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Uy, conventions. “consolidate”

q =", H = (a, x)/(la, x] = yx) with
A=el@ A =gAx, Spla,A,x)=(-a, A", -A""x),
Agla, A, x) = (a; +ar, AjAr, x; + Ajxz)
and dual H* = (b, y)/([b,y] = —€y) with
B=e™" By=gqyB, Sy(b,B,y)=(-b,B"',—yB"),
Ap(b,B,y) = (b) + by, B B2,y By + y2).
Pairing by (a, x)* = fi(b,y) (= (B,A) = ¢) making (y'b',a/x*) =

Wty bigal

5F_j(5,<.fﬁ"f+k]j![k]q! soR =3 R, Then U = H*P @ H
with (6£)(Wg) = (WS~ i)W, fi)(d2)(f2g) and
Sv.b,a,x) = (—B_l_}-‘, —b, —a, —A_'_r),

Ay, b,a,x) = (y1 + vaB1. by + b, ay + ax, x1 + Ajx2).
With the central 1 := ea — yb, T = e = A~'/2B1/? get
la,y] = —yy, [b,x]=e€x, xy-qyx=(1-TA>/h

Cartan: 0(y,b,a,x) = (=B'T"%x, b, —a,-A~'T~'2y). (Sug-

gesting that it may be better to redefine y — y = fx =
ATIT 12y

At e = 0, Uy = (boya,x)/([b,)] = 0, [a,x] =
yx, [a,y] = —yy, [x,¥] = (1 = e")/h) with A(b,y,a,x) =

(by + by.yy + €™y a) + ar.x; + x3) and 6(y,b.a, x)
(—e"P2x, —b, —a, —e""/2y),

Working Hypothesis. (#, 1, v, a, x) makes a PBW basis.
Casimir. w = yyx + ea® — (t — ye)a, satisfies.... Roland in
MixOrder.pdf: Centrals are valuable; perhaps we should write
everything in CU/QU as (x Vv v)-(functions of a)-(centrals).

L {h) — =2, {f) —

Scaling with deg:
2, {w} — 3.

lv.e.a,b,x,y} —

Verification (as in Projects/PPSA/Verification.nb).
$p=8; $k=2;
$k can't be t/bacausa g
I'F[$k==0,e=6, € /3 R>%k :=0
(* $k=0 fails in Series[..{e,...}] *)
SetAttributes|[{55, 55T}, HoldAll];
TRule = {T; -+ e"", T e"'}; /M/( O’ e
SS[&£_] := Block[{h, €}, (= Shield Series =)
Collect[Normal@Series[~, {h, @, $p}], h, Together] ]1;
SST[& ] :=
Block[{h, €},
Collect [Normal@Series[~ /. TRule, {7, @, $p}1, &,
Together] ];
Simp[£ , op ] :=
Simp[~] :=
Simp[~, Collect [Normal@Series([~, {h, @, $p}], &,
Expand] &];
SimpT[& ] := Collect[s, CU| _Qu,
Collect[Normal@Series[~ /. TRule, {h, @, $p}], h,
Expand] &];
DP. 4, ,ssp, [P_1[4] :=
Total [CoefficientRules ([P, {=, 5}]1 /.
({m_y n_} > c_) » DL, {x, m}, {y, N}]1]

I

Collect[s, _CU| _QU, op];
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DeclareAlgebra[CU, Generators - {y, a, X}, Centrals -» {t}];
Blacu, Yol = -7 Yo BlXcus 3] =
B[Xcus Yeu] = 2€acy - t1e;
(S@CUey = -ycy; S@acy = -acu; S@Xc = -Xcw;)
S; [CU, Centrals] = {t; » -ti};
DeclareAlgebra[QU, Generators - {y, a, x},

Centrals -» {t, T}1;
Ul “c)

=¥ Xeus

q=3s[e"f"];
Blag, Yl = -7 Yus; BlXqu, a] = -¥QUex;
B[xqu, Yl = (4-1) Que{y, x} +
o@[(al, ss[(1-Te??") /n]];
(Sey = 0[{a, ¥}, SS[-Te""y]]; Seay = -aq;
S@xq = Ou[{a, X}, SS[-€"?x]];)
Si [QU, Centrals] = {t; » -t;, Ty »Ti*};

v

DeclareMorphism[Ce, CU - CU, {y - -Xcu, @ -acu, X = -Ya},
{to-t, T2T17}];
DeclareMorphism|[Qe, QU - QU,
{y -+ o[{a, x}3, 58[-T*2e"**x]],
X 0 [{a, y}, SS[-T2 e ?y]]}, {t--t, T>T7}]

a - -3agu,

Can the AD and §D formulas be written so as to manifestly see
their lowest term in €? This may allow more flexibility with $k.
Or perhaps better, these should be written in implicit form and

solved by power series.
Cosh[h,’ Loy +ew]

B el ((a+7) e-t/2) Slnh[x—] (a e+aye-at- m

Cosh[n (ae+ xe _
AD$F = v

AD$w = ¥ CU[y, x] +eCU[a, a] - (t-ye) CU[a];
DeclareMorphism[AD, QU -+ CU,

{a = agy, x » CUex,

Yy = Sey[SS[ADS$F] /. e e, a - aqy, - AD$w] »=yey}]

2 (cosm [ Voo v e he | —cosn [ ezter )
H

SD$g =
Sinh[Z£2] (t (2a+y) -2a (a+y) e+20) R
sD =simp11fy[e” (t/2-¢2) (spgg /. {a - -a, t—s—t}}];

D$w = y CU[y, x] +eCU[a, a] - (t-ye) CU[a] -ty lq/2;
DeclareMorphism[SD, QU - CU, {a = aqy,
X =+ Sy [SS[SD$F] /. e » e, a-» acy, w - SD$@] ** Xcy,
Y =2 S[SS[SD$E] /. e s €, a>acy, - SD$@] ** Yoy }]
e e (]
P@Ycy = P@Yq = (e a);pﬁacu=.093w= ‘; B)'

[0 ¥y, _ 2] (1—e-“ﬂ)/(en)],
pexc = (o a),p@xqu-ssa[a 0 ;
p[e™] :=MatrixExp[p[£]];
pl&_] :=

(c‘; /e {t-.}re, T-oenre]- I

18
e 1
ocu[specs, Ss[e‘?P]];
Ow[specs, SS[e‘?P]];

(U:CU|QU)[u___ ] Fold[Dot, ( ,p/eU /e {u}])

CU@Gcy[specs___, Q_, P_] i=
QUeGy[specs , 0, P ] :=
Ay [{<, @}, {x,2}] :=CG[{a, x}, aa+e ™" x,1];

Ay [{a_, 7.}s {3, ¥}] i=Q[{y, a}, aa+e™" 1y, 1];

Fear Not. If G = " ye ™" then F = e Wefele " = g WelC
satisfies 9, F = —yF + FG and F,— = I:



Ay [{<3_, 71}, {X, ¥}] i=
Ay [{<T, 71}, {x, ¥}] =
Nodl.lle[{.f, ns G, F, fs, f, bs, e, b, es},
G = Simp[Table[s* /kt, {k, @, $k+1}].
NestList[Simp[B[xy, #]] &, yu, $k+1]];
fs = FlatteneTable[f,;,i,x[7], {1, @, $k}, {i, @, 1},
{i, e, 1}, {k, @, 1}]; -
F=fs.(bs="Fs /. f,i,j,e[n]>evefy,a,x"});
es = Flatten[Table [Coefficient[e, b] == @,
{e, {F-1,/.n-+0, FxxG-y,*xF-08,F}}, {b, bs}11;
F=F /.DSolve[es, fs, n][1];
GU[{Yj a, x})
Ex+ny+ (U /. {CUoa-tné, W= né(1-T)/h)}),
F/.{e--»1, U Times}
] /. {E€-=£1, q-)/_.-‘]}];
Simp[& [specs___, Q_, P_]] :=
&, [specs, ExpandNumerator@Together[(],
Collect [P, €, ExpandNumerator@s+Together]];
Ay [{ed_5 ed_, &}, {U_; w_}] :=
SiNFGMOdUIe[[U) w, yax; q, p, Q, d},
{yax, q, p} = Listeea,[{v, w}, {u, w}1;
m,[yax,q: (vu+ww+ Suwsduvw) / (1-d5),
Expand[ (1-d &) * e DPy.p,,uun, [P] [€?]]] /.
{d=+8,,.9} /. {v= 01, w— :;-,ﬂ}]
Rord, , sM_j_ -k [C [L___, {L___,u_qi,W_j,r___}s,
R » @, P11 i=
SimpeModule[{v, w, &, Al, yax, g, p, 61 = Buy s e},
{yax, q, p} =
Listee If[&51 ===@, Ay[{v, w}, {u, Ww}],
Ay[{v, wy, 6}, {u, w}]] /.
{Y=2Yes@asap, XX, Tots, TaTs};
@ [L, {L, Sequence @@ yax, r}., R, q+ (Q /. ui | w; > @),
@ DPy; 0,500, [P1 [P €] /.
{U-aﬁuiQf. Wi =8, w-va._.ij. u; -+ 0, 5451}]
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k 3 ¥
{(1-g)'x
eg ,p [x_] iz=e” —— | e [x_] i=eqgg[x]
= (52 ) =

QU[R: ,; 1 :=Oq[{y1s a1}is {32, X2}5,
ss[e"™1™2 eq[hy1x] /. bis ¥t (ea-t)]];
QIR | = S;@QU[R:,;];
GulRi 51 t= G (Yis a0, Xebis (V55 355 X555
-aytia;+hy x5,

Normal
ri s[e""‘_lti ATEEIy uf( ) ”%/1
(e"®t% eqlnyix] /. bis ¥ (cai-t), {erorsir

-~ I"C‘?é

To do. e Consider renormalizing x and y. e Implement variable
swaps. ® Implement m;;_;. ® Implement E, RE, and the casts CU
and QU. e Reconsider the expansion of T and ¢ in the hope of
improving speed. e Can everything be done at /i = | defining a
filtration by other means? That ought to be possible as the end
results depend on #/T and not on fi. @ Bound the degrees of the
logoi!

Aside.

series[(1-Te?**") /h, {a, e, 3}]

1-T . 4
T—ZeTa—zf_eth} a’-+§e3h2Ta3+0[aj4



Program (as in Projects/PPSA/Verification.nb).

Unprotect [NonCommutativeMultiply];
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;
NCM[x , ¥V , 2 ] = (X%*y) #%2;
BO*%x _=_*%0=0;
(x_Plus) s« y_ := (T#xy) &/@x;
x_ %% (y_Plus) := (xxx7) & /@Y;
Blx_, x_]=0; B[x_,y_] i= X*xxy -y *%X;
DeclareAlgebra[U_Symbol, opts_ _Rule] :=
Hodule[[gp, sr, g, cp, CE, pow, k = @,
gs = Generators /. {opts}, cs = Centrals /. {opts}},
(ty=Uex) &/e@gs;
gp = Alternatives@@gs; gp=gp | gp_; (* gens x)
sr = Flatten@Table[{g » ++k, g: - {i, k}}, {E, 5}1;
(% sorting - )
cp = Alternatives@@cs; (+ cents «)
CE[&_] := Collect[s, _U,
(Expand[#] /. B* /;d>$p=» @) &];
U; [&] &=
& f. {ticp=»ti, u_U » Replace[u, x_ = xi, 1]};
Ui [NCM[]] = pow[5 , @] =U@{} =1y =U[];
BlUe(x_ ); ,Ue(y ):]:
B[Uex;, Uey;] = U;@B[Uex, Uey];
BlUe(x );,Ue(y );] /5 i=1=7 := @;
B[(Uey , Uex_] := CE[-B[Uex, Uey]];
X_%*xlyi=x; 1y %nx
(G_. #x_U) #% (b_. xy_U) :=
If[ab === @, @, CE[ab (x*xxy)]];
Ulxx___, x_] »» Uly_, yy___] =
If[OrderedQ[{x, ¥} /. sr], Ulxx, X, ¥, V1,
U@xx =+ (U@y % U@x + B[U@x, UBy]) »* Udyy];
ve{c_.«(L:gp)",r___} /; FreeQ[c, gp] :=
CE[cU@Table[L, {n}] »xU@{r}l;
vef{c_.xL:gp, r } i= CE[cU[L] »xUe@{r}];
Uef{c_,r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{l_Plus, r___} := CE[Ue@{#, r}& /& L];
vef{lL ,r_ __} := Ue{Expand[L], r};
U[ & NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly_] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L_List Loy {1}1;
vs = Join@e (First /@ sp);
us =Join@e@ (sp /. L s = (L/.x ¢ »x));
CE[Total[
CoefficientRules [poly, vs] /. (p_-c_) = |cU@ (us”)
11 /.« X_nui1 = X135
pow[&E , n_] i=pow[E; n=1] % 55
Sy[&_, ss___Rule] := CE@Total[
CoefficientRules[ s, First /@ {s5}] /.
(p.=c )=
c NCM @@ MapThread [pow, {Last /@ {55}, p}
mj Lk [c_.»xu_U] :=
CE [ (cttbirmsmttacod) /. ({:0F), otk

DeleteCases [u, _¢jjif] +x Uee Cakes

i= X3

3 W_j e W] =
Ue@e Cases[u, _k]];
S; [c_.#*u_U] :=
CE[(c /. S;[U, Centrals])
DeleteCases[u, _
U; [NCM @@ Reverse@Cases [u, x_; =» SeUex]]] |

i] *x
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DeclareMorphism[m_, U - V_, ongs_List, oncs_List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}1;
m{ly] = 1y

m[Ulg_: 11 := Vi[m[U@g]];
m[U[vs__]] := NCM@e (m /@l /@ {vs});
m[{&_]1 := Simp[& /. oncs /. u Uw=m[ull;)

m; ,; = Identity;

m; .. [& Plus] := Simp[mj.. /@ &];
Mis i ,7 -k [E.] 1= Mjp@Mms,i,;@5;
Si [& Plus] := Simp[S; /@ 5];

Alternative Algorithms.
Simp [, [specs 20 ,P 11 :=
&, [specs, ExpandNumerator@Together([(],
Collect[P, =, ExpandNumeratorexTogether]];
Ay [{ed_y el_y S5}, {U_, w_}] =
Simp@MUIe[{U, w, yax, q, p, Q, d},
{yax, q, p} = Liste@ Ay [{v, w}, {u, w}];
(Eu[yax, Q= {vu+wws+duw+duw)/(1-dJ),
Expand[ (1-d &) " @ *DP,p,,uap, [P] [€%]]] /-
{d=28,,.9} /. {v> 01, w> .1::1}]

(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Tipus — Avous, where T, 18 the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where ‘A, is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 7., and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

. Tiousshould have a clearer topological interpretation, per-
. aps An terms of Heegaard diagrams.

H

UV\&,/‘ (l/' 24 Aous should pair with some kind of Lie bialgebras.

3. A, pus should be the associated graded of 7., and Z should
be an expansion.

4. Ordinary tangles 7,4 and ordinary virtual tangles 7, ,,4
should map into 7,5, and when viewed on 7, joq, the in-
variant Z should explain the Drinfel’d double construction.

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7, is a space with
an R3-free presentation and which contains 7, .., at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: T, — Avon
(no surgery), which would have a prescribed behaviour on strand-
doubling.



