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Uye.;, conventions. “consolidate”
q =& H = (a, x)/(la, x] = yx) with
A=e " xA =qgAx, Sy(a.A.x)=(-a, A", A"y,
Apla, A, x) = (a) + ar, AjAs, x) + A1 x2)
and dual H* = (b, y)/([b,y] = —€y) with
B=e™" By=gqyB, Sy(b,B,y)=(-b,B~" -yB"),
Ap-(b, B,y) = (b) + by, B1 B2, y1 B2 + ¥2).
Pairing by (a, x)* = fi(b,y) (= (B,A) = ¢) making (b, a/x*)y =

N SLMIN i ok
810l j1[K]g) so R = 3 MIBECE Then U = H*P @ H
T,

with (@) Wg) = (1S~ f3)(Ws. fi)(@y2)(f2g) and
S(v.b,a,x) = (—B_'y, —b,—a,-A""x),

Ay, b,a,x) = (yi + vaB1, by + ba,a) + az, x; + Ajx2).
With the central t := ea — yb, T = € = A7V?B'/? get

[a,y] = —yy, [b,x]=e€x, xy—qyx=(1-TA?/h.
Cartan: @(y,b,a,x) = (=B 'T"2x,=b,—a,-A~'T"'?y). (Sug-
gesting that it may be better to redefine y — y = 6x
ATIT12y)
Ate = 0, Uppo = (ty.a.x)/([t,:] = 0, [a,x] = yx, |a,y]
—yy, [x,y] = (1 =T)/h) with A(t,y,a,x) = (t) +t2, y1 + T1y2, a; +
az, x; + x2) and @(y, b,a, x) = (=T""2x, =b, —a, =T~ "/2y).
Working Hypothesis. (7.1, y, a, x) makes a PBW basis.
Casimir. w = yyx + ea® — (1 — ye)a, satisfies.... Roland in
MixOrder.pdf: Centrals are valuable; perhaps we should write
everything in CU/QU as (x V y)-(functions of a)-(centrals).
Scaling with deg: {y,e€,a,b,x,y) 1, {f) =2, {t}

2, {w) = 3.

— — —

Verification (as in Projects/PPSA/Verification.nb).
$p =2; $k=1; $E := {$k, $p};
$trim:= {8" /;p>$p> 0@, € /; k> %k 0};
SetAttributes[ {55, 55T}, HoldAll];
TRule = {T; —»e"'i, Toe"'}; gn=e""";
SS[£ , op_ ] := Collect[
Normal@Series [If[$p > @, 5, & /. TRule], {h, @, $p}],
h, op];
S5[& ] :=55[&, Together];
SST[& ,o0p__ ] :=55[& /. TRule, op];
Simp[& , op ] :=Collect[s, _CU| _QU, op];
Simp[& ] :=Simp[&, SS[#, Expand] &];
SimpT[&£ ] := Collect[s, _CU | _QU, SST[#, Expand] &];
DP. .o, ,4-0, [P_1[A] :=
Total [CoefficientRules [NormalePr, {a, £}] /.
({m_y n_} = c_} = € Bp,my, (v,m ]
CF[£ ] := ExpandDenominatore@
ExpandNumerator@
Together [Expand[£] //. e e~ me™ /. e »eTl];
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Unprotect [SeriesData] ;
SeriesData /: CF[sd_SeriesData] := MapAt[CF, sd, 3];
SeriesData /: Expand[sd SeriesData] :=
MapAt [Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData] :
MapAt [Simplify, sd, 3];
SeriesData /: Together[sd SeriesData] :
MapAt [Together, sd, 3];
SeriesData /: Collect[sd SeriesData, specs__] :=
MapAt [Collect [ #, specs] &, sd, 3];
Protect[SeriesData];
SP[P_] = P
y[P_1 i= Expand (P // SPsy] /. f. &5 280, f
DeclareAlgebra[CU, Generators -+ {y, a, x}, Centrals + {t}];
Blacy, Yeu] = =¥ Yeus BlXeus acw] = =¥ Xeus
B[Xcu, You] = 2€ acy - t1cus
(Secuey = -ycu; S@acy = -acy; S@Xey = -Xcuj)
S; [CU, Centrals] = {t; =+ -t;};
DeclareAlgebra[QU, Generators - {y, a, x},
Centrals - {t, T}];
Blagu, Y] = -7 You; B[Xqus 3] = -y QUex;
BIXqus Youl i=SS[an-1] QUe{y, x} +
o[{a}, SS[(1-Te?***) /n]];
(Seyqu 1= 0qu[{a, y}, SS[-Te"“?y]]; Seaq = -aq;
Sexq := 0g[{a, x}, S5[-e"*"x]];)
Si [QU, Centrals] = {ts - -ts, Ti - Ti'};
DeclareMorphism[Ce, CU - CU, {y - -X, @ -3, X -Yal,
{to-t, T2T77}];
DeclareMorphism[Qe, QU - QU,
{y=o@[{a, x}, SS[-T2e"“*x]], a - -aq,
x> 0u[{a, y}, SS[-T 2" ?y]]}, {t=-t, T2T1}]

Cash[n (ae+ xzi—i)] —Cosh[h.‘! (‘—':i)zi-em]

h b ((3+7) 6-t/2) ginp [1:—“] (az e+aye-at- w)

Sp{f —X_,ps

ADS$F = ¥

H

AD$w = ¥ CU[y, x] +eCU[a, a] - (t-ye) CU[a];
DeclareMorphism[AD, QU - CU,
{a - acy, x » Clex,
Yy = Scy [SS[AD$F], a » acy, w - AD$w] ** Yy} ]

2y [Cosh[fwlti +y? e=+4ea] -Cosh[t-—fg;:—“])

SD$g = 3
sinh[r-;m] (t(2a+y)-2a(a+y)e+2w)h

5nsf=51mplify[e” (t/2-<2) (spgg /. {a=~-a, t-.-t})];
SD$w = ¥ CU[y, x] +eCU[a, a] - (t-ye) CU[a] -t ¥l /2;
DeclareMorphism[SD, QU » CU, {a = acy,
X = Scy [SS[SD$F], a » acy, @ » SD$@)] ** Xy,
Y = Scy [SS[SD$g], a = acy, @ » SD$@] ** Yy }]
_ (8 @y, _ (¥ @y,
peya = peyq = (. o )3 P@acu = peaqu = (§ o)

e ¥\. 0 (1-e¥e” eh) ).
ooxa = e)’pax"’:[e ( e)/( )]’
p[e*] :=MatrixExp[p[£]11;
pl& ] =

(67.TRule /. tave /.

(U:CU | QU) [u___] = Fold|Dot, (; 2), preuse ()



@ [s1__,Q1_,P1_ ]G [s2__,Q2 ,P2 ] ":=

Gy [s1, s2, Q1 +Q2, P1P2];
CUeGy[specs___, Q_, P_]1 := Ocy[specs, SS[e?P]];
QUeGq[specs___, Q_, P_] := Oq[specs, SS[e?P]];
c_Integery rpteger = € +0[e]®*;
Ay e [{a_, B}, {x_, x }] :=@[{x}, (a+7) X, 1;];
Ay ko [{€5 a}, {x,a}] :=C[{a, x}, aa+e " &x, L];
Aye [{as 7.} {3, y}] i=Q@{y, a}, aa+e™ 7y, L];

Fear Not. If G = ef*ye¢* then F = e ef'ePe & = e e

satisfies dyF = —yF + FG and Fy—¢ = 1:
Ay ke [{€1_, 71_}, {X, ¥}] :=
Ay {1, 71}, {X, ¥}] =
Block[{$k = kk, $p = kk},
Module[{&, n, G, F, fs, f, bs, e, b, es},
G = Simp[Table[£" /k1, (k, @, $k+1}].
NestList [Simp[B[x,, #]] &, yu, %k +1]];
fs = FlatteneTable[f,,; i« [1], {1, @, $k}, {i, @, 1},
(j’ o) 1}) (k) e’ 1)];
F=fs.(bs=Fs/.f i, [n]»evely’,a,x});
es = Flatten[Table[Coefficient[e, b] =0,
{e; {(F-1,/.n->0, FxxG-y,*xxF-9,F}},
{b, bs}]1;
F=F /. DSolve[es, fs, n][1];
€ [{y, a, x},
EX+ny+ (U /. {CU>-tn&, QU= n& (1-T) /h}),
F+0g /. {e->1, U- Times}
1 /. (€&, n->n1}]];
Simp[® [specs___, Q@ , P_]] := G[specs, CF[Q], CF[P]];
Ay o [{(A_, @w1_, 5}, {u_,w_}] :=
SimpeModule [ {v, w, yax, g, p, Q, d},
{yax, q, p} = Listee A, [{v, w}, {u, w}]1;
Qu[yax, Q= (vu+ww+suw+dvw)/ (1-dJ),
Expand [ (1-d &) e DP,.p,,.0, [P] [%]] +0:] /.
{d>8,,.,9} /. {v> v1, v al}];
Rordu-i_,uv_i_akf (€ [L___, {L___,Uu i,W j,r __}s»
R___,0Q,P 1] :=
simpeModule[{v, w, &, A1, yax, q, p, kk = P[S],
61 = aui,ujQ}:
{yax, q, p} =
Echo[
Listee If[61 === 0, Ay, [{v, w}, {u, w}],
Auc [{v, w, 8}, {u, W}]11 /.
{Y=2VYisa=a,, XX, ta2t,, TaT:}];
CEU[L, (L, Sequence @@ yax, r}., R, q+ (0 /. u; | w; »0),
€ " DPy,10,,u;40, [P1 [P €']] /.
{v>0,07.w5-0, w=8,0/.u; >0, 5 61}];
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Rord,  u ; - [ [L

R___,0Q,P_]] :=
SimpeModule[{v, w, &, A1, yax, q, p, n, kk = P[5],
61 = 8,4, 0},
{vax, q, p} =
ListeeIf[51 === 0, Ay [{v, 0}, {u, w}],
Ay [{v, w, 8}, {u, w}1] /.
{(Y=2Ys@=a, XX, t2t,, TaT:};
(*Echo@{ { {uj,v}, {wj,w}},P,p e%};x)
G [L, {L, Sequence @@ yax, I}, R, q+ (Q /. u | w; > @),
© ISPy ui,uge) [PP e1] /.
{nok,v0,0/.w0, w=8,,Q/.u; 0, 6 61}];
Cord[(!u_ ¥ Sty f B Sy U_s s W_j55r___)s» R Qs P L5
OrderedQ[{w, u} /. {y=>1,a-»2, x=3}] :=
(Echoe {uy, ws};
Corde
ECho[Rordui,u)--oUnique[] [€[L, {L, ui, wj, r}s, R, Q, p]]]);
Cord[G; [specs__,Q_,P_1] :=
&, [Sequence @@ Sorte@ (specs}, Q, P] /.
Flatten[{specs} /. {yax__}s = ({yax} /. u_; = (ui-us))]
m; o [® [specs__,Q_,P_]] :=
Cord [
@, [Sequence ee Append [DeleteCases [ {specs}, {__}jx]»
Flatten[{Cases[{specs}, {us__}; = {us}],
Cases[{specs}, {us__},» {us}] }]h]: 9, P] /.
{tj = te, Tj > Th}]
e,k [x_] :i=e” th', w 5 e [x_] i=egk[X]
j=1 J (1-(71)
QU[R; ,; ] := Oou[(Yn a1}, {32, X2},
Ss[e"" 2 eq, [Ay1 %] /. by ¥t (ear-t)]];
Q[R?,; ] :=5;@QUIR,;1;
Gw,kA [Ri_,j_] i= GW[(yU Ay Xi}is (yj; aj, xj}j)
-ayttiaj+ Ry x;,
Series [e" v itias-nyix;

s £l s U_i s W_j, R

(€"%% eqpu[hYiXs] /. b= ¥ (cai-t0)), (e, @, kY]]
& ,. [a_xb_] := G,p[a] G,:[b];
® ,p [mis [a_]] := m[@,x[al];
SxF[@] =1;
SxF[k_] := SXF[R] = Module[{fs, bs, F, rhs, ate, atf},
fs = FlatteneTable[f;,{[£], {i, @, 2k}, {i, @, 2k-1}];
F=SxF[k-1] +€" fs.(bs =Fs /. i ,; [£] »a'¥);
rhs =
Normale
Laste
Cord[%[{an X1, @2, X2}1s =& X1,
(F/. {a=a1, Xx=X1})
Series[-x;e"“%, {e, 0, k}]] /. £>nE] /.
{e-n¢, a1, x1x};
até = (#==0) & /@
FlatteneCoefficientList[F-1 /. £-0, {a, x}];
até = (#=0) & /@
Flatten@CoefficientList[ (8:F) - xF - rhs, {a, x}];
F /. DSolve[And @@ (ato|Jat&), fs, £]1[1]

]J



SyF[e] =1;

SyF[k_] := SyF[k] = Mndule[{fs, bs, F, rhs, ate, atn},
fs = Flatten@Table([f; ;[n], {i, ©, 2k}, {j, 0, 2k-1}];
F=SyF(k-1] +&" fs. (bs = fs /. fi_,; [n] »y'a');

rhs =

Normal@
Last@
Cord [Gou [{y1, 315 82, Y2}1s -T Ny1,
(F/. {a=a,y-=>yi})
Series[-y, T "™, {c, 0, k}]] /. n»hn] /.
{n-8'n, a2, y1-y};
ate= (#=0) & /@
Flatten@CoefficientList[F-1 /. n-=@, {a, y}];
atn= (#=0) & /@
FlatteneCoefficientList[(8,F) - T'yF - rhs, {a, y}];
F /. DSolve[Andee (ate|Jatn), s, n]1[1]
E
Next task: Exp,:U = ...
Next next task: Define SAy 4[N, @, &, 8], whose value is
an Ey[{y1, a1, x1}1, Q, P+0,]such that
Uesay,k[n, a, £, 8] = .
S1@Uedy[{y1, a1, X1}1, NY1+aay+ EXy + 8 X1 Y1, O]
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DeclareAlgebra[lU _Symbol, opts__Rule]
Module[ {gp, sr, g, cp, M, CE, pow, k=8,
gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals - {}},
(@ = Uen) & /@gs;
gp = Alternatives @@ gs; gp = gp | gp_; (* gens )
sr = Flatten@Table[{g » ++k, g: = {i, k}}, {g, 85}1;
(* sorting - =)
cp = Alternatives @@ cs; (+ cents «)
SetAttributes[M, HoldRest]; M[@, _] =@;
Mla_, x_] :=ax;
CE[& ] :=Collect[s, U, Expand] /. $trim;
Ui [&]1:=&/. {ticpati,u U= (m &) f@u};
Ui [NCM[]] = pow[& , @] =Ue{} =1,=U[];
BlU@(x_); , Ue(y_): ] :=U;@B[Uex, Uey];
BlUe(x )i ,Ue(y ); 1 /5 i=t=7 := 6;
B[Uey , Uex ] := CE[-B[Uex, Uay]];
x_#w (Cc_.1y) :=CE[cx]; t= CE[cXx];
(a_. Ulxx___, x_1) #= (b_. ULly_,yy___1)
If [OrderedQ[{x, v} /. sr],
CE@M[a b /. $trim, U[xx, x, y, y¥11,
U@xx %+
CE@M[a b /. $trim, U@y «= U@x + B[U@x, U@y, $E]] *=*
vayy ];

(C_.1y) % x_

To do. » Consider renormalizing x and y. e Can everything be
done at fi = 1 defining a filtration by other means? That ought
to be possible as the end results depend on /T and not on /.
Bound the degrees of the logoi!

Ue{c_.«(L:gp)"-, r___} /; FreeQ[c, gp] :=
CE[c UeTable[L, {n}] »xU€{r}];
Ue{c_.=L:gp, r___1} CE[cU[L] »*xU@{r}l;
Ue{c_,r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{l_Plus, r___} CE[uve{a#, r} & /e L];
vUe{l_,r_ __} := Ue{Expand[L], r};

Alternative Algorithms.
Aaie,r_ [CU] := If[k =@, 1, Module[{eq, d, b, c, so},
eq = peef W, p@eV = pae? YU, pee’ (tleu-2eacy) .p@e”*u;
{so} = Solve[Thread[Flatten /@eq], {d, b, c}] /.
cel- 0;
Series [e—ny—§x+q§t+ct+dy— 2eca+bx /. so, {E, 6, k]] ] ];

U[& NonCommutativeMultiply] := U /@ &;
Oy[specs___, poly ] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L_List= Lpg1s {1}1;
vs = Join@@ (First /@ sp);
us = Joinee (sp /. L_.
CE[Total[
CoefficientRules[poly, vs] /.

@ (L/ox_i »X5));

(p_=>c_) =

Program (as in Projects/PPSA/Verification.nb).
Unprotect [NonCommutativeMultiply];
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;
NCM[x_, vy , z ]
Bxx = *x0=8;
(X_Plus) xxy_:= (#xxy) &/@X;
X_*xx (y_Plus) := (xxx 22) & /@Y;
B[x_,x ]1=0; B[x_ ,y_]
B[x_,y ,e_] :=B[x,y,e] =B[x, y];
DeclareMorphism[m , U -V _, ongs_List, oncs_List: {}]
Replace[ongs, {(g_- img_ ) = (m[U[g]] = img},
(g_=»img_) » (m[U[g]] :=1img /. $trim)}, {1}]1;

= (X *kxY) w2

Xhwl) =Y dwX;

(

m[1y] = 1v;

miU[g_; 1] := Vi[m[Ueg]];

m[U[vs__]1] := NCMee (m /e U /@ {vs});

m[& ] i= Simp[& /. oncs /. u_U=m[u]] /. $trim; )

m; ,; = Identity;
m; ., [& Plus]

simp[m;,. /@ 5];
Mis _ ,i_,5 -k [£] := mj—-keml's,i-jeg;

S; [& Plus] := Simp[5: /@ &];
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]] /. x_null”x];
pow[& , n_] i= poW[&, n-1] »x 55
Sy[& 5, s5___Rule] := CE@Total[
CoefficientRules[#, First /@ {ss}] /.
(p_—»c_) =
c NCM @@ MapThread [pow, {Last /@ {s5}, p}1];
mj .k [c_.=*u_U]
CE[((c /. (ticp);—ty) DeleteCases[u, _jx])
UeeCases[u, w_; = wy] »x U@@Cases[u, _]1];
U/J: c_.xu Uxv U = CE[cuxxVv];
Si [c_.»u_ U] :=
CE[((c /. Si[U, Centrals]) DeleteCases[u, _i])
U; [NCM @@ Reverse@Cases [u, x_; » S@Uex]]]
Asides. Series[(1-Te°*") /n, (a, e, 3}]
1
h
co = Gy [{Y1s @1, X1}1s {¥2, 32, X2}3s
hsSum[lipi,itias+viei¥iXin {1, 2}, {3, 2}], 11];
Short [Simplify /@ (cexample = co // my,3), 12]
Short [Simplify /@ (qexample = (qo=co /. CU=>QU) // my,3),
12]

T . 4
+2Tea-2(Teln| az+ch—-_3hza3+0[a]"
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(Ecu[{)"z; az, X2}32,
haz (lyg+ 1z + 11 + 1o} T2+ e 17 (lnidiadanedag) t2 gy ¥z
l+htyyn
(ya+e'? lhizdai-d22) t2 0 (14 hty yar) + e " 1l12e122) ta g
et {e'r fl11+121) t2 _ e’ h(131+132+123+123) t2 hts Yzz}:l
1 1
+
l+hteyar 2 (1+htyya)®
hlda (1+ntyyn)?
[e" hlia+lizeln+laa) tz g [e" hilaldada) ta g, Lok, Yz_\.l *.r%; +

e-2vh(l11-112+121+122) t2

2y h [131+132+191+122)
e? Vi iz 12170220 %2 g yo vy a2 + v
(v Murhizelaclaa) B2, gy, y, (er” (2111+112+2121+122] t2
! vh(133+2132+191-2133) ¢
1 + e’ 7 11e2l12-121-2 190 2},22‘]‘]} _
vh {_z‘ez.r,._. (l1eda2e121e022) 2 5 42 (14 Htyyag) 2 +
4 <5 T . - 2 vh (193¢l 022 | t2
<55 (<<l>>) +h <<d>> (3htayh+2e""| !
2 By hl31+197) t
va2 +ym (44 e’ Bty ya) + et B2

(2+nty (vaa-e” (h1z+122) *2 vaa) )} e +O[C]ZI

Cf-qu[()’z; a2, X225

T11

I

1+ (-1+T2) v

BXp ¥y (yar + @M1z 0200002 2 o (1 4 (214 Ty) y) +
ekl ta oo,

fag (1o + 1o+ 1a1 + 122) T2 + e vl ta

i {e'-"" Mu-laa) t2 gt {lachizddaddaz) 2 g, 7, ya2))s
1 1
14 1‘T2]‘{21+4{1i (-14T3) yar)®
h {8 ATy (1+ (-1+T3) va)? (e'rfi [l11+112+171+122] t2
(-e"" (l11+laa+lavla) t2 | ovh (lanedizedlaaedaal ta 1y |y, y2)

e 2vh(liaslipelan-daa) ta

2 2yh (1 113+139+133]
vay et IR R sy s y1n 2z 4+
¥ (ch Bllaslidaela) ta g y2 (c"“ [2111+132+2131-133| t2

vh([111+2112+131-2133) ¢
Y11 + € 1111 12+121 22/ zYzz]]} N
v (2 e2 7 (l11+112+121+122] t2 (1-4T7,+3 T%] ¥4
1+ (-1+T2) ya) 2+ de’” Haiehizedanelaz) b2 g X2 Y2

va (1+ (-1+Ta) va1) (<<ls») - <<l € +0[E]2.

(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Toous — Aious, where Ty is the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where ‘A, is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 77, and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

1. Tious should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.

. Ayous should pair with some kind of Lie bialgebras.

. A,ous should be the associated graded of 7.,,; and Z should
be an expansion.

. Ordinary tangles 7,4 and ordinary virtual tangles 7.4
should map into 7, and when viewed on 7.4, the in-
variant Z should explain the Drinfel’d double construction.

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7, is a space with
an R3-free presentation and which contains 75, )., at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: 7., = Avou
(no surgery), which would have a prescribed behaviour on strand-
doubling.

()= o= (fre s A
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