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ruy‘_,_h conventions. “consolidate” PeclareAlgebra[CU, Generators - {y, a, x}, Centrals » {t}];
Blacus Yew]l = =¥ Yews BlXcws acu] = =¥ Xeus
B[Xcus Yew] = 2€ acy - t 1cyj

g =&, H = (a, x)/(|la, x] = yx) with

= -1 -1
A=e™  xA=gAx, Sya,Ax) =(-a,A"" A7), (SeCUey = -ycu; S@acy = -acy; S@Xay = -Xcu3)
Agla, A, x) = (a) + ar,A1A2, x1 + Ajx2) Si [CU, Centrals] = {t; » -ti};
and dual H* = (b, y)/([b,y] = —ey) with DeclareAlgebra[QU, Generators - {y, a, x},

B=e™, By=qB Sy-(b.By)=(-bB B :::}::13]*. i
Ap(b, B, y) = (b + b, B B2,y By + y2). o Blagus Youl = -¥ Yous BlXqus a] = -v QUex;
Pairing by (a,x)" = h(b,y) (= (B,A) = q) making OB, alx*y = Blxqs youl = (9-1) QUe(y, x} +
30U jI[k]  so R = 3 WIS Then U = H*P @ H O[ss[(1-Te?"*%) /n], (a}];
.J'-['“q- se = 0o [S5 T-1ghea a . 5@ o =3k
with (6/)Wg) = WS~ f) W, f)u)(frg) and Gttt o M hate B
S(}l‘b‘a,_r):(—g_l‘\-‘, —b,—ﬂ,—A_IX). Xqu = QU[ ['e X], {a, X}]’)

S: [QU, Centrals] = {t; » -ti, Ti »Ti'};
Ay b,a,x) = (y1 +y2B1,b1 + by, a1 + @z, x1 + A1) DeclareMorphisn[Co, CU~ CU, {y » -Xay, @+ -acw, X = -Ya}s

With the central ¢ := ea — yb, T := " = A"'2B1/2 get [ts-t, T2T3));

[a,y] = —yy, [b,x]l=€x, xy—gqyx=(l-TA%/h. DeclareMorphism[Qe, QU - QU,
Cartan: 6(y.b,a,x) = (-B~'T"2x, b, —a,-A~'T"V2y). (Sug- {y-0w[SS[-T*?e"**x], {a, x}], 2@ -aqu,
gesting that it may be better to redefine y — y = fx =  x-0q[ss[-T?e"*%y], {a, y}]}, {t=-t, T>T}]
ATIT 12y Can the AD and SD formulas be written so as to manifestly see
At € = 0, Upyo = (byy,a,x)/([b.:] = 0,[a,x] = their lowest term in €7 This may allow more flexibility with $k.
yx, la,y] = —yy, [x.y] = (1 — e ™")/h) with A(b,y,a,x) = Or perhaps better, these should be written in implicit form and
(by + ba.yy + € ™Pyy ap + az,x; + x3) and @(y,b,a,x) = solved by power series.
(=" x, b, —a, —&""%y). Cosh[n (ae+X2-%)]- Cosh[h (x2)?+ew ]
Working Hypothesis. (%1, 1, y, a, x) makes a PBW basis. ADSF = ¥ B
Casimir. w = yyx + ea’ — (t — y€)a, satisfies.... Roland in ne’ (40 ¢t/2) sinh[122] (a?esaye-at-o)
MixOrder.pdf: Centrals are valuable; perhaps we should write AD$w = ¥ CU[y, x] +eCU[a, a] - (t-ye) CU[a];
everything in CU/QU as (x V y)-(centrals). DeclareMorphism[AD, QU - CU,

{a = agy, x = Clex,
Y -+ Sy [SS[AD$F] /. e+ e, @ acy, w - AD$wW] ** Yey}]

2y (C(:lsh[E ‘\Jt2+yzez+4em] - Cosh [ t=ex=2e2 ‘1”])
2 2/n ;
b ]

Sinh[X22] (t (2a+¥) -2a(a+y) e+20) B

Scaling with deg: {y.e,a,.b,x,y} — 1, {hi} — =2, {1}
2, {lw) — 3.

SD$g =
Verification (as in Projects/PPSA/Verification.nb).

$p=2; $k=2; SD$F = Simplify[e" (t/2-23) (spgg /. {a -~ -a, t..-t})];

(« $k can't be = at least because of Faddeev-Quesne. ) SD$w = y CU[y, x] +eCU[a, a] - (t-ye) CU[a] -t¥ylw/2;
~ If[$k=8, =0, e /: € /; k>$k :=0]; DeclareMorphism[SD, QU -+ CU, {a - acu,
F,;f i (T TR ie S G i o] of X -+ Scy[SS[SD$F] /. e e, a= agy, o SDIw] ** Xy,
SetAttributes[{SS, SST}, HoldAll]; y -+ Scu[SS[SD$g] /. e € 3 aw, @~ SD$w] ** Veu }]
o nt Bty. & (1-g)3xd

TRule = {T¢_» €%, T~ &*}; eqn [x] := 9“(2 —] eq [x_] := eq,sk[x]
SS[&.] := Block[{h, €}, (# Shielded Series =) 5 (-4

Collect [Normal@Series[~, {7, @, $p}], 1, Together] ]; QUIR: ,; ] := 0c1u|:55|:e]'lhlaz eq[hyi1X2] /. b1 ¥t (e ax—te)],
SST[& ] := {Y1, @a1}i, {232, Xz}j];

Block[{7, €}, QU[R?,; ]| := S;@QU[R:,;];

Collect[Normal@Series[~ /. TRule, (%, @, $p}], 1, etAttributes[{CO, Q0}, Orderless];

Together] ]; )<zuoc0[specs___, E[,0,P 1] := ocu[ss[/‘%], specs];

S%mp[:i > op_] := Collect[s, _CU| _QU, op]; QUeQo [specs E[%Q_, R OW[SS[QV“'P], specs];
Simp[&.] := o0 y e

Simp[~, Collect [Normal@Series[, {#, @, $p}1, &, P@Ya = P@Yqu = (e 3)3 p@3cy = p@aqy = (e 9)3

Expand] &] ; e @ (1-e") /(en

SimpT[& ] := Collect[s, _CU| _QU, poxa= (g g )3 poxa =55@[e ( a}/( : ]5

Collect [Normal@Series[s /. TRule, {h, @, $p}], h, p[e™] :=MatrixExp[p[51];

Expand] &]; pl&_] :=

P o, i, [PL]LA] i= (67-{tsve, Tae"e} /.

Total [CoefficientRules [P, {=, 5}] /.

. 18
({m_, n_} » c_) » D[4, {x, m}, {¥s n}]] (U: QU | Q) [u___] = Fold[Dot, (g ), preu/e(u])

CO kLo rt rghed Ly E & corties]
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Fear Not. If G = e*ye % then F = ¢ Wef'ePe & = ¢ el
satisfies 9y F = —yF + FG and Fj—p = 1:
A[U_] := Module[{s, F, fs, f, bs, e, b, es},
G = Simp[Table[&" /kt, (k, @, $k+1}].
NestList[Simp[B[xy, 7 1] &, yu, $k+1]];
fs = FlatteneTable[f),i,i,[n], {1, @, $k}, {i, 8, 1},
{3, 8, 1}, {k, 8, 1}];
F=fs. (bs =fs /. Fi_ 1,50 [n] » e uo{y", al, x"}};
es = Flatten[Table [Coefficient[e, b] =8,
(es {(F-1y/.n=»0, FexG-y,#xF-8,F}}, {b, bs}]];
F /. DSolve[es, fs, n][[1] /. {e- =1, U~ Times}];
wc[CU] =t; wc[QU] = (T-1) /h;
A[U_] :=
A[U] = Module[{0Q, w},
Q=(-WwEn+ny+Ex+8yx) / (1+wé);
Collect[ (1 +w5) ™" @ DPep,,nun, [A[U]] [€?] /. wowe[U],
e, Simplify]];
PNV iy L VL (Rl o g (L el r3 L) e
AU /o {tatl, TaTl,y=ayl,a=sal, x-»x1, £ £1,
n-=71; 8§+ dl};
SWy; La; [
(0:Co | QU) [OrderlessPatternSequence|
{Lth___,%i ,a;,rh___}s ,more___,E[L_,Q,P.]]1]] :=
o[{Lh, aj, Xi, rh};, more,
With[{g=e ™" Ex; +aa;},
E[L, e Exi+ (Q /. xi »@), e DPyx .20, [P1[€]] /.
{a=0s,L, €050}]]

SWa; Ly [
(0:Co | Q0) [OrderlessPatternSequence[
{Lh___,a; ,¥i,rh___}s ,more___,E[L_,Q,P_]1]1] :=
‘U[{U?: Yis aj, rh}s, more,
With[{g=e"*ny;+aa;},
E{f-; e ' nyi+ (Q/.yi»0), e* DPy; 0,240, [P] [Gq]] /.
{a-d.j.l_, r}-bd,‘.Q}]]

Sk, ¥y ok [COC{Llh___, Xi 5 ¥jrh___}s ,more___,
E[L_y Q5 P_11] = CO[{Lh, Y5 @r, Xus rh}s, more,
With[{q=v (EX +NYr+ 6 X Y -te €N},
]E[Ls q+ (@/.xi |y;»8),
@ DPy ng,y a0, [P LALCU, tis Ths Yies @ks Xis €5 15 6]
eq]] Jovo (1+t,8)72 /.
{6 (6x0/.y;0), no (8y,0/. xi »8), &6 0x,y;0}]]
Shy; y; wx [QO[{Lh___, Xi_, y5 , rh___}, , more___,
E[L_y Q5 P_11] = QO[{Lh, Yks @k, Xus rh}s, more,
With[{a=v (Exk+nys+ 6xeys -0 (T-1) £n)},
]E[Ls q+ (@/.xi |y;>8),
e DPy o,y 0, [PT LALQU, Try Ths Yy Bks Xy §5 115 6]
e]] /. vo (2+n71 (T -1) 8)7 /.
{6 (0x,0/.y;0), n> (8y,0/. % »8), &6 0x,y;0}]]
RR{{u_; , W _j }=>{vs__, k. }, {v,a},RQ_, ]I
(0:CO | Qo) [OrderlessPatternSequence[
{th___,u i ,w_j,rh___};  ,more___, E[Q_,P_]1]]1] :=
o[{Lh, Sequence @e (7, & /@ {vs}), rh}., more, E[
(RQ/. (Viu|w|t|T)ove)+(Q/.up|wj->0),
€ DPy, 0, ,u;0,, [P] [ AEDESEEYRAREXSSNG]
] /. {v (0,407, w5 +8), wo (0.,0/. i+9),
6 8.,.;0}

115

To do. e Consider renormalizing x and y. ® Implement variable
swaps. ® Implement m;;_,;. ® Implement E, RE, and the casts CU
and QU. e Reconsider the expansion of T and ¢ in the hope of
improving speed. e Can everything be done at i = 1 defining a
filtration by other means? That ought to be possible as the end
results depend on t/T and not on h.

Aside.

Series[(1-Te2®"") /h, {a, e, 3}]

T 4
+2eTa-2(e’hT) a2+§e3h2Ta3+0_’af"

N dpf) ccr Too Fovdib A3

G ol {u, ], Flovtww, D]==
CEUEKj/ A JC]) )\\li\/’w/v’ L\Jj—]
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Program (as in Projects/PPSA/Verification.nb).
Unprotect [NonCommutativeMultiply];
Attributes [NonCommutativeMultiply] = {};
{NCM = NonCommutativeMultiply) [x ]
NCM[x_,y_, z__]
Bwx _=_#»x8=0;
{x_Plus) wxy_:= (Zwwy) &/@x;
X_x% (y_Plus) 1= (x*x1) &/@Y;
B(x_,x ]1=0; B[x_,y_] :=
DeclareAlgebra[U_Symbol, opts__Rule] :=
Module[ {gp, sr, cp, CE, pow,

i= X3

= (Xxxy) xx Z}

Xoww ) =) ke X}

gs = Generators /. {opts}, cs = Centrals /. {opts}},
(#y = Uex) &/@gs;
gp = Alternatives@@gs; gp=gp | gp_; (* gens =)
sr = Thread[gs » Range@Length@gs]; (+ sorting - «)
cp = Alternatives @@ cs; (+ cents =)
CE[5.] := Collect[s, _U,
(Expand[=] /. n" /;d>$p= @) &];

b [5] :=

& /. {ticpw ty, u_U » Replace[u, x_ = xi, 1]};

U; [NCM[]] = pow[&£_, @] =Ue{} =1, =U[];

Blue(x_); ,Ue(y_): ] :=

B[Uex;, Uey;] = U;@B[Uex, Uay];

BlUe(x_); ,Ue(y_);]1 /; i=1=7 i= @;

B[Uey_, Uex_] := CE[-B[Uex, Uey]];
t= Xy Ly e Xx_
*y ) :=

X_w%x1y
(a_. #x_U) »% (b_.
Iflab === @, @, CE[ab (x++¥)]1];
Ulxx___, x_] »= Uly_, yy___] i=
If[OrderedQ[{x, v} /. sr], Ulxx, x, v, w1,
Uaxx % (U@y == U@x + B[U@x, Uey]) »+ Ueyy];
Ue{c .*(L:gp)",r___}/;FreeQ[c, gp] :=
CE[c U@Table[L, {n}] »+U@{r}];
ve{c_ .=L:gp,r___} t= CE[cU[L] *xU@{r}];
vef{c_, r } /5 FreeQ[c, gp] := CE[cU@{r}];
ve{lL_Plus, r___} := CE[U@{w=,r}& /@ L];
ve{lL_,r___} := Ue{Expand[L], r};
U[ & _NonCommutativeMultiply] :=U /@ &3
Oy[poly_, specs 1 := Module[{sp, null, vs, us},
sp = Replace[{specs}, L_List = Lo, {1}]; X

1= X}

k Z

Ly, vs] /. (p_=+c_) » cUe(usPf)

vs = Join@e (First /@ sp); I
us =Joinee (sp /. L_; » ([f.x_)-/,.%)ﬂc /
CE[Total[ F_//

CoefficientRules [
11 7+ X_nu1 = X, )

™

pow[&E , n_] = pow[E, n=-1] % 55
Sy[&_, ss___Rule] := CE@Total[
CoefficientRules[ <, First /@ {s55}] /. ; < Q:_l,
(p_»c)m FN\M © [ (K]
c NCM @@ MapThread [pow, {Last /@ {s5}, p}11;
Si [c_.»u_ U] :=
CE[(c /. S5i[U, Centrals])
DeleteCases[u, _;] ##
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]]; |
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DeclareMorphism[m_, U_ = V_, ongs_List, oncs_List: {}] := (
Replace[ongs, (g_-img_) = (m[U[g]] = img), {1}1;

m{1y] = 1v;
m{U[g_¢ 11 := Vi[m[Ue@g]];
m[U[vs__]] := NCMe@e (m/@U /@ {vs});

mf&_]

S; [&_Plus]

t= Simp[& /. oncs /.
:= Simp[S; /@ &1;

u U=mfull;)

Alternative Algorithms.
A1t [CU] :=Module[{eq, d, b, c, so},
eq = p@e "V, pee VU = pee’ YU, pee" (tlu-2¢ acy) p@e’ wW;
{so} = Solve[Thread[Flatten /@eq], {d, b, c}] /. C@l - @;
NormaleSeries[ey-éxnétsctedy-2ecarbx s, go,
{e, 0, $k)] ]5

(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Tious — Avous. Where Ty is the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where A, is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 7., and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

. 7Tous should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.

2. A\ pus should pair with some kind of Lie bialgebras.

3. Avous should be the associated graded of 7., and Z should
be an expansion.

4. Ordinary tangles 7,,; and ordinary virtual tangles 7.,
should map into 7., and when viewed on 7,4, the in-
variant Z should explain the Drinfel’d double construction.

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7,,,; is a space with
an R3-free presentation and which contains 7.}, at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: 7., = HAvou
(no surgery), which would have a prescribed behaviour on strand-
doubling.



