append [DeleteCases [ {specs}, {__}jx]»
Flatten[{Cases[{specs}, {us__}; = {us}],
Cases[{specs}, {us__}. = {us}1}1x]> Qs P] /.
{tj > te, Ty > Tr}]

s {l___» U_ i sW_j5r___}s»

. k+1 (1 q)jxj i L
e, ,x [x_]:i=e le -2 ) e, [x_] :=eq e [x]

QU[R;: 5 1 t=Oqu[{y1s a1}is {25 Xa}ss
55[31“31'alz eq [By1%] /. bis ¥yt (ear-t:)]];

QIR ] :=5;@QU[R:,;];
Gqu,. [Ri ,5 ] 1= GQU[{)H', Aiy Xi}is {Vis @55 X5}

-hyltiaj+ny;xg,

Series [0:"."‘"‘_lti 2j-RYi X

(@"%1% eqyu[Byix;] /. bia ¥ (eai-t1)), {e, 0, f?]]]
€ ,x [a_xb_] := &,x[a] G, [b];
Gy L. [Mmis [a_]1] = mi;[Cy,k[a]];
Task. Define Expy,,[€, P] which computes &%) to € in the algebra
U;, where £is a scalar, X is x; or y;, and Pis an e-dependent near-
docile element, giving the answer in E-form. Should satisfy
U@Expy, ¢, Pl == Sy[e®”, x> O(P)].
Methodology. If Py := Pe—g and &*®") = 04" F(£)), then F(§=0) =1
and we have:
O(6*"0(Py F(§) + 0¢F) = D065 F(£)) =
3:0(e*0 F(§)) = 0,65 9) = &2 OF) O(P) = D(e* 0 F(£)) ID(P)

This is an ODE for F. Setting inductively F, = Fy_; + € @ we find that
Fy =1 and solve for @.



(# Bug: The first line is valid only if uJ(er’G):ze“’-r’G". *)
(# Bug: £ must be a symbol. =x)

Expu_f_,s[f_, P_] :=@[{yi, @i, Xi};, Normaler /. €0,

1+0g];
ExPu_‘-_,h_ [f_) p_] i=
Module[{yax = {y:, ai, X}, P@, ¢, ¢s, F, j, rhs, ate, at£},
P8 = Normal@r /. € =+ 8;
9s = Flatten@Table[¢j1,12,13[£], {12, @, R},
{j1, @, 2k+1-32}, {j3, @, 2k+1-j2-31}];
F = Normal@Last@Expy, ..1[<, P] +
e os. (¢s /. 055 [£] = Times Q@yax{f‘});
rhs =
Normale
Lastem;, i [Ey[yax;, £ PO, F+8;]
mi @y [{Yis @iy Xi}is @, P +6,]];
ate = (#=90) & /@
Flatten@CoefficientList[F-1 /. £ =8, yax];
até = (#=0) & /@
Flatten@CoefficientList[(8-F) + POF - rhs, yax];
Gy [yax;, £P8, F+8,] /.
DSolve[And @@ (at@|Jats), ¢s, £1[01] ]

To do. e Consider renormalizing x and y. & Can everything be
done at fi = 1 defining a filtration by other means? That ought
to be possible as the end results depend on #/T and not on h.
Bound the degrees of the logoi! e r = 6r?
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DeclareAlgebra[lU _Symbol, opts__Rule]
Module[ {gp, sr, g, cp, M, CE, pow, k=8,

gs = Generators /. {opts},

cs = Centrals /. {opts} /. Centrals - {}},

(@ = Uen) & /@gs;

gp = Alternatives @@ gs; gp = gp | gP_; (* gens )

sr = Flatten@Table[{g » ++k, g: = {i, k}}, {g, 85}1;
(* sorting - =)

cp = Alternatives @@ cs; (+ cents «)

SetAttributes[M, HoldRest]; M[@, _] =@;

Mla_, x_] :=ax;

CE[& ] :=Collect[s, U, Expand] /. $trim;

Ui [&]1:=&/. {ticpati,u U= (m &) f@u};

Ui [NCM[]] = pow[& , @] =Ue{} =1,=U[];

B[U@ (x_): , Ue(y_): ] := U;eB[Uex, Uey];

BlU@(Xx_); ,UR(y_); ] /; i=t=] := 0;

B[U@y , U@x ] := CE[-B[U@x, Uey]];

x_ww (C_.1y) :=CE[cx]; (c_.1y) »xx_ :=CE[cx];
(a_. Ulxx___, x_]1) #% (b_.Uly_, yy___1) :=
If [OrderedQ[{x, v} /. sr],
CE@M[a b /. $trim, U[xx, x, y, y¥11,
Uexx xx
CE@M[a b /. $trim, U@y «= U@x + B[U@x, U@y, $E]] *=*
vayy ];

Ue{c_.«(L:gp)"-, r___} /; FreeQ[c, gp] :=
CE[c UeTable[L, {n}] »xU€{r}];

Ue{c_.=L:gp, r___1} CE[cU[L] »*xU@{r}l;

Ue{c_,r___} /; FreeQ[c, gp] := CE[cU@{r}];

Alternative Algorithms.
Aare,r_ [CU] := If[k =@, 1, Module[{eq, d, b, c, so},
eq = p@et "V, p@e VU = pee’ YU, peet [tlu-2e3c) p@eb*cu;
{so} = Solve[Thread [Flatten /@eq], {d, b, c}] /.
cel-e;
Series [e—ny—§x+q{t+ct+dy—15cu+hx /. so, {E, a, k]] ] ];

Ue{l_Plus, r___} := CE[Ue{#, r} & /e L];

vUe{l_,r_ __} := Ue{Expand[L], r};

U[& NonCommutativeMultiply] := U /@ &;

Oy[specs___, poly ] := Module[{sp, null, vs,
sp = Replace[{specs}, L_List= Ly, {1}];
vs = Join@@ (First /@ sp);
us = Joinee (sp /. L_.

CE[Total[

#» (L/.x_; = x5)

Program (as in Projects/PPSA/Verification.nb).
Unprotect [NonCommutativeMultiply] ;
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ]
NCM[x_, v _, z__]
Ok _=_*»%x0=0;
(x_Plus) »xy_ := (#*xy) &/@x;
Xx_*xx (y_Plus) := (xxx 22) & /@Y;
Blx_, x_]=0; B[x_,y_]
B[x ,y ,e ] :=B[x,y,e] =B[x, y];
DeclareMorphism[m , U -V , ongs_List, oncs_List: {}]
Replace[ongs, {(g_- img_) = (m[U[g]] = img),
(g_=»img_) » (m[U[g]] :=img /. $trim)}, {1}];

i= X3

(X %xy) #%Z;

Xhwl) =Y dhw X3

m[1y] = 1y

miU[g_; 1] := Vi[m[Ueg]];

m{U[vs__]] := NCMee (m /eU /@ {vs});

m[& ] i= Simp[& /. oncs /. u_U=m[u]] /. $trim; )

ors__[& Plus]
m; ,; = Identity; m; .. [@] a;

m; .. [& Plus] := Simp[mj,. /@ &];
Mis i ,j +k [E] =My e@mis,i,;@5;
S; [& Plus] := Simp[S; /@ &];
Ais  [& Plus] := Simp[ai. /@ 5] ;

i= O /@5
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CoefficientRules[poly, vs] /.
11 /.« X_pu1 X135
pow[& , n_] i= poW[&, n-1] »x 55
Sy[& 5, s5___Rule] := CE@Total[
CoefficientRules[#, First /@ {ss}] /.
(p_—»c_) =
c NCM @@ MapThread [pow, {Last /@ {ss},
[c_.xu_U]
(c/. (t:icp); =ty (rs)) U[Liste@ (u /. v]; = vy,

(p_ = c)

Ors__

s3) 15

I‘I'IJ'_..;,_ [C_. *U_U]
UeeCases[u, w_j = ;] #% U@@ Cases[u, _
U/t c_oxu_Uxv_ U
Si [c_.*u_U] :=
CE[((c /. Si[U, Centrals]) DeleteCases [u, _

i= CE[cu=xV];

A 4,k [€_-*u_U] =

CE[((c /. Ai,j,r[U, Centrals]) DeleteCases [u,

(NCM @@ Cases [u, X_; > 01,7,2.:@A@U@x]
NCM[] - U[1) 15 ]

Asides, Series[(1-Te?**") /n, (a, e, 3}]

1-T
h

. a4
+2Tea-2(Te*n)a’+ ETes_hzaBJfO[a]"
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Timing@Block [{$p = 4, $k = 2}, {
Sexp = My 3 5,1@My 4,6,2@Times [
Prepend [ {y2},] @EXPquy s [, A101,2[QU[y1]] /. QU » Times],
Prepend[{as}s] @
EXPous, sk [@5 A343,4[QU[a3]] /. QU = Times],
Prepend[{xs}s] @
ExPous, sk [€5 B545,6 [QU[Xs]] /. QU » Times]
1 /. {n=>hn, asha, £€>h&},

co = G [{Y1, 31, Xa}1, (Y2, @25 X2}2s
BSum[ligi,gtiay+viei ¥i X {1, 2}, {J, 2}], L1];
Short [Simplify /@ (cexample = co // my,3), 12]
Short [Simplify /@ (gqexample = (qo = co /. CU - QU) // mi,32),
12]
chl{n, az, X2}z,
1

— = et lmlnclaclan| gy,
l+htyyn

haz (laa+ L1z + 1o+ 1a2) a2 +

(var + eh (Mali2e1aa122) 12 gy (14 Bty ygy) + @1 (M2122] B2 gy HLe
Y11 (€ Allisla) ty _ ovh (lin+liz+la+la) 12 t3 va2) ] ) SimpT[
1 . 1 e vt (luslizla-12) ta Quasexp - 51..1,290@![{)’1; aj, X1}1, S8 [en (nyaradeex) ] ]]
l+htayan 2 (1+htyya)?® 1
h{da; (L+ht )2 . :
1{432 (1+nt27n (162., {E@J['.YZ: 3z, X2)2, (Y1, 815 X1}1,

[ vl (1114192403141 € [ vt (111+192+021+122) € 2 1
(erf (Marlaz+dansdaz) ta g (e Mlizedandnz) 2 g, oy y,) o3, + _ .
2wk (111slumelaqslag] € ahay+ohay+EhXxy+ShxXg+nhyr+nhTyiya, 1+
vh 1924131+
ef I 2122 B2 by ya ya1 vz + v 1 5 s 5 -
[cz"" [li+laz-larda) t2 X2 Y2 (@¥h (2111411242 1214122 t2 2 (—2511 A X+ v ET XX -2nh a1 Taya+ v h Tays yz) €+
\

h(13302132413102122) t 1y

yn ¢ et P2z ia) tz o) ) ) 1
2y (l11+112+121+122) t 2 2

yh (-2t i ndndada) 2, o2 (1L Bty v ? -

4 <555 (<<lss) +ho<w<dss (3Rt vl + 271zl

(12en%adx + 647 €2 % xy % - 12y €2 1% a2y xq Xp +

4y @t xixge128 0% alxd s 4P 2 07 x d -
12xﬁ'Bhsalxlx§-3\,(2&"1‘15xix§+12n!133§T1y2 +
ncntalTixay: 12y n & h® arTixaxayz +

6 't Tiyay: 12y’ nfaiTiyay:

Lyt enfaiTixayiya 6 28 Tuxaxayaya +

42 P Tyl + 12 Al iy 4y P R Ty vE -
12y ay Tyiyi+ 392 n* 10 Tiyly3) €2+ 0(e)?, o} }

Yoz +yo (B4 € Tty yg) v e tlan) ta g,
/ hil +193) t EEER 2-
(2+nty (ya e 2221 T2 g ) )] ] € + 0[€]

Gou | {Y2, @2, X2}z,

1
14 (-1+T2) var
nxays (ya+e’ Marelzedardaz| €2 40, (14 (<14 T,) yar) +
h(192+132) t
v (harlaz) ta

haz (lax+1a2 + 1aa + 1a2) ta + e hlizdnlza)
(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Tious — Arous, Where Tl is the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where A, is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 7,,,; and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:
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. Trvous should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.
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Expgu,, sk [, S2[QU[a2]] /. QU » Times]
ExPqus, sk [€5 S3[QU[x3]] /. QU Times]]) /. u_y = u,
HLesimpT[Que (sexp /. {n->hn, a-»ha, £ HE)) - 4. Ordinary tangles 7, and ordinary virtual tangles 7,4
S1@0qu [ {Y1, a1, X1}q, SS[e” (TV1remExI ] ] should map into 7,5, and when viewed on 7;,_,r4, the in-
1 variant Z should explain the Drinfel’d double construction.

2. A,pus should pair with some kind of Lie bialgebras.

3. Aous should be the associated graded of 7., and Z should
be an expansion.
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o _ _ _ _ It may be better to first construct a Z and only later worry about
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s the numbered properties. Yet property 4 has stand-alone topolog-

ical content which may be very interesting: 7., is a space with
an R3-free presentation and which contains 77, .., at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: 7., = Ao
(no surgery), which would have a prescribed behaviour on strand-
doubling.



