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U, .5 conventions. “consolidate™

g = e, H = (a,x)/([a, x] = yx) with

A=e"  xA=gAx, Sy(a,A,x)=(-a,A"",-A""x),

A”(H,A. ).‘) =(a; + ag,A|Ag. X+ A|A‘3)

and dual H* = (b, y)/([b,y] = —€y) with

B=e™ By=gqyB, Sy-(b,B,y)=(-b,B',—yB™"),

Ay-(b, B,y) = (b) + b2, B1Ba,y1 B2 + y2).

Pairing by (a, x)* = fi(b,y) (= (B,A) = ¢) making (b, a/x*)y =

- —(j+k) : L - #CON
O o™ ™ k], so R = ZW Then U = H*P @ H
with (¢)Wg) = Wi S ™' f3)(Ws. fi)(@y2)(f28) and

S(y,b,a,x) = (-B 'y, —b,—a,-A"'x),
Ay, b,a,x) = (yi + vaBy, by + ba,a) + az, x; + Ajx2).
With the central f == ea — yb, T = € = A7V2BV/2 get
[a,¥] = —yy, [b.x]=¢€x, xy—gqyx=(l-TA*/h.

Cartan: 6(y,b,a,x) = (=B~ 'T"%x,—b,—a,-A"'T""?y). (Sug-
gesting that it may be better to redefine y — y = 6x =
ATIT 2y
At € = 0, Upy = (by,a,x)/([b,-] = 0, la,x]
yx, la,yl = —yy, [x,y] = (1 — e ™)/h) with A(b,y,a,x)
(b1 + ba,yy + €™y ay + ax,x) + x2) and 6(v,b,a, x)
(_‘Bﬁyb,."ix, -b, —a, _eﬁyb,-"f}_,)_

Working Hypothesis. (7.1, y,a, x) makes a PBW basis.
Casimir. w = yyx + ea® — (1 — ye)a, satisfies. . .

Scaling with deg: {y,e,a,b,x,y} — 1, {h} — -2,{t} —

2, {w} — 3.

Verification (as in Projects/PPSA/Verification.nb).

$p=3; $k=1;
(» $k can't be = at least because of Faddeev-Quesne. &)
If[$k=0, €=0, € /: € /; k>%k :=0];
© / (» $k=0 fails in Series[..{e,...}] =)
SetAttributes[{SS, SST}, HoldAll];
TRule = {T; -+ e"%, T e"f};
SS[&_] := Block[{h, €}, (* Shielded Series &)
Collect[Normal@Series[~5, {h, @, $p}], 1, Together] ];
SST[&. ] :=
Block[{h, £},
Collect[Normal@Series[~ /. TRule, {h, @, $p}]1, A,
Together] 1;
Simp[& , op_] := Collect[:,
Simp[& ] :=
Simp[ &, Collect [Normal@Series[z, {h, ®, $p}], A,
Expand] &];
SimpT[< ] := Collect[s, _CU| _QU,
Collect [Normal@Series[ /. TRule, {h, @, $p}1, &,
Expand] &];

_CU | _QU, op];

DP. 4o, ,5p, [P_1[A] i=
Total [CoefficientRules[P, {=, ~}] /.
({m_, n_} »c_) D[4, {x, m}, {y, n}]]
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DeclareAlgebra[CU, Generators -+ {y, a, x}, Centrals =+ {t}];
Blacu, Y] = -7 Yous B[Xcus 3cw] = -¥ Xous
B[Xcus Yol = 2€ acy - t 1y

(secUey = -ycu; S@acy = -acy; S@Xey = -Xcu;)
S; [CU, Centrals] = {ti » -ti};
DeclareAlgebra[QU, Generators = {y, a, x},

Centrals -» {t, T}];
q=55[e"""];
Blagu, Y] = -7 You; B[Xqus 3] = -y QUex;
B[Xou, Yl = (9-1) QU@{y, x} +
Ow[SS[(1-Te2¢*") /n], (a}];

(seyqu = 0qu[SS[-T1e"*y], (a, y}]; Seaq = -aqu;

Sexq = Oqu[SS[-e"**x], {a, x}];)
Si [QU, Centrals] = {t; » -t;, T~ Ti'};
DeclareMorphism[C6, CU -+ CU, {y - -Xcu, @ - -acus X = -Yau},

{t--t, T>T}];
DeclareMorphism[Qe, QU -+ QU,

{y-+ou[ss[-T*2e"*"x], {a, x}], @~ -ag,

X+ 0q[sS[-T2e"*%y], {a, y}]}, {t~-t, T>T}]

Can the AD and S D formulas be written so as to manifestly see
their lowest term in €? This may allow more flexibility with $k.
Or perhaps better, these should be written in implicit form and
solved by power series.

Cnsh[n (ae+-‘f~ E)] ~Cosh[n (t—'f—e)’+eu]
AD$F = ¥ o

n et ((207) e-t/2) sinh[X-zi] (a?e+aye-at-w) !

AD$w = ¥ CU[y, x] +eCU[a, a] - (t-ye) CU[a];
DeclareMorphism[AD, QU - CU,
{a - ac, x> Clex,
y = Sy [SS[AD$F] /. e s e, a—» acy, w-> ADSw] ** Yoy} ]

2y [COSh[%‘\Jt2+~‘2 Ez+42m] -Cosh[t'eil;:“]]
H

sinh[lj—“] (t(2a+y) -2a(a+y)e+2m)h

SD%g =

SD$f = Simplify[e” (/2% (spsg /. (a»-a, t-t})];
SD$w = yCU[y, x] +eCU[a, a] - (t-ye) CU[a] -ty 1y /2;
DeclareMorphism[SD, QU -+ CU, {a = acy,

X = Sy [SS[SD$F] /. e > €, a - acy, w - SD$@] ** Xy,

Yy - Scy[SS[SD$E] /. e » €, a - acy, @ - SDI@] ** yey }]
e; p [x_] iz e” [i w

j1 J (1-61‘3)
QU[R; ,; ] := Oqu[SS[e"" ™ eq[hy1Xa] /. b1 ¥ (ear-t)],
{y1, @1}y {232, Xz}j];

QIR ]| := S;@QU[R:,;];
SetAttributes[{C0, Q0}, Orderless];
Cueco[specs___, E[L_, Q_, P_]1] := O[SS5[e"*?P], specs];
QUeQo [specs___, E[L_,Q ,P_]] := GQU[SS[GL'Q P], specs];
p@ycy = pBYq = (: g)ipﬁacu=9930u= [‘; g H

peXey = (g 3)s paxw=55@(: (1“’_“;)/(51” ]3

5 8 [X] i=equ[x]

p[e™] :=MatrixExp[p[£]];
pls] :=
(.‘.-‘ /. [t-v:s, T-»e”é]- e

(U:CU | QU) [u ]:oFold[Dot, (; g), pmu;e{u}]]
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CA[tl ,y1 , a1 ,x1_, &_, 71_, 6] :=Module[ SWy; ,a; [
{eqn, d, b, ¢, sol, A, q, v, &, n}, (0 :Co | Q0) [OrderlessPatternSequence [
eqgn = p[e"""“] p[e"YV] = {Lh___, xi ,aj,rh___}s ,more___,E[L_,Q ,P_11]1] :=
p[eduu] .p[ec (ticu-lucu)] ,p[eb!cu]; n[{Lh, aj, Xi, rh}s, more,
sol = Solve[Thread [Flatten /@ eqn], {d, b, c}1[1] /. With[{q=e ™" Ex; +aa;},
C[1] - ©; E[L, € Exi+ (Q/. Xi + @), € DPyx,n.,a;40,[P][e"]] /.
A= ey-Exmét {a-bé,.L, §-o6,iQ}]]
NormaleSeries[e®*4¥-2€ca+bX / 501, (e, 0, $k}]; SMa, v, [ -
qne (-temny'“w“h (0:Co | QU) [OrderlessPatternSequence [
Collect[v q? DP:py, a0y [A1[Q] /. v > (1+15) =i {Lh___,a5 ,yi,rh___}; ,more___,E[L_,0Q ,P_1]1] :=
s e, Simplify] /. {t-t1,y-yl, a»al, x-xi, o[tth, yi, a5, rh};, more,
£ &1, no 1) ]; With[{q=e " ny; +aay},

E[L, €™ nyi+ (Q/.yi»0), €DPy o 2.0, [P][e?]] /.
{a-;é,jL, n-.ay].o}]]
SWy; ,y; +k [COL{LA___, Xi , ¥j , rh___}s , more___,
If G = e*ye™® then F = e Wefele s = e el satisfies E[L_, Q_,P_1]] := CO[{Lh, Yks @, Xk, rh}s, more,
6,,F =-yF+FGand F- = I: Hith[{q =V (EXp+NYr+ 66X Y-t €M)},
E[L, q+(Q/. X |y;~0),
@ DPx,0g,y;40, [P1 [CALtks Yis @k Xks €5 15 81 @71 /.
vicr (1w B 8) =2/

e

QA[T1 , y1 ,a1 ,x1_, &1, /71, &5.] :=Module[ {6 (6x@/.y;20), n (8y,0/. % >8), 6 8x,y,0}]]
{G, F, fs, f, bs, e, b, es, A, q, v, &, n, t}, SWy; ,y; »n [QO[{Lh___, Xt Y5 ,rh___}s , more___,
G = Simp[Table[£" /k1, {k, @, $k+1}]. E[L_,Q ,P_11] := QO[{Lh, Yk, @, X, rh}s, more,
NestList[Simp[xqu ** 7 - 7 %% Xu] & You, $k+1]]; With[{q=v (EXxc+nyr+6xuyr -2 (T, -1) £n) },
fs = FlatteneTable[f,:,5,4[n], {1, @, $k}, {i, @, 1}, E[L, g+ (Q/. x| y;>0),
{3, 0, 1}, {k, 0, 1}]; - @ DPy,1og,y;40, [P1 [QA [Tk, Vs 3ks Xes &, 115 6] €] /.
F=fs.(bs=Fs/. fi,i,j,0[n]»e Qefy’,a, x"}); v (1en (To-1) 8)72 /.
es = Flatten[Table [Coefficient[e, b] =0, {E-* (5x,-0 /¥y o), 0 (aij Xt 9) s B ax‘-,ij}]]

sbstract t( MR, “Can,lt\?/c

{e; {F-1u/.n>0, FaxG-you*xF-0,F}}, {b, bs}]];
{1} =F /. DSolve[es, fs, n] /. {e- =1, QU Times};
q=e" (“tf'l‘ny'flodyx);

To do. e Consider renormalizing x and y. e Implement variable

oy -1
Collect[vq™ DPeupy, o, [A1[A] /. v> (1+ )7 /. swaps. e Implement m;;_.;. ® Implement E, RE, and the casts CU
5 ts (T-1) /8, ¢, Simplify] /. and QU. e Reconsider the expansion of 7" and g in the hope of
{T-aTil,y-»yl,a-al, x->x1, £ £1, r[-»:?l)]; improvingspeed.

Replect Somc '53 “Rrdt ks’ (#5):
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