
Stitching Direct

MatrixExp[η1 ρ[CU@y]].MatrixExp[α1 ρ[CU@a]].MatrixExp[ξ1 ρ[CU@x]].MatrixExp[η2 ρ[CU@y]].

MatrixExp[α2 ρ[CU@a]].MatrixExp[ξ2 ρ[CU@x]] // Simplify // MatrixForm

ⅇγ (α1+α2) 1 + γ ϵ η2 ξ1 ⅇγ α1 γ ⅇγ α2 ξ2 + ξ1 1 + ⅇγ α2 γ ϵ η2 ξ2

ⅇγ α2 ϵ η2 + ⅇγ α1 η1 1 + γ ϵ η2 ξ1 1 + ⅇγ α1 γ ϵ η1 ξ1 + ⅇγ α2 γ ϵ η2 + ⅇγ α1 η1 1 + γ ϵ η2 ξ1 ξ2

eqn = MatrixExp[η1 ρ[CU@y]].MatrixExp[α1 ρ[CU@a]].MatrixExp[ξ1 ρ[CU@x]].

MatrixExp[η2 ρ[CU@y]].MatrixExp[α2 ρ[CU@a]].MatrixExp[ξ2 ρ[CU@x]] ⩵

ⅇ
τ0 ϵ γ MatrixExp[η0 ρ[CU@y]].MatrixExp[α0 ρ[CU@a]].MatrixExp[ξ0 ρ[CU@x]]

ⅇγ α2 ⅇγ α1 + ⅇγ α1 γ ϵ η2 ξ1, ⅇγ α1 γ ξ1 + ⅇγ α2 γ ⅇγ α1 + ⅇγ α1 γ ϵ η2 ξ1 ξ2,

ⅇγ α2 ⅇγ α1 ϵ η1 + ϵ η2 1 + ⅇγ α1 γ ϵ η1 ξ1,

1 + ⅇγ α1 γ ϵ η1 ξ1 + ⅇγ α2 γ ⅇγ α1 ϵ η1 + ϵ η2 1 + ⅇγ α1 γ ϵ η1 ξ1 ξ2 ⩵

ⅇα0 γ+γ ϵ τ0, ⅇα0 γ+γ ϵ τ0 γ ξ0, ⅇα0 γ+γ ϵ τ0 ϵ η0, ⅇγ ϵ τ0 1 + ⅇα0 γ γ ϵ η0 ξ0

sol = Block[{ϵ}, Solve[Thread[Flatten /@ eqn], {τ0, η0, α0, ξ0}]]〚1〛

Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is

Logⅇγ α0+ϵ τ0 - Logⅇγ α2 ⅇγ Subscript[2] + ⅇTimes[2] γ ϵ η2 ξ1 == 0.

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

Solve: Equations may not give solutions for all "solve" variables.

τ0 →
-Logⅇα0 γ + Log[ⅇγ α1+γ α2 + ⅇγ α1+γ α2 γ ϵ η2 ξ1]

γ ϵ
, η0 →

1

γ ϵ ξ1 + ⅇγ α2 ξ2 + ⅇγ α2 γ ϵ η2 ξ1 ξ2

ⅇ-γ α1
1

2
+
1

2
ⅇγ α1 γ ϵ η1 ξ1 +

1

2
ⅇγ α1+γ α2 γ ϵ η1 ξ2 +

1

2
ⅇγ α2 γ ϵ η2 ξ2 +

1

2
ⅇγ α1+γ α2 γ2 ϵ2 η1 η2 ξ1 ξ2 -

1

2
-1 - ⅇγ α1 γ ϵ η1 ξ1 - ⅇγ α1+γ α2 γ ϵ η1 ξ2 - ⅇγ α2 γ ϵ η2 ξ2 - ⅇγ α1+γ α2 γ2 ϵ2 η1 η2 ξ1 ξ2

2
+

4 ⅇ-α0 γ+γ α1+γ α2 γ ϵ -ⅇγ α1 η1 ξ1 - η2 ξ1 - ⅇγ α1 γ ϵ η1 η2 ξ1
2 - ⅇγ α1+γ α2 η1 ξ2 - ⅇγ α2 η2 ξ2 -

2 ⅇγ α1+γ α2 γ ϵ η1 η2 ξ1 ξ2 - ⅇγ α2 γ ϵ η2
2 ξ1 ξ2 - ⅇγ α1+γ α2 γ2 ϵ2 η1 η2

2 ξ1
2 ξ2 ,

ξ0 →
1

ⅇγ α1 η1 + η2 + ⅇγ α1 γ ϵ η1 η2 ξ1

ⅇ-γ α2
1

2 γ ϵ
+
1

2
ⅇγ α1 η1 ξ1 +

1

2
ⅇγ α1+γ α2 η1 ξ2 +

1

2
ⅇγ α2 η2 ξ2 +

1

2
ⅇγ α1+γ α2 γ ϵ η1 η2 ξ1 ξ2 -

1

2 γ ϵ
-1 - ⅇγ α1 γ ϵ η1 ξ1 - ⅇγ α1+γ α2 γ ϵ η1 ξ2 - ⅇγ α2 γ ϵ η2 ξ2 - ⅇγ α1+γ α2 γ2 ϵ2 η1 η2 ξ1 ξ2

2
+

4 ⅇ-α0 γ+γ α1+γ α2 γ ϵ -ⅇγ α1 η1 ξ1 - η2 ξ1 - ⅇγ α1 γ ϵ η1 η2 ξ1
2 - ⅇγ α1+γ α2 η1 ξ2 - ⅇγ α2 η2 ξ2 -

2 ⅇγ α1+γ α2 γ ϵ η1 η2 ξ1 ξ2 - ⅇγ α2 γ ϵ η2
2 ξ1 ξ2 - ⅇγ α1+γ α2 γ2 ϵ2 η1 η2

2 ξ1
2 ξ2 
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eqn = MatrixExp[η1 ρ[CU@y]].MatrixExp[α1 ρ[CU@a]].MatrixExp[ξ1 ρ[CU@x]].

MatrixExp[η2 ρ[CU@y]].MatrixExp[α2 ρ[CU@a]].MatrixExp[ξ2 ρ[CU@x]] ⩵

T0 MatrixExp[η0 ρ[CU@y]].MatrixExp[α0 ρ[CU@a]].MatrixExp[ξ0 ρ[CU@x]]

ⅇγ α2 ⅇγ α1 + ⅇγ α1 γ ϵ η2 ξ1, ⅇγ α1 γ ξ1 + ⅇγ α2 γ ⅇγ α1 + ⅇγ α1 γ ϵ η2 ξ1 ξ2,

ⅇγ α2 ⅇγ α1 ϵ η1 + ϵ η2 1 + ⅇγ α1 γ ϵ η1 ξ1,

1 + ⅇγ α1 γ ϵ η1 ξ1 + ⅇγ α2 γ ⅇγ α1 ϵ η1 + ϵ η2 1 + ⅇγ α1 γ ϵ η1 ξ1 ξ2 ⩵

ⅇα0 γ T0, ⅇα0 γ T0 γ ξ0, ⅇα0 γ T0 ϵ η0, T0 1 + ⅇα0 γ γ ϵ η0 ξ0

sol = Block[{ϵ}, Solve[Thread[Flatten /@ eqn], {T0, η0, α0, ξ0}]]〚1〛

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

T0 →
1

1 + γ ϵ η2 ξ1

, η0 →
η1 + ⅇ-γ α1 η2 + γ ϵ η1 η2 ξ1

1 + γ ϵ η2 ξ1

,

α0 →
Logⅇγ α1+γ α2 1 + γ ϵ η2 ξ1

2


γ
, ξ0 →

ⅇ-γ α2 ξ1 + ξ2 + γ ϵ η2 ξ1 ξ2

1 + γ ϵ η2 ξ1



SSϵ[ℰ_] := Block[{ϵ}, Collect[Normal@Series[ℰ, {ϵ, 0, $k}], ϵ, Together]];

(* Shielded ϵ-Series *)

Logos

CΛ[t1_, y1_, a1_, x1_, ξ1_, η1_, δ_] := Module

{eqn, d, b, c, sol, λ, q, ν, ξ, η},

eqn = ρⅇ
ξ xCU.ρⅇη yCU ⩵ ρⅇ

d yCU.ρⅇc (t 1CU - 2 ϵ aCU).ρⅇb xCU;

sol = Solve[Thread[Flatten /@ eqn], {d, b, c}]〚1〛 /. C[1] → 0;

λ = ⅇ
-η y-ξ x+η ξ t Normal@Seriesⅇc t + d y - 2 ϵ c a + b x

/. sol, {ϵ, 0, $k};

q = ⅇ
ν (-t ξ η+η y+ξ x+δ y x);

Collectν q-1 DPξ→Dx,η→Dy[λ][q] /. ν → 1 + t δ-1, ϵ, Simplify /.

{t → t1, y → y1, a → a1, x → x1, ξ → ξ1, η → η1} ;

Logos

QΛ[T1_, y1_, a1_, x1_, ξ1_, η1_, δ_] := Module

{G, F, fs, f, bs, e, b, es, λ, q, ν, ξ, η, t},

G = Simp

Tableξk  k!, {k, 0, $k + 1}.NestList[Simp[xQU ** # - # ** xQU] &, yQU, $k + 1];

fs = Flatten@Table[fl,i,j,k[η], {l, 0, $k}, {i, 0, l}, {j, 0, l}, {k, 0, l}];

F = fs.bs = fs /. fl_,i_,j_,k_[η] ⧴ ϵ
l QU@yi, aj, xk;

es = Flatten[

Table[Coefficient[e, b] ⩵ 0, {e, {F - 1QU /. η → 0, F ** G - yQU ** F - ∂ηF}}, {b, bs}]];

{λ} = F /. DSolve[es, fs, η] /. {ⅇ
_
→ 1, QU → Times};

q = ⅇ
ν (-t ξ η+η y+ξ x+δ y x);

Collectν q-1 DPξ→Dx,η→Dy[λ][q] /. ν → 1 + t δ-1
/. t → T - 1  ℏ, ϵ, Simplify /.

{T → T1, y → y1, a → a1, x → x1, ξ → ξ1, η → η1} ;
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Logos

wc[CU] = t; wc[QU] = T - 1  ℏ;

Λ[U_] := Λ[U] = Module{Q, w}, Q = (-w ξ η + η y + ξ x + δ y x)  1 + w δ;

Collect1 + w δ-1
ⅇ
-Q DPξ→Dx,η→Dy[λ[U]]ⅇ

Q
 /. w → wc[U], ϵ, Simplify;

Λ[U_, t1_, T1_, y1_, a1_, x1_, ξ1_, η1_, δ1_] :=

Λ[U] /. {t → t1, T → T1, y → y1, a → a1, x → x1, ξ → ξ1, η → η1, δ → δ1};

DPα_→Dx_,β_→Dy_[P_][λ_] :=

Total[CoefficientRules[P, {α, β}] /. ({m_, n_} → c_) ⧴ c D[λ, {x, m}, {y, n}]]

Logos

ΛU_[{υ1_, ω1_, δ_}, {u_, w_}] := Simp@Module{υ, ω, yax, q, p, Q, uu, ww, d},

{yax, q, p} = List @@ ΛU[{υ, ω}, {u, w}];

ŒUyax, Q = υ uu + ω ww + δ uu ww + d υ ω  1 - d δ, Expand1 - d δ-1
ⅇ
-Q

SP{υ→uu,ω→ww}p ⅇ
Q
 /. {d → ∂υ,ωq} /. {υ → υ1, ω → ω1, uu → u, ww → w};

Rordu_i_,w_j_→k_ŒU_L___, l___, u_i_, w_j_, r___
s_
, R___, Q_, P_ :=

Simp@Module{υ, ω, δ, Λ1, yax, q, p, δ1 = ∂ui,wj Q},

{yax, q, p} = List @@ If[δ1 === 0, ΛU[{υ, ω}, {u, w}], ΛU[{υ, ω, δ}, {u, w}]] /.

{y → yk, a → ak, x → xk, t → ts, T → Ts};

ŒUL, {l, Sequence @@ yax, r}s, R, q + Q /. ui wj → 0, ⅇ
-q DPui→Dυ,wj→Dω[P] p ⅇq /.

{υ → ∂ui Q /. wj → 0, ω → ∂wj Q /. ui → 0, δ → δ1};

(*SimpPQ[PQ_] := Expand@Collect[PQ, {x_,y_,a_},CC] /. ⅇℰ_⧴ⅇExpand@Together[ℰ]/.

CC→ExpandDenominator@*ExpandNumerator@*Together;*)

SimpPQ[PQ_] := SimplifyPQ //. ⅇ
ℰ_
⧴ ⅇ

Simplify[ℰ]
;

Syax

Next task: ExpU : U→ Œ ...
Next next task: Define SΛU,k[η, α, ξ, δ], whose value is an ŒU[{y1, a1, x1}1, Q, P + 0k] such that 
U@SΛU,k[η, α, ξ, δ] ⩵ S1@U@ŒU[{y1, a1, x1}1, η y1 + α a1 + ξ x1 + δ x1 y1, 0k].

SΛU_,k_[η_, α_, ξ_, δ_]
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In[ ]:= Block[{$p = 4, $k = 4}, TableForm[StringSplit[

"y|a|x|Cθ@yCU|Cθ@aCU|Cθ@xCU|Qθ@yQU|Qθ@aQU|Qθ@xQU|A@yQU|A@aQU|A@xQU|S@yQU|S@aQU|S

@xQU|S@yCU|S@aCU|S@xCU|S@yQU|S@aQU|S@xQU|Δ@yCU|Δ@aCU|Δ@xCU|Δ@yQU-y1|Δ@aQU|Δ@xQU
-x1", "|"] /. s_String ⧴

{s, Normal@Simplify@Log@Series[ToExpression[s] /. CU QU → Times, {ϵ, 0, $k}]}]]

Out[ ]//TableForm=

y Log[y]
a Log[a]
x Log[x]
Cθ@yCU Log[-x]

Cθ@aCU Log[-a]

Cθ@xCU Log[-y]

Qθ@yQU a ϵ ℏ + Log- x

T


Qθ@aQU Log[-a]

Qθ@xQU (a - γ) ϵ ℏ + Log- y

T


A@yQU
ϵ ℏ x y γ ℏ 20+10 t ℏ+3 t2 ℏ2-4 a 60+40 t ℏ+15 t2 ℏ2+4 t3 ℏ3

2 120+60 t ℏ+20 t2 ℏ2+5 t3 ℏ3+t4 ℏ4
+

ϵ2 ℏ2 24 a t x y γ ℏ2 80+320 t ℏ+180 t2 ℏ2+45 t3 ℏ3+6 t4 ℏ4

A@aQU Log[a]

A@xQU Log[x]

S@yQU -
4 (2 a t-x y γ) ϵ ℏ2 240+t2 ℏ2

23 040+480 t2 ℏ2+t4 ℏ4
+

4 ϵ2 4 a t x y γ ℏ4 92 160+480 t2 ℏ2+t4 ℏ4+x y γ2 ℏ4 -69 120 t-46 080 x y-1440 t3 ℏ2+480 t

23 040+480 t2 ℏ2+t

S@aQU Log[a]

S@xQU
4 ϵ ℏ x y γ ℏ 240+120 t ℏ+31 t2 ℏ2-2 a 2880+1680 t ℏ+540 t2 ℏ2+121 t3 ℏ3

23 040+11520 t ℏ+3360 t2 ℏ2+720 t3 ℏ3+121 t4 ℏ4
+

4 ϵ2 ℏ2 23 040+11 520 t ℏ+3360 t2 ℏ2+720 t3 ℏ

S@yCU Log[-y]

S@aCU Log[-a]

S@xCU Log[-x]

S@yQU (a - γ) ϵ ℏ + Log- y

T


S@aQU Log[-a]

S@xQU a ϵ ℏ + Log[-x]

Δ@yCU Log[y1 + T1 y2]

Δ@aCU Log[a1 + a2]

Δ@xCU Log[x1 + x2]

Δ@yQU-y1 Log[T1 y2] - ϵ ℏ a1
Δ@aQU Log[a1 + a2]

Δ@xQU-x1 Log[x2] - ϵ ℏ a1

Exp

Task. Define  ExpU,k[ξ, X, P] which computes ⅇξ X·(P) to ϵk in the algebra U, where ξ is a scalar, X is xi or 

yi, and P is an ϵ-dependent docile perturbation, giving the answer in Œ-form. Should satisfy 
U@ExpU,k[ξ, X, P] == Uⅇξ x, x→ X ·(P).

Methodology. If P0 := Pϵ=0 and ⅇξ X·(P) = ⅇξ X·P0 F(ξ), then F(ξ = 0) = 1 and we have:
ⅇξ X·P0(X P0 F(ξ) + ∂ξ F) =

∂ξ ⅇξ X·P0 F(ξ) = ∂ξ ⅇξ X·P0 F(ξ) = ∂ξ ⅇξ X (P) = ⅇξ X (P) X(P) = ⅇξ X·P0 F(ξ) X(P)

.

This is an ODE for F. Setting inductively Fk = Fk-1 + ϵkφ we find that F0 = 1 and solve for φ.
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In[ ]:= ExpU_,0[ξ_, (X : (x y))i_, P_] := ŒU[{yi, ai, xi}i, Normal@P /. ϵ → 0, 1 + 00];

ExpU_,k_[ξ_, (X : (x y))i_, P_] := Module{P0, f, φ, φs, F, rhs, at0, atξ},

P0 = Normal@P /. ϵ → 0;

f = Normal@Last@ExpU,k-1[ξ, Xi, P];

φs = Flatten@Table[φj1,j2,j3[ξ], {j2, 0, 2 k}, {j1, 0, 2 k - j2}, {j3, 0, 2 k - j2 - j1}];

F = f + ϵ
k
φs.φs /. φj1_,j2_,j3_[ξ] ⧴ yi

j1 ai
j2 xi

j3
;

rhs = Normal@Last@mi,b,c→i[

ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] ŒU[{Xb}b, 0, Xb + 0k] mi→c@ŒU[{yi, ai, xi}i, 0, P + 0k]];

at0 = # ⩵ 0 & /@ Flatten@CoefficientList[F - 1 /. ξ → 0, {yi, ai, xi}];

atξ = # ⩵ 0 & /@ Flatten@CoefficientList[(∂ξ F) + P0 Xi F - rhs, {yi, ai, xi}];

ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] /. DSolveAnd @@ at0⋃ atξ, φs, ξ〚1〛



The antipode on exponentials in QU.

Computing Sⅇξx : If Sⅇξx = ax : Fⅇ-ξx,

then Fξ=0 = 1 andax : (∂ξ F - x F)ⅇ-ξ x = ∂ξSⅇ
ξx = Sxⅇξx =

Sⅇξx S(x) = ax : Fⅇ-ξx -ⅇℏϵa x = axa2 x2 : -x2 Fⅇ
-ξx+ℏϵa2, and that’ s an ODE for F.

In[ ]:=

SxF

SxF[0] = 1;

SxF[k_] := SxF[k] = Module{fs, bs, F, rhs, at0, atξ},

fs = Flatten@Table[fi,j[ξ], {i, 0, 2 k}, {j, 0, 2 k - i}];

F = SxF[k - 1] + ϵ
k fs.bs = fs /. fi_,j_[ξ] ⧴ ai xj;

rhs = Normal@Last@CordŒQU{a1, x1, a2, x2}1, -ξ x1, (F /. {a → a1, x → x1})

Series-x2 ⅇ
ℏ ϵ a2, {ϵ, 0, k} /. ξ → ℏ ξ /. ξ → ℏ

-1
ξ, a1 → a, x1 → x;

at0 = # ⩵ 0 & /@ Flatten@CoefficientList[F - 1 /. ξ → 0, {a, x}];

atξ = # ⩵ 0 & /@ Flatten@CoefficientList[(∂ξF) - x F - rhs, {a, x}];

F /. DSolveAnd @@ at0⋃ atξ, fs, ξ〚1〛

;

In[ ]:= Timing@Block{$p = 8, $k = 3}, 

Collect[SxF[$k], {ϵ, a}],

HL@SimpS1@QU1@QU{x}, SSⅇℏ ξ x
 - QU1@QU{a, x}, SSⅇ-ℏ ξ x

SxF[$k] /. ξ → ℏ ξ



Out[ ]= 2.76563, 1 + ϵ -a x ξ ℏ -
1

2
x2 γ ξ2 ℏ + ϵ2

1

4
x2 γ2 ξ2 ℏ2 -

1

2
x3 γ2 ξ3 ℏ2 +

1

8
x4 γ2 ξ4 ℏ2 + a2 -

1

2
x ξ ℏ2 +

1

2
x2 ξ2 ℏ2 + a -x2 γ ξ2 ℏ2 +

1

2
x3 γ ξ3 ℏ2 +

ϵ3 -
1

12
x2 γ3 ξ2 ℏ3 +

2

3
x3 γ3 ξ3 ℏ3 -

19

24
x4 γ3 ξ4 ℏ3 +

1

4
x5 γ3 ξ5 ℏ3 -

1

48
x6 γ3 ξ6 ℏ3 +

a3 -
1

6
x ξ ℏ3 +

1

2
x2 ξ2 ℏ3 -

1

6
x3 ξ3 ℏ3 + a2 -x2 γ ξ2 ℏ3 +

5

4
x3 γ ξ3 ℏ3 -

1

4
x4 γ ξ4 ℏ3 +

a
1

2
x2 γ2 ξ2 ℏ3 -

7

4
x3 γ2 ξ3 ℏ3 + x4 γ2 ξ4 ℏ3 -

1

8
x5 γ2 ξ5 ℏ3 , 0

Computing S(ⅇηy) : If Sⅇηy = ya : Fⅇ-T
-1 ηy,
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then Fη=0 = 1 andya : ∂ηF - T-1 y F ⅇ-T
-1 ηy = ∂ηSⅇ

ηy = Syⅇηy = Sⅇηy S(y) =

ya : Fⅇ-T
-1 ηy -ⅇℏϵa T-1 y = yaa2 y2 : -T-1 y2 Fⅇ

-T-1 ηy+ℏϵa2, and that’ s an ODE for F.

In[ ]:=

SyF

SyF[0] = 1;

SyF[k_] := SyF[k] = Module{fs, bs, F, rhs, at0, atη},

fs = Flatten@Table[fi,j[η], {i, 0, 2 k}, {j, 0, 2 k - i}];

F = SyF[k - 1] + ϵ
k fs.bs = fs /. fi_,j_[η] ⧴ yi aj;

rhs = Normal@Last@CordŒQU{y1, a1, a2, y2}1, -T-1 η y1, (F /. {a → a1, y → y1})

Series-y2 T
-1
ⅇ
ℏ ϵ a2, {ϵ, 0, k} /. η → ℏ η /. η → ℏ

-1
η, a1 → a, y1 → y;

at0 = # ⩵ 0 & /@ Flatten@CoefficientList[F - 1 /. η → 0, {a, y}];

atη = # ⩵ 0 & /@ Flatten@CoefficientList(∂ηF) - T-1 y F - rhs, {a, y};

F /. DSolveAnd @@ at0⋃ atη, fs, η〚1〛

;

In[ ]:= Timing@Block{$p = 8, $k = 3}, 

Collect[SyF[$k], {ϵ, a}],

HL@SimpS1@QU1@QU{y}, SSⅇℏ η y
 - QU1@QU{y, a}, SSⅇ-ℏ η y/T

SyF[$k] /. η → ℏ η



Out[ ]= 10.5469,

1 + ϵ -
a y η ℏ

T
+
y γ η ℏ

T
-
y2 γ η2 ℏ

2 T2
+ ϵ2 -

y γ2 η ℏ2

2 T
+
7 y2 γ2 η2 ℏ2

4 T2
-
y3 γ2 η3 ℏ2

T3
+
y4 γ2 η4 ℏ2

8 T4
+

a2 -
y η ℏ2

2 T
+
y2 η2 ℏ2

2 T2
+ a

y γ η ℏ2

T
-
2 y2 γ η2 ℏ2

T2
+
y3 γ η3 ℏ2

2 T3
+

ϵ3
y γ3 η ℏ3

6 T
-
25 y2 γ3 η2 ℏ3

12 T2
+
23 y3 γ3 η3 ℏ3

6 T3
-
49 y4 γ3 η4 ℏ3

24 T4
+
3 y5 γ3 η5 ℏ3

8 T5
-
y6 γ3 η6 ℏ3

48 T6
+

a3 -
y η ℏ3

6 T
+
y2 η2 ℏ3

2 T2
-
y3 η3 ℏ3

6 T3
+ a2

y γ η ℏ3

2 T
-
5 y2 γ η2 ℏ3

2 T2
+
7 y3 γ η3 ℏ3

4 T3
-
y4 γ η4 ℏ3

4 T4
+

a -
y γ2 η ℏ3

2 T
+
4 y2 γ2 η2 ℏ3

T2
-
19 y3 γ2 η3 ℏ3

4 T3
+
3 y4 γ2 η4 ℏ3

2 T4
-
y5 γ2 η5 ℏ3

8 T5
, 0
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In[ ]:=

Logos

ΛU_,0[{ξ1_, η1_}, {x, y}] :=

ŒQU{y, a, x}, ξ x + η y + U /. CU → -t η ξ, QU → η ξ 1 - T  ℏ, 1 + 00;

ΛU_,kk_[{ξ1_, η1_}, {x, y}] := (*ΛU,kk[{ξ1,η1},{x,y}]=*)

Block{$k = kk, $p = kk}, Module{ξ, η, G, F, fs, f, bs, e, b, es},

G = SimpTableξk  k!, {k, 0, $k + 1}.NestList[Simp[B[xU , # ]] &, yU, $k + 1];

fs = Flatten@Table[fi,j,k[η], {i, 0, $k}, {j, 0, $k}, {k, 0, $k}];

F = U[{y, a, x}, Normal@Last@ΛU,kk-1[{ξ, η}, {x, y}]] +

fs.bs = fs /. fi_,j_,k_[η] ⧴ ϵ
kk U@yi, aj, xk;

es = Flatten[Table[Coefficient[e, b] ⩵ 0,

{e, {F - 1U /. η → 0, F ** G - yU ** F - ∂ηF}}, {b, bs}]];

F = F /. DSolve[es, fs, η]〚1〛;

ŒU{y, a, x},

ξ x + η y + U /. CU → -t η ξ, QU → η ξ 1 - T  ℏ,

Simplify[F + 0$k /. {ⅇ
_
→ 1, U → Times}]

 /. {ξ → ξ1, η → η1};

In[ ]:= Timing@Block{$p = 3, $k = 1}, 

sexp = m3,2,1→1[ExpQU1,$k[η, S1[QU[y1]] /. QU → Times] ExpQU2,$k[α, S2[QU[a2]] /. QU → Times]

ExpQU3,$k[ξ, S3[QU[x3]] /. QU → Times]] /. {η → ℏ η, α → ℏ α, ξ → ℏ ξ},

HL@SimpTQU@sexp - S1@QU{y1, a1, x1}1, SSⅇℏ (η y1+α a1+ξ x1)



Out[ ]= 9.34375,

ŒQU{y1, a1, x1}1,
1

ℏ T1
ⅇα γ ℏ η ξ ℏ2 - ⅇα γ ℏ η ξ ℏ2 T1 - α ℏ2 a1 T1 - ⅇα γ ℏ ξ ℏ2 T1 x1 - ⅇα γ ℏ η ℏ2 y1,

1 +
1

4 ℏ T1
2
-3 ⅇ2 α γ ℏ γ η2 ξ2 ℏ4 - 4 ⅇα γ ℏ γ η ξ ℏ3 T1 + 4 ⅇ2 α γ ℏ γ η2 ξ2 ℏ4 T1 +

8 ⅇα γ ℏ η ξ ℏ3 a1 T1 + 4 ⅇα γ ℏ γ η ξ ℏ3 T1
2 - ⅇ2 α γ ℏ γ η2 ξ2 ℏ4 T1

2 + 6 ⅇ2 α γ ℏ γ η ξ2 ℏ4 T1 x1 -

2 ⅇ2 α γ ℏ γ η ξ2 ℏ4 T1
2 x1 - 4 ⅇα γ ℏ ξ ℏ3 a1 T1

2 x1 - 2 ⅇ2 α γ ℏ γ ξ2 ℏ4 T1
2 x1

2 +

6 ⅇ2 α γ ℏ γ η2 ξ ℏ4 y1 + 4 ⅇα γ ℏ γ η ℏ3 T1 y1 - 2 ⅇ2 α γ ℏ γ η2 ξ ℏ4 T1 y1 -

4 ⅇα γ ℏ η ℏ3 a1 T1 y1 - 4 ⅇ2 α γ ℏ γ η ξ ℏ4 T1 x1 y1 - 2 ⅇ2 α γ ℏ γ η2 ℏ4 y1
2 ϵ + O[ϵ]2, 0
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