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Stitching Direct

MatrixExp[ni o[CU@y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&1 p[CU@X]] .MatrixExp[n, o[CU@Y]].
MatrixExp[a, p[CU@a]] .MatrixExp[&, p[CU@x]] // Simplify // MatrixForm
e (1va2) (14yen,; &) ey (e &+ & (1+e’™yen; &))
e’®e (m+e’®n (leyemér)) 1+e¥@yemé&+e’@ye (m+e’™m (Lyemé)) &

eqgn = MatrixExp[n; p[CU@y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]].
MatrixExp[n,; p[CU@Y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&, p[CU@X]] ==
@™ €Y MatrixExp[n0@ p[CU@Y] ] .MatrixExp[a®@ p[CU@a]].MatrixExp[£0 p[CU@X] ]
{{e" (e +e’™yen &), ey &+e @y (e™re’™yen &) &),
[eX® (e"™eni+en (1+e’ ™ yem &),
lve’@yemé+e’@y (eMemren (1+e"yvemé)) &}} =
{{ecxeyﬂ(eteJ ea@yﬂ(eteyge}, {eaeﬂyete €nd, e’ (1 £ e yene §@> }}

sol = Block[{€}, Solve[Thread[Flatten /@eqn], {t9, no, a0, £0}1]10M1]1

Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is

Log[ey(a(ﬂs TO)} _ Log[eV a (@ySubscr\pt[«Z»] + eTimes[<<2>>] YEM §W )] ==0.

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

Solve: Equations may not give solutions for all "solve" variables.

~Log[e™ ] + Log[e” ™% + Y91V % y € £;] 1
{t@% , N0 -
ye ve (f1+e" @ &+ e yen; £ &)

e v l+£e‘ra1 e 3 +leYD<1+YOlz e £ +leYO(z = 3 +ley(x1+yaz 262 E1 &, -
55 YU112 Y77122 YETN2c2 Y ETIMTN2¢c162

i\/ ( (-1-eyem& - yen & - yen e’ Tyl nin, & &)+

4e0vran ey e (*eﬂxl Mméi-méi-e™yennéi-e ™2y &-e'n, & -
2"y ey E1& - R yen; E1& - e TRy el g £ 6,) ) ) )

1

1
€0~ e v + o Er e & 4
e’ eyt yenné 2ye 2

1 1
;‘E“‘Z N2 &z + ; e’y eniny 18 -

1

A (\/ ( (F1-eMyemé&-e T 2yen -’ yen & -e Y2y el & 52)2 +
Ye

) 2
4 e 0TIz g (*‘eyal méi-méi-eyemméi-e @ & -e"n & -

2V yemny E1 6 - yen; &1 & -2y el N} £ &) ) ) ] )
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egn = MatrixExp[ni o[CU@y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]].
MatrixExp[n, o[CU@y]] .MatrixExp[a, p[CU@a]] .MatrixExp[&; p[CU@X]] ==
TO MatrixExp[n@ p[CU@Y] ] .MatrixExp[a® p[CU@a]] .MatrixExp[£0 p[CU@X]]
{{ev (e +e’yemé&), ey &r+e’@y (e +e’™yen &) &),
{er? (e¥en+en; (L+e™yemé&)),
lre™™yeméE+e@y (e@em+ren (e’ yemé)) &}} =
{{e™®¥To, e TOy 0}, {™®¥TOen0, TO (1+e™ " yenoco)}}

sol = Block[{e}, Solve[Thread[Flatten /@eqn], {T0, n0, a0, £0}]11M11

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution
information.
1 +e T +veE 3
{T@» ,neém "2 N1 M2 1,
leyen & liyené
+ 2 -
Log|ev v (1+yen,; &)° e’ &+ E+rveméié
o0 - , €0 > }

Y livyené

SS.[& ] := Block[{e}, Collect[NormaleSeries[&, {e, O, $k}]1, €, Together]];
(» Shielded e-Series x)

Logos
CA[tl_,y1 ,a1_,x1_, €1_, 71_, &_] := Module|
{egn, d, b, c, sol, A, q, v, &, n},
eqn = p[e§xw].p[enyw] = p[ede].p[ec(tlw-zeaw)].p[ebxw];
sol = Solve[Thread[Flatten /@eqn], {d, b, c}1[1] /. C[1] -» O;
A= e VEx et NormaleSeries [ecfr Y -2ecarbx /501, (e, @, $k}];
q = e ((tEmmyrExsoyx)
Collect[v g™ DPeyp,,up, [A1[A] /. v > (1+t &)™, e, Simplify] /.
{t>tl,y->yl,a»al,x->x1, £» &, n- 71} |;
Logos

QA[T1_,yl ,al_,x1_, €1_, 71_, &_] := Module[
{G) FJ 'FS, -FJ bSJ e’ b) es) 'AJ q, V_, f’ 77: t})
G = Simp|[
Table[&" /kt, {k, @, $k+1}].NestList[Simp[xqu ** # - #** Xl &, You, $k+11];
fs = Flatten@Table[fl,i,j,k[77]J {1, o, $k}, {i, @, 1}, {j, 0, 1}, {k, @, 1}];
F=fs.(bs="fs /. f_,i i, [n]=>e Qely, a,x});
es = Flatten[
Table[Coefficient[e, b] =0, {e, {F-1q /.7 >0, FxxG-yq **F-0,F}}, {b, bs}11;
{7A} =F /. DSolve[es, fs, n] /. {e- » 1, QU » Times};
q = ev (-f§TI+T7.V+§X+5_VX);
Collect[v ™ DPsp,, up, [21[A] /. v > (1+15) Tyt (T-1) /a, e, simplify] /.
{T->T1,y>yl,a»al, x>x1, £ &1, n- 71} |;
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Logos
wc[CU] = t; wc[QU] = (T-1) /&;
A[U_] := A[U] = Module[{Q, w}, Q= (-wéEn+ny+Ex+8yx) [/ (1+ws);
Collect|[ (1+w8) ™ e DPep,,yop, [A[U]] [€?] /. wowc[U], e, Simplify]];
AU ,t1 ,T1 ,y1 yal ,x1_, &1 , 71 _, 61 ] :=
AUl /. {t>tl1, T>Tl,y>yl,a»al, Xx>x1, > &1, n->yl, 6§ » 51};
DPa_—»D,ﬁ,ﬁ_-)Dyi [P_1[A_] :=
Total[CoefficientRules[P, {a, A}] /. ({m_,n_} »c ) =»cD[A, {x, m}, {y, n}]]
Logos
Ay [{vl_, w1l _, 5}, {U_,w }] := Simp@Module[{u, w, yaxX, q, p, Q, uu, ww, d},
{yax, q, p} = Listeeay[{v, w}, {u, w}1;
€ [yax, Q= (vuu+www+ suuww+dvw) /(1-dJ), Expand[(l—da’)'le'Q
SP (uuu oy [P €2]]] 70 {d 0,00} /. {v > 1, 0> w1, uu->u, wi>w}];
Rord, i . e [€ [L___s {L__su_;,w_;, r___}s_, R___,0,P]] :=
SimpeModule[{v, w, &, Al, yax, q, p, 61 = ,,4,0},
{yax, q, p} = Liste@If[61 === 0, Ay[{v, w}, {u, w}], Ay[{v, w, 6}, {u, Ww}]1 /.
{Y = VYrs @ ap, XXy Tots, T>Ts};
@ [L, {L, Sequenceeeyax, r}s, R, q+ (Q /. u; | w; > @), eDP, p .0, [P1[Pe]] /.
{U>0,0/.Wj>0,w>0,0/.u;i>0, 5->51}];
(*#SimpPQ[PQ_] := Expande@Collect[PQ, {x ,y ,a },CC] /. e®-:sefxpandeTogether(s] /
CC-ExpandDenominator@xExpandNumerator@xTogether;x)
SimpPQ[PQ_] := Simplify[PQ //. e = &SI,
Syax

Next task: Exp,: U—- & ...
Next next task: Define SAyx[n, a, &, 6], whose value is an Ey[{y1, a1, x1}1, Q, P+ 0k] such that
U@SAy,k[n, a, &, 6] == S1@U@G[{y1, a1, X1}1, NY1+aas + X1+ X1 Y1, &].

SAU_,k_ [77_) a_, §_J 6_]
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1= Block [{$p = 4, $k = 4}, TableForm[StringSplit[
"y | a | X | ce@ycu | Coeeacy | Coe@Xxcy | Qe@yQU | Qe@aQU | QG@XQU | A]D@yQU | A]D@aQU | A]D@XQU | S]D@yQU | S]D@aQU | SD

@Xqu | S@Ycy | S@acy | S@Xcy | S@Yqu | S@agy | S@Xqu | A@Ycy | A@acy | A@Xcy | ARYqu-Y1 | A@agy | A@Xqy

-x1", "|"] /. s_String »

{s, NormaleSimplifye@LogeSeries[ToExpression[s] /. CU| QU - Times, {e, 0, $k}]}1]

Oult[~ J//TableForm=

y Logly]

a Log[a]

X Log[x]

coe@ycy Log[-X]

Co@acy Log[-a]

Coexcy Log[-Vy]

0@ aeh+log|->*
Q yQU g[ VT ]
Q6@agy Log[-a]
e@x a-y)eh+Llog|-—+

Qo@xqu (a-v) gl s ]

AD@ eh (xyyh (20+10th+3t*h%)-4a (60+40 t n+15t2 n2+4 13 1)) . €2h? (24atxyyh® (80+320th+180 t2 h2+45t3 n3+6t* nt
You 2 (120460 t 1+20 t2 h?+5 3 h?+t* 1)

AD@agy Log[a]

AD@Xxqy Log [X]

Sp@ _ 4 (2at-xyy) eh?® (240+t% n?) . 4€? (4atxyyhn* (92160+480 > n?+t* 1) +xy y? h* (-69120t-46080 x y-1440 t> h?+480 "
You 23040+480 t2 n2+t* n* (23040+480 t* %+t

SD@agy Log[a]

Spax 4ch (xyyn (2404120t 1:31t21%) -2 a (288041680 t he540 t2 1212162 1) ) 4e2n? ((23040+11520 t 143360 t2 n2+720 €3

W 23040+11520 t 1+3360 t2 h2+720 t3 h3+121 t* 1*

S@ycy Log[-y]

S@acy Log[-a]

S@Xcy Log[-x]

S@yq (a-v) eﬁ+Log[—>TL]

S@agy Log[-a]

S@Xqu aeh+Logl[-x]

A@Ycy Logly: + T1y2]

A@acy LOg [al + az}

A@Xcy Log[x1 + X2]

A@Yqu-Y1 Log[Tiy2] ~€ehay

A@agy Log[az + az]

A@Xqu—X1 Log[xy] —€eha;

Exp

Task. Define Expy[€, X, Pl which computes 8% %) to € in the algebra U, where ¢ is a scalar, X is x; or

yi, and Pis an e-dependent docile perturbation, giving the answer in E-form. Should satisfy

U@Expyulé, X, Pl == Sy[et*, x> X-O(P)].

Methodology. If Py := Peg and €57 OP) = Qe$ X F(§)), then F(§ = 0) = 1 and we have:

Q64X Po(X Py F(€) + 8¢ F) = :
Q064 * "0 F(£)) = 0: O(@5* P F(€)) = 964X XP) = 2 X OP) X O(P) = (€5 ¥ F(€)) X O(P)

This is an ODE for F. Setting inductively Fy = Fy_1 + €“ @ we find that Fo = 1 and solve for ¢.
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1= EXpy ;e[ s (Xt (X|Y))i s P_1 :=CG[{yi, @i, Xi}i, NormaleP /. € -0, 1+0p];
Expy ,r [&_, (X (X|Y))isP_]:= Module[{PO, f, ¢, ¢s, F, rhs, ato, at¢&},
PO = NormaleP /. € -» 0;
f = NormaleLast@Expy,.-1[ <5 Xi, P];
@s = FlatteneTable[¢j1,42,53[£1, {72, @, 2R}, {j1, @, 2R -3j2}, {j3, 0, 2kR-J2-]1}];
F=Ff+ekos. (tpS /e 9i1 ,52 ,53 [£] » yl* al? X%B)S
rhs = NormaleLastem; p, c,i[
E[{yi> @is Xi}i, £XiPO, F+0] &[{Xp}bs O, Xp + O] Mi,c@Ey[{Yyi, @i, Xi}i, @, P+0Or]];
ato = (#:: 0) & /@ FlatteneCoefficientList[F-1 /. £-50, {yi, ai, X;}1;
até = (#==0) & /@ FlatteneCoefficientList[(8,F) + POX; F-rhs, {yi, ai, Xi}1;
€ [{yis ais Xi}i, £XiPO, F+@,] /. DSolve[Andee (ateats), vs, £][1]

The antipode on exponentials in QU.

Computing S(e%) : If S(e*) = O(ax: Fe™%),
then Fg—o = 1and O(ax: (9¢F - x F) €75¥) = 8¢ S(6%) = S(xe%) =
S(e%) S(x) = O(ax: F&™%) (-6 x) = O(axa, x : —x, F&™¥*"%) " and that’ s an ODE for F.
SxF
Inf]:= SxF[O] =1;
SxF[R_] := SXF[R] = Module[{fs, bs, F, rhs, ate, at&},
fs = FlatteneTable[f; ;[£], {i, @, 2R}, {j, 0, 2k-1}];
F=SxF[k-1] +€*fs.(bs = fs /. fi_,; [£] »a'x);
rhs = NormaleLast@Cord[Gq[{a1, X1, 32, X2}1, =€ X1, (F /. {@ > a1, X X1})
Series[-x, "™, {e, @, k}]|] /. €-n¢| /. {§->n871E, a1 a, xa > x};
ato = (#:: 0) & /@ Flattene@eCoefficientList[F-1 /. £§-0, {a, x}];
atg = (# = 6) & /@ Flatten@CoefficientList[(06:F) -xF -rhs, {a, x}1;
F /. DSolve[Andee (ateJats), fs, &][1]

|E

Inf+]:= Timing@Block[{$p = 8, $k = 3}, {
Collect[SxF[$k], {e, a}],
HL@Simp[S;@QU;@0q [ {Xx}, SS[e"¢*]] - QUi@0q[{a, X}, SS[e™™¢* (SxF[$k] /. £ >n€)]]]

H

outf+J= {2.76563, {1+e 2

1 1
r e —X23{2§2h2——X37(2§3h2+
4 2

1
—axEh-—x*y&%n
2

1 1 1 1
= x*y? &t n? +a? (——x§h2+—x2§2h2] +a —X2y§2h2+—x3y§3h2)) =
8 2 2 2

3

1 2 19 1 1
e __XZY3§2h3+_X3Y3§3h3__X4Y3§4h3+_x573§5ﬁ3__x6Y3§6h3+
3 24 4 48

12

1 1 1
a’ (——x§ﬁ3+—X2§2ﬁ3——x3§3ﬁ3) +a’

5 1
—XZY§ZE3+—X37{§3ﬁ3——x47(§4h3)+
6 2 6 4 4

a

1 7 1
;X2Y2§2h3_ZX3Y2§3E3+X4Y2§4E3_§X5Y2§5h3]), 0}}

Computing S(e™) : If S(e™) = Oya: Fe ™" m),
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then Fro=1and Oya: (8,F - Tty F)e™™ ™)=8,5(e™) = S(ye™) = S(e™) S(y) =
Oya:Fe ™ M) (-e" T y)=Q(yaa,y, : ~Ty, Fe~" ™*€2)  and that’s an ODE for F.

SyF
Infe]:= SyF[0@] =1;

SYF[k_] := SyF[R] = Module[{fs, bs, F, rhs, ato, atn},
fs = FlatteneTable[f; i[n], {i, ©, 2R}, {j, 0, 2k-1}];
F=SyF[k-1] +€"fs.(bs = fs /. f;_,; [n] »y'a);
rhs = NormaleLasteCord [Go[{y1, a1, 32, Y2}1, -T i ny1, (F/. {a» a1, y->y1})

Series[-y, T e"“%, {c, 8, k}]] /. n>an] /. {n>8"'n,a1>a, y1->y};

ate = (# = @) & /@ FlatteneCoefficientList[F-1 /. n -8, {a, y}];
atn = (#=0) & /e FlatteneCoefficientList[(8,F) -TyF-rhs, {a, y}];
F /. DSolve[Andee (ateatn), fs, n|[1]

s

1= Timinge@Block [{$p = 8, $k = 3}, {
Collect[SyF[$k]l, {e€, a}],
HLeSimp[S;@QU; @0 [{y}, SS[e”"Y]] - QUi@Oq[{y, a}, SS[e™"Y/T (SyF[$k] /. n->an)]]]

H

our 1= {10.5469,
[ aynh yynh y*vyn’h
{1+€ - + -

2[ sznhz 7y2Y2772ﬁ2 y3Y2773h2 y47(2774h2
€ - + - + +

T T 272 2T 4712 T 8 T4

2 [_Y’?hz+y2nzhz] Lo [yynnt 2yrvntn? +y3m3h2J) .
27 27?2 T T2 273

63 [y¥377h3 ) 25y2)/3772ﬁ3 N 23y3)/3773ﬁ3 749)/4)/3774713 . 3y5Y3n5h3 7y5y3r76h3
6T 12 T2 6T3 24 T4 8T> 48 T®

e [_ynf”f’ L yntn’ _y3773f13] L2 [YynE Sytyn?n’ 7yivnind _y“vm“fPJ .
6T 2 T2 6T3 2T 2712 4713 4T4

5 [_YYZUT’IB +4y2Y2772h3 ) 19y3Y2773h3 . 3y4an4h3 _ySYZr]ShBJ] @}}
2T T2 4713 2T 8T°
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Logos

In[]:=
Ny o[{<1_, 71 %}, {X, y}1 :=
Gu[{y, a, X}, Ex+ny+ (U/. {CU>-tng Q- nE(1-T)/n}), 1+0];
Ay ke [{S1_, 71_}, {X, ¥}] = (*Au,c[{€1,n1}, {X,y}]=*)
Block[ {$k = kR, $p = kk}, Module[{&, n, G, F, fs, f, bs, e, b, es},
G = Simp[Table[£* /K1, {k, @, $k+1}].NestList[Simp[B[xy, #1] & Yy, $k+11];
fs = Flatten@Table[fi,j,k[n]J {i, @, $k}, {j, @, $k}, {k, @, $k}1;
F=0y[{y, a, X}, NormaleLasteAy,q.-1[{&, 1}, {X, Y}1] +
fs.(bs = fs /. fi_,j ,x_[n] » e*ve{y', a7, x*});
es = Flatten[Table[Coefficient[e, b] == @,
(e, {(F-1,/.7->0, FxxG-y,#xF-98,F}}, {b, bs}11;
F =F /. DSolve[es, fs, n]I11;
CEU['[y: a, x},
Ex+ny+ (U /. {CU>-tng, QU ng(1-T) /a}),
Simplify[F + @4 /. {e- > 1, U Times}]
] 7. (€ &1, n- 71}]];

1= Timinge@Block [{$p = 3, $k = 1}, {
sexp = m3,2,151 [EXpou,,sk [, S1[QU[Y1]1] /. QU - Times] Expqu,,sk [, S2[QU[a2]] /. QU -» Times]
EXxPqu,,sk [€> S3[QU[X3]] /. QU » Times]] /. {n-»>an, a-»ha, £->h0¢&},
HL@SimpT[QUesexp - S;@0q[{y1, a1, X1}1, SS[e” MYrradr&x)]]]

H

our - {9.34375,

1
{CEQU[{Yl: a1, Xa}1, —— ("Y' nER - nEN’ Ty -ahta Ty - eV ERP Ty xg - e APy,
ATy
1
4nT?
8e i nentar T1+4e iy nEn T2 - iy 2 2Rt T2 46?27y n &2 0% Ty Xxq -
2y n 2t Tixg -4 ER A  TExg - 220y 2 T x] +
6’ iyn?enty v iy n P Tiyr -2y n? £0f Tyys -
e nntarTiyr -4 Iy nEnt Tixgyr -2y n? ntyi) e+ 0[e)?], @} }

1+

(_BGZQyEYUZé‘Zhll_z'_eD(YhYn§h3T1+4e20l‘5/ﬁYr)2§2h4T1+
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