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Uye;;, conventions. “consolidate”
q =& H = (a, x)/([a, x] = yx) with
A=e @  xA=gAx, Spla.Ax)=(-a. A", -A"y),
Apla, A, x) = (a) + a2, A A2, x) + Ajx2)
and dual H* = (b, y)/([b,y] = —€y) with
B=e"" By=gqyB, Sy(b.B.y)=(-b,B',—yB™"),
Ap-(b, B,y) = (by + by, B1 B2, y1 By + y2).
Pairing by (a,x)* = (b, y) (= (B,A) = q) making (y/'b, a/x*) =
8yl 1K), ! so R = £ MEECS Then U = H*" @ H
with () (Wg) = (1S~ f3) (W3, fiXdwa)(frg) and
Stw.b,a,x)= (—B_Iy, —b,—a,-A""x),
Aly,b,a,x) = (yy + vaB1. by + ba.ay + ax, x; + Ajx2).
With the central 7 := ea — yb, T = "2 = A"V2B1/2 gey
la,y] = =yy, xy = qyx = (1 = T*A*)/h.
Cartan: 6(y,b,a,x) = (-B~'Tx,—b,—a,-A"'T'y). (Suggesting
that it may be better to redefine y — ¥ = fx = AT~y
At € = 0, Upyo = (boya,x)/(b-] = 0, [ax]
yx, [a,y] = —yy, [x.y] = (1 — e ™2)/h) with A(b,v,a, x)
by + by + @ "”""'}-‘3.(11 + az.x; + x2) and A(y,b,a,x)
(_Efr‘ybﬁx, —b, —a, —e"?"”ﬁy),
Working Hypothesis. (i, 1, v, a, x) makes a PBW basis.
Casimir. w = yyx + ea® — (t — ye)a, satisfies. ..
Scaling with deg: {y.€,a,b,x,v} 1, {h}
2, {w) = 3.

[b, x] = €x,

I

- - -2,

—

Verification (as in Projects/PPSA/Verification.nb).
=3 =1: LR ez B
$p=3; $k=1; € /: € /3 k>%k =
(* $k can't be = at least because of Quesne. Car—t—be—s
q 13+ 1 4+ -because of the & r'l'
¢ SetAttributes[{SS, 55T}, HoldAll];
S5[&£_]1 := Block[{h, €}, (+ Shielded Series =)
Collect [Normal@Series[&, {h, @, $p}], i, Together] ];
SST[&£.] :=
Block[{h, €},

1t el jac

P
o *7

Collect [NarmaloSeries[:; Ho {T,- o R T g"‘/’},

(2, @, $p} ], n, Together] |;
Simp[£ , op_] := Collect[s, _CU| _QU, op];
Simp[s ] :=
Simp[~, Collect [Normal@Series[~, {h, @, $p}], &,
Expand] &];
simpT[s ] := Collect[;;‘, _Cu| _qQu,
Collect [Nor‘rrlalﬂStar‘ies[:,r o {Ti EPLLTEN e"‘/’},
{h, @, Sp}] o By Expand] &];
DP,, 10, [P_1[A] :=
Total[CoefficientRules([P, {a, 5}] /.

({m_s n_} »c_) »cD[4, {x, m}, {y, n}]]
DeclareAlgebra[CU, Generators -+ {y, a, x}, Centrals -+ {t}];
Blacus Yewl = =¥ Yeus B[Xcus acul = =¥ Xews
B[Xcus Yeu] = 2€ acy - t 1ey;

(Secuey = -yc; S@acy = -acy; S@Xcy = -Xcu;)
S; [CU, Centrals] = {t; - -ti};

<Dy s

S$S.[&.] &=
Block[{e}, Collect [Normal@Series[~, {e, @, $k}],
€, Together]]; (+ Shielded e-Series «)
CA[t1 ,y1 ,al_,x1_, &1_, /71 , 5] :=Module[
{eqn, d, b, c, sol, A, q, v, &, 1},
eqn = p[e’* "‘U] p[e”YV] =
p[edy(u] .p[e‘ (tlcu-Zeacu)] 'p[ebxcul;

sol = Solve[Thread[Flatten /@ eqn], {d, b, c}][1] /.
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DeclareAlgebra[QU, Generators -+ {y, a, x},
Centrals -+ (t, T}1;
q= Ss[argh].; [*T:SS[@" l"".}: %)
Blagu, Youl = -¥ Yeui B[Xqu, aqul] = -y QUex;
B[xqu, Youl = (a-1) QUe{y, x} +
Ow[ss[(l -T2 e—zaih] /h], {3}]1'
(seye = 1JQ‘,|.[55{-T‘2 e"”y], as y}]; S@ag = -agu;
Sexq = O [SS[-e"*? x], {a, x}];)
S: [QU, Centrals] = {t; » -ti, T »Ti'};
Declarenorphism[cs, CU-CU, {y—-Xcy, @8+ -acy, X -Yaul,
{t--t, T-T};
Declarenorphism[qs, QU - Qu,
{y—»ow |:1'\|S[—T'1 e““’x], {a, x}], a - -ag,
X 0[SS[-T*e" "y], {3, y}]}, {t--t, ToT}]

Can the AD and S D formulas be written so as to manifestly see
their lowest term in €? This may allow more flexibility with $k.
Or perhaps better, these should be written in implicit form and
solved by power series.

cush[n(as+-¥2£-'§)]-COsh[h.‘H"—‘;—e)2+sw] é__,c

ADSF = ¥ 5
h et ((ae0) e-t/2) S.i.nh[-"-:—h] (aze+a¥e-at-w)

AD$w = ¥y CU[y, x] +eCU[a, a] - (t-ye) CU[a];

DeclareMorphism[AD, QU - CU,
{a - agq, X - CUe />
y - Sey [SS [AD$f], a-» agy, W .I\D$w] ** Yeul]

R |

Sinh[I:—“] (t(2a+y)-2a(a+y)e+2m)h

SD%g =

SD$F = Fullsimplify[e" {t/2-=2) 'spgg /. {a— -a, t - -t}) ]; ¢

SD$w = ¥y CU[y, x] +eCU[a, a] - (t-ye) CU[a] -ty lw/2;

Declareﬂorphism[§?fm -+ CU, {a - ac,
X—rSm[SS[SD$ a = dgy, w—rSD$w] *% Moy,
Y - Scu[SS[SD$E], @ - acy, @ -+ SD$@] ** Yeu }]

& (1-g)) )
eg ,n [X_] iz=e” AT
i [Siets

1= Oqu[SS[e"" ™2 eq[hy1Xa] /. by s ¥ (e -ti)],

5 &g [x ] i=eqsk[x]

QUR: ,5 ]
{¥1, 31}is {22, xz}j]i

QU[R:'; ] := S;@QU[Ry,;];

SetAttributes[{C0, QD}, Orderless];

Cueco[specs___, E[L_, Q_, P_1] i= Oc[SS5[e"*?P], specs];

QueQo[specs___, E[L_, Q_, P 1] := Ow[ss[e“‘-’P], specs];

P@Ycy = p@Yyq = (: g);.ﬂ@acu=pﬂaqu= (g g);
pexa= (g 7); poxqu=sso[: {1'°'";)/‘em ];

p[e" ] 1= MatrixExp[p[<]];
ple] :=
(.-‘.'f. {t-»:re,T-oe""e"z]- /e
: 10
(Ut QU | Qu)[u il F

1 +» Fold[oot, ( o /e /e u}])

SWx; ,a; [
(0:C0 | QD) [OrderlessPatternSequence [
{Lth___,%x{ ,a;,rh___}; ,more___, E[L_,
o[{Lh, aj, xi, rh}., more,
With[{q=e"" £x; +aa;},
E[L, "X+ (Q/. X; »0), eDPy o2, [P] [e7]] /.
{a> 0.1, €-8x0}]]
L SO |

Q- P_1111 :=



/

2

A—‘)‘VM‘/’ %( MR, Neompate e’

e,

SSc[£.] :=
Block([{e}, Collect [Normal@Series[~, {e, @, $k}],
€, Together]]; (+ Shielded e-Series )
CA[t1 ,y1 ,al ,x1_, 1, 71_, 5] i=Module[
{eqgn, d, b, ¢, sol, A, q, v, &, 1},
eqn = p[ef;xcu] ple’Yv] =
p[,dycu] _‘,[ec (tlcu-zncu)] _p[,bxcu];
sol = Solve[Thread[Flatten /@eqn], {d, b, c}][1] /.
C[1] - 0;
A = Simplify [@V-¢xnétgg, [et dy-2ecasbx /s so1]];
q-= e (—tCmnyocxoayx);
Collect[v g™ DPeup,,nap, [21[] /. v (1+t5)7,
e, Simplify] /. {t-ti, y-yi, a»al, x»xi,
£ 41, no 1} ];

CXCF =tV = =P

Cammypt ! = Cp(j i

QA[T21 ,y1 ,a1 ,x1_, &1, 71_, 6] i=Module[
{G, F, fs, f, bs, e, b, es, 2, q, v, &, n, t},
G =Simp[Table[£" /kt, {k, @, $k+1}].
NestList[Simp[xou ** 7 - 7 %% Xqu] & You, $k+1]];
fs = Flatten@Table[fy,;, ;,«[17], {1, @, $k}, {i, @, 1},
{i, e, 1}, {k, 0, 1}];
F=fs.(bs=Fs /. f,i,j,e[n]»>e Qely,a,x});
es = Flatten[Table[Coefficient[e, b] =0,
{e, {(F-1gu /. N0, FaxG-you#*F-8,F}}, {b, bs}]];
{2} =F /.DSolve[es, fs, n] /. {e-> 1, QU -» Times};
q = e (-t&nenysexetyx) .
Collect[v g™ DPcn,,n0y [A1[G] /0 v (141 )27
t (T2-1) /8, e, Simplify] /.
(T2T1,ysyl,asal, x+x1, £ &1, n- 71} ];

http://drorbn.net/A cademi cPensi eve/Projects/SL 2Portfolio/one/Cheat_Sheet_SL 2Portfolio_on_180214.pdf

SWx; ,ay [
(0:Co | QD) [OrderlessPatternSequence[
{th___,x{ ,aj,rh___}; ,more___,E[L_,Q ,P_]11]1] :
o[{Lh, as, x¢, rh}s, more,
With[{q=e"* &Ex; +aaj},
E[L, € EXi+ (Q/. X; »0), e DPy .o.,a,0, [P][e7]] /.
{a-oO;JL, £-00x‘.0}]]
SWa, Ly, [
(0:Co | QD) [OrderlessPatternSequence|[
{Lh___,a; ,yisrh___}s,more___,E[L ,Q ,P_1]]] :
(’[(’.h, Yi> @i, rh}s, more,
With[{g=e""nyi+aa;},
E[L, € nyi+ (Q/.yi+0), € DPy o a..0,[P)[e"]] /.
{a= 0L, n-8,0}]] Y= g =y
SWy, Yy ok [CO[{Llh___, Xi , yj ,rh___}; ,more___4
E[L_,Q ,P_]]1] := CO[{Lh, Yis ars X, rh}., more,
N:lth[(ﬂ =V (EXp+NYr+6X:Yr -t €EN) ),
E[L, g+ (Q/. x| y;0),
€79 DPx, g, ;40 [P1 [CA[tes Yis @k X5 €5 15
v= (1+1 6)-1/.
{€- (6x,0/.y;28), n (8y,0/. xi 8), 6 0x,y,0}]]
Shx; Yy [QO[{th___, Xi ,Y¥;,rh___}s ,more___,
E[L ,Q,P ]]] := Q°[(Lh) Yks @rs Xxs rh}s, more,
Hith[{q:v (§x +NYr+6X yp-h2 (Tz-l) §n)},
E[L, g+ (Q/. %X |y;>),
€% DPy,0g,y;0, [P1 [QALThs Yis @ks Xks &5 15 61 €%1] /.
v (1+n7t (T3-1) 8) /.
{6 (8x,0/.y;20), N (8,,0/.%:>8), 6 0x,y,0}]]

e]] /.

To do. e Consider renormalizing x and y. e Implement variable
swaps. e Implement m;;_,;. ® Implement E, RE, and the casts CU
and QU. e Reconsider the expansion of 7 and ¢ in the hope of
improving speed.
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Program (as in Projects/PPSA/Verification.nb).
Unprotect [NonCommutativeMultiply] ;
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ]
NCM[x_, y_, z__] :=
B#x _=_*%x0=0;
(x_PLus) =2y 1= (#x%xy) & /@x;
X_ %% (y_Plus) := (xx+x27) & /@y;
B[x_,x_]1=0; B[x_,y_] :=
DeclareAlgebra[U_Symbol, opts__Rule] :=
Hodule[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /.
(ty =Uer) & /@gs;
gp = Alternatives @@ gs; gp = gp | BP_;

i= X5
(X %% V) %% Z;

Kowk ) =) w X}

{opts} },

(# gen's pattern =)
sr = Thread[gs - Range@Length@gs];
cp = Alternatives @@ cs; (+ cent's pattern =)
CE[5 ] := Collect[s, _U,
(Expand[#] /. n" /5 d> $p=0) &];
W [&] :=
& /. {ticpwti, uU = Replace[u, x_ = xi, 1]};

(# sorting rule =)

U; [NCM[1] = pow[&_, @] =U@{} =1y =U[];
BlUue(x_); ,Ue(y_); ] :=

B[Uex;, UBy;] = U;eB[Uex, Uey];
BlUe(x_); ,Ue(y_);1 /; i=1=7 := @&

B[U@y , Uex_] := CE[-B[Uex, Uey]];
X_wxly = x5 Ly exx_
(a_.%*x U) #%x (b_.*xy U) :=
1f(ab k== @, @, CE[ab (x++y)]];
UDoc—_, X_] »x ULy_, yy___] :=
If[OrderedQ[{x, v} /. sr], Ulxx, x, v, y¥],
Uexx #+ (U@y »» Uex + B[Uex, UBy]) »+ Ueyy];
ve{c_.=(L:gp)", r___}/; FreeQ[c, gp] :=
CE[cU@Table[L, {n}] *»+Ue{r}l;
ve{c_.xL:gp, r___} = CE[cU[L] xxU@{r}];
ve{c_, r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{lL Plus, r___} := CE[Ue{#, r}& /e L];
ve{L ,r___} := Ue{Expand[L], r};
U[ & _NonCommutativeMultiply] :=U/@ 55
Oy[poly_, specs 1 := Module[{sp, null, vs, us},
sp = Replace[{specs}, L_List = Ly, {1}];
vs = Join@@ (First /@ sp);
us = Joinee (sp /. L .
CE[Total][
CoefficientRules [poly, vs] /. (p_—+c_ ) = cUe (us’)
11 /+ X _pun1 = X
1;
pow[& , n_] = pow[s, n=-1] x* 55
Sy[£ , s5___Rule] := CE@Totall[
CoefficientRules[~, First /@ {ss5}] /.
(p_—+c )=
c NCM @@ MapThread [pow, {Last /@ {55}, p}11];
Si [c_.»u U] :=
CE[(c /. Si[U, Centrals])
DeleteCases[u, _i] **
U; [NCM @@ ReverseeCases [u, x_; =» SeUex]]]; |

tm X3

= (L/.X_i »X5));
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DeclareMorphism[m , U - V_, ongs_List, oncs List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}];
m[ly] = 1v;
mU[g_s 1] := Vi[m[Ueg]];
m[U[vs__]] := NCMee (m/eU /@ {vs});

m[&.] := Simp[& /. ones /. u_Usm[ull;)

Si [& Plus] := Simp[S; /@ £];

(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Tious — FApous. Where T, is the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where A, is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 7., and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

1. Tious should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.

2. A\ pus should pair with some kind of Lie bialgebras.

3. A\ ous should be the associated graded of 7, and Z should
be an expansion.

4. Ordinary tangles 7,4 and ordinary virtual tangles 7,4
should map into 7. and when viewed on 7,4, the in-
variant Z should explain the Drinfel’d double construction.

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7., is a space with
an R3-free presentation and which contains 77, .4, at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: 7., = Aoy
(no surgery), which would have a prescribed behaviour on strand-
doubling.



