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Pensieve header: Implementing and testing the category of Gaussian Differential Operators.

Our morphisms are objects like E[Q, P] where Q is a benign quadratic and P is a docile series. No effort
is made to encapsulate the domains and ranges.

Goal. Implement and verify Composeyg ras; (k) [E1_E, E2_E].

In[]:= {t*, y*, a*, x*, z*} = {z, n, a, &, &};
{t*s n*, a*, &, 8"} = {t, ¥, a, X, 2}; (u_i_),‘r t= (U%)i;

g {X*s az*, 23"}

np- K& /i Ké;i 5 i= If[i===7, 1, 0];
Zip

nep= ZipGIP_1 1= P5 Zips,s 3 [P_1 i= (Expand[P // Zipisy] /. f_. &% 2 8po,ayf) /. £* >0

n1= Zipegy [ (€2 + €+3) (X e*+7x) +99a]

1= Zipin,y [€2XY2 € 1]

1= Zipgmyy [ (€5 +E+3+26m2) (X°e®*+7x) +99a+e®*Y2 £y
n1= E@ = E[Sum[aiei. Xi §5, {1, 3}, {3, 3}1,

1+esSum[f;[x1, X2, X3] €3, {1, 3}] +eSum[f1p;,5[X1, X2, X3] &1 §5, {1, 3}, {J, 3}]1]

E /: Zips 1ist@E[Q , P_] := Module[{g, z, zs, C, ys, ns, qt, zrule, Q1, Q2},
zs = Table[Z&*, {&, &5}1;
c =0 /. Alternatives ee (g’sU zs) - 0;
ys = Table[d. (Q /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (@ /. Alternatives @e s5 - @), {z, zs5}];
qt = Inverse@Table[K&, -~ - 0,,:0Q, {&, &5}, {z, z5}];
zrule = Thread[zs -» qt. (zs+ys)];
Ql =c+ns.zs /. zrule;
Q2 = Q1 /. Alternatives ee zs - 0;
Simplify /@ E[Q2, Det[qt] e ¥ Zips[e® (P /. zrule)]] |;

Zip(g,,¢,) @EO
= 1hs = Zipe, ¢,) @EO
= rhsl2 = Zip(g,; @Zip(s,; @EO
nf-1= 1hs == rhs12
1= rhs2l = Zipg,; @Zip(s,; @EO
m-1= rhsl2 == rhs21

;= Eh = E[h Sum[aigi.j Xi €5, {i, 3}, {3, 311,
1+esSum[f;[x1, X2, X3] §i, {1, 3}] +€5um[f1ai+j [X1, X2, X3] €i &4, {i, 3}, {3, 3}11
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1= lhs = Normal[Eh /. E[Q_, P_] = Series[Pe?, {h, @, 1}]] // Zipe, e,

In[«]:= rhso = Zip{fl;fz} [Eh];
rhsl = Normal[rhse /. E[Q_, P_] :» Series[Pe’, {h, 0, 1}]]

inf-;= Simplify[lhs == rhs1]
Bind
np= E/:E[QL , P1 1E[Q2 , P2 ] :=E[Q1+Q2, P1xP2];

m1=  Bindg 1ist[L_E, R_E] := Module[{n, hidegs, hidezs},
hidefs = Table[S[i] » Cheis {i, Length@ s} ];
hidezs = Table[ZS[i]* - Znei, {i, Length@ s} ];
Zips/.hidees [ (L /. hidezs) (R /. hidegs)] |;

7= Bindig,y [E[E (X1 +X2), 1], E[&2 (X2 +X3), 1]]

ouf-j= E[E (X1 + X2 +X3), 1]

1= Bindig,y [E[ (§2 + &3) X2, 11, E[(§1+ &2) X, 111
ouf-]= E[X (§1+ &2+ E3) 5, 1]

1= Bindig, g,y [E[(§2 + &3) X2 + §1 X1, 1], E[ (&1 + &2) X, 1]]
ouf-]= E[X (§1+ &2+ E3) 5, 1]
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