Cheat Sheet SZQ—POI'thliO (an implementation of the sly portfolio)

Uy, conventions. “consolidate”
q=¢e"¢ H = (a,7)/([a,z] = yx) with
A=e @  2A=qAz, Sy(a,Azx)=(—a, A", —A 1),
AH(a, A, S(}) = ((Ll + as, A1As, 1 + Al.’lﬁg)

and dual H* = (b,y)/([b,y] = —ey) with

B=e"" By=qyB, Sy-(bB,y)=(-bB"" ~yB™),
Ap+(b,B,y) = (b1 + ba, B1Ba,y1 B2 + y2).
Pairing by (a,z)* = h(b,y) (= (B, A) = q) making (y'b’,a/z*) =
8i;0kh =R 1K) so R = Zihﬁkyf[f@a]z ThenU = H**P@ H
with (¢f)(¥g) = (157" f3)(¢3, f1)(¢2)(f29) and
S(y,b,a,z) = (—B 'y, —b, —a,—A" '),

A(y,b,a,x) = (y1 +y2B1,b1 + ba, a1 + ag, x1 + Arza).
With the central t := ea — b, T =™ = A~ B get

[a,9] = —vy, [bz] =ex, ay—qyr=(1-TA*)/h
Cartan: 0(y,b,a,2) = (=B~ T2z, —b, —a, —A~'T~1/?y). (Sug-

gesting that it may be better to redefine y — ¢y = 6z =
AT/, )

At e = 0, Univo = (ty,a,2)/([t,-] = 0, [a,z] = 7z, [a,y] =
—vy, [z,y] = (1=T)/h) with A(t,y,a,x) = (t1+t2, y1 +T1y2, a1+
ag,x1 + x3) and O(y, b, a,z) = (=T~ %z, —b, —a, =T~ /2y).

At b = 0, Upye = ty,a,2)/([t,:] = 0, [a,2] = 7z, [a,y] =
—vy, [z,y] = 2ea — ¢t with A(t,y,a,x) = (t1 + t2,y1 + y2,01 +
as, 1 + x2) and 6(y,b,a,x) = (—x, —b, —a, —y).

Working Hypothesis. (#,t,y, a,2) makes a PBW basis.
Casimir. = yyx + ea® — (t — 7e€)a, satisfies.... Roland in

MixOrder.pdf: Centrals are valuable; perhaps we should write
everything in CU/QU as (x V y)-(functions of a)-(centrals).
Scaling with deg: {v,¢,a,b,2z,y} — 1,{hi} — =2, {t} —
2, {w} — 3.

Verification (as in Projects/PPSA /Verification.nb).

DQ[& ] :=
(Exponent [Normales /.
{anase, ai_»ai/e, (uix]|y)»e?u
(uix|y); »e*?u}, e, Min] 20);
$p=2; $k=1; $U=QU; $E := {$k, $p};
$trim := {a" /;p>3$p-0, € /; k> %k 0};
SetAttributes[{SS, SST}, HoldAll];
qn = e’°";

(» Upper to lower and lower to Upper: =x)

U2l = {B}-" 5 eP"¥%, B 5 ePPYP, T PN,
TP-+ 5 eP2t, \?{?:' > eP¥%, gl 5 epxa};

12U = {ec_. by +d_. N B{C/(h’) ed, @ b+d . . p-c/(ny) ed’
JRORE TR RN TS/2 @ eci.t+d7. i T/ 4
PR LI ‘ﬂc/y ed’ e @d_. . gc/y ed,
e&_ 3 eExpand@&},

SS[& , op ] :=Collect][
Normale@Series[If[$p >0, &, & /. U21], {A, O, $p}]1,
h, opl;

SS[& ] :=SS[&, Together];

SST[& , 0p ] :=SS[& /. U21, op];

Simp[& , op_] :=Collect[&, _CU | _QU, op];

Simp[& ] :=Simp[&, SS[#, Expand] &] ;

SimpT[& ] := Collect[&, _CU | _QU, SST[#, Expand] &];
K& /:Ké; ,; :=If[1===7,1,0];

c_Integery mmteger := C+0[e]®*?;

CF[& ] := ExpandDenominatore
ExpandNumeratore
Together [Expand[&] //. e~ e~ »e™ /. e »eTl];
Unprotect [SeriesData];
SeriesData /: CF[sd SeriesData] := MapAt[CF, sd, 3];
SeriesData /: Expand[sd_SeriesData] :=
MapAt [Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData]
MapAt [Simplify, sd, 3];
SeriesData /: Together[sd SeriesData]
MapAt [Together, sd, 3];
SeriesData /: Collect[sd SeriesData, specs_
MapAt [Collect[#, specs] &, sd, 3];
Protect [SeriesData];
SP[P_] :=P;
SPsax_ps___y[P_1 i= Expand[P // SPyqy] /. f_. &% 0 0paf
DeclareAlgebra[CU, Generators » {y, a, x}, Centrals » {t}];
B[acu, Y] = -¥ Yeus B[Xcus acu] = -¥ Xcus
B[Xcu> Yeu] =2€acy - tlc;
(S@ycu = -Ycu; S@acy = -acu; S@Xcy = —Xcus)
S; [CU, Centrals] = {t; » -ti};
ARycy = CU@y; + CU@y,; A@acy = CU@a; + CUeay;
A@Xcy = CU@x; + CU@x,;
Ai 55 ,r [CU, Centrals] = {t; » tj + ti};
DeclareAlgebra[QU, Generators - {y, a, X},
Centrals -» {t, T}];
B[ags, Youl = =¥ Yous BlXqus aul = -y QUex;
B[Xqu, Youl :=55[qs - 1] QUe{y, x} +
o[{a}, ss[(1-Te2°?") /a]];
(Seyq :=0qu[{a, ¥y}, SS[-Te"*?y]]; Seaq = -aw;
Sexq :=0q[{a, x}, SS[-e"**x]];)
Si_[QU, Centrals] = {t; » -t;, Ti > Ti'};
A@yqy := Oqu [{Y1: aili, {y2}2, 55[y1 +Tpeen Y2] ]5
A@agy = QUea; + QUea,;
A@Xqu i= Oqu[{a1, Xa}1s {X2}2s SS[X1+ e ™ x,]];
Ai L,k [QU, Centrals] = {t; » tj+ tk, Ti > T T};
DeclareMorphism[C6, CU - CU, {y - -Xcy, @ -ac, X - -Yal,
{ti»-ti, Ti >Tih ts-t, T5T};
DeclareMorphism[Qe, QU - QU,
{y=o0q[{a, x}, SS[-T*2e"?x]], a- -aq,
x> 0qu[{a, y}, SS[-T*2e"?y]]},
{ti»-ti, T >Ti ts-t, T5T1}

Cosh[h(ae+’f—e ] Cosh[hql ‘e +ew]

7 eb (@) e-t/2) Slnh[I—] (a e+aye-at- w

_1 =

A]D$'F =Y

AD$w = ¥y CU[y, X] +e CU[a, a] - (t-ye) CU[a];
DeclareMorphism[AD, QU - CU,
{a » aqy, X » CU@x,
Y :> Scy [SS[AD$F], a - acy, w » AD$w] ** ycu} ]

7(Cosh[%‘\/t2+wzez+4ew] —Cosh[t;ez’;;—ea])

sinh[xi—"] (t (2a+y) -2a(a+y)e+2w) h

SD$g =

3

SD$F = Simplify[e” (t/2-e3) (spgg /. {a - -a, t - -t}) ];

SD$w = yCU[y, x] +eCU[a, a] - (t-ye) CU[a] -t¥y1lwy/2;
DeclareMorphism[SD, QU -» CU, {a - acy,

X > Scy[SS[SD$F], a » acy, @ -» SD$@] ** Xcy,

Y > Scy[SS[SD$g], a -» acy, @ - SD$@] ** Yy }]
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P@RYcy = P@RYq = (: g)3p@acu=p@aQU= (g 9);

pP@Xcy = (g ;), P@Xqy = (Z (1_‘9_752)/@?1) );
p[e*] :=MatrixExp[p[&£]];
D[é‘_] =

(5/. U2l /. t>ye /.

10

(U:CU|QU)[u ° 1

1= Fold[Dot, ( ), p/eU /e {u}])

Fear Not. If G = e®ye 5% then F = ¢ Wel%eWe % = ¢~ We”

satisfies 0 F' = —yF' + F'G and Fy—o = 1:
SWyy [U_, kR_] :=
SWyy [U, kR] = Block[{$U = U, $k = kk, $p = kR},
Module[{G, F, fs, f, bs, e, b, es},
G = Simp[Table[&"/kt, {k, @, $k+1}].
NestList[Simp[B[xy, #]] &, yu, $k+1]];
fs = FlatteneTable[f1; ,c[n], {1, 0, $k}, {i, @, 1},
{J, 0, 1}, {k, @, 1}1;
F=fs.(bs=Fs/.f_,i,j e [n]=>e vefy,a, x});
es = Flatten[Table [Coefficient[e, b] == 0O,
{e; {F-1,/.n->0, FxxG-yy*xxF-9,F}},

{b, bs}11;
F=F /.DSolve[es, fs, n][1];
E[0,

EX+ny+ (U /. {CU>-tng, QUo n& (1-T) /A}),
F+0@y /. {e- > 1, U~ Times}
1 /7. (vinl&lt|Tlyla|x)-»>v
115
tSWyy i ,j ok =
SWyy [$U, $k] /. {§1> iy, m->nj, (Vit|[T|y|a|Xx)g-Ve};
tSWxa,i_,j ok = E[aj Ak, @ 7% & Xey 115
tSWay,i ,j -k = E[a;ar, e %n;y, 1];
ki'. (1-9q)3x
=1(-4)
QUIR; ,5 ] := Oqu[{yn ai1}i, {32, X2},
SS[e"* 2 eq, [Ay1X2] /. by >y (ea1-ti)]];

QU[R:*,; | :=S;@QU[R¢,;1;5
Task. Define Expy, [, Pl which computes 2% to € in the algebra

eq ,r [X_] := e"[ ]; eq [x_] :=eq,sk[X]

U;, where £ is a scalar, X is x; or y;, and Pis an e-dependent near-

docile element, giving the answer in [E-form. Should satisfy

U@Expy ¢, Pl == Sy[e%”, x> O(P)].

Methodology. If Py := Pezg and 4 ) = (&40 F(¢)), then F(§=0) =1

and we have:

O(etPo(Po F(&) +0¢F) = O(0s65™ F(€)) = )
8:0(e*70 F(§)) = 0565 OF) = 2 ™P) O(P) = (64 F(£)) O(P)

This is an ODE for F. Setting inductively Fy = Fj_; + € @ we find that

Fo =1 and solve for ¢.

(* Bug: The first line is valid only if 0 (e")==e®®e). «)
(* Bug: & must be a symbol. x)
Expy ; ,ol<_, P_1 := Module[{LQ = NormaleP /. € » @},

E[SLQ/. (X]|Yy)i»0, SLQ/. (t|a);>»>0,1]];
EXpy_; ,e [£, P_] := Block[{$U = U, $k = R},
Module[{PO, o, ¢s, F, j, rhs, ate, at¢},
PO = NormaleP /. € » 0;
os = FlatteneTable[¢1,42,i3[£1, {]2, O, R},
{j1, 0, 2k+1-32}, {j3,0, 2k+1-3j2-71}]1;

F = NormaleLast@Expy,,,-1[<, P] +

" 0s. (05 /. 0js_[£] > Times @@ {y:, a:, x:}1°});
rhs =

Normale
Laste
mi, i [E[EPO /. (X|Y)i=»@, £PO/. (t]a); >0, F+0]
mi,j@E[0, 0, P+0,]];

ate = (#:==0) & /@

Flatten@CoefficientList[F-1 /. £ -0, {yi, ai, Xi}];
até = (#==0) & /@

Flatten@CoefficientList[ (8-F) + POF - rhs,

{yi> @i, Xi}]3
E[SPO /. (X|y);i >0, £PO /. (t|a); >0, F+0,] /.
DSolve[And ee (ateate), os, £1011 |]

The Contraction Theorem. If P has a finite (-degree and the
y’s and the ¢’s are “small”,

<P(Zi7<j)>(4i) =P (Zi,32j>
2z;=0

<P(zi»4j)®n%+yj<j>(ci> - <P(zi * yi’cj)eni(2i+yi)><ci> ’

(proof: replace y; — hy; and test at A =0 and at 0y), and

<P(Zi7 ¢Hyectn' ity s >

(¢i)
= det(q) (P (x + ), )7 T Gty
where ¢ is the inverse matrix of 1 —¢: (6% — q;)qi = 0. (proof:
replace q;- — hq;- and test at h =0 and at Jp).
E/:E[L1 ,Q1l ,P1 ]=E[L2_,Q2 ,P2 ] :=
CF[L1 ==L2] ACF[Q1 == Q2] ACF[Normal[P1-P2] ==0];
E/:E[L1 ,Ql ,P1 JE[L2 ,Q2 ,P2 ] :=
E[L1+L2, Q1 +Q2, P1P2];
{t*, y*, a*, b*, x*, 2"} = {T, n, a, B, &, &};
{t*, n*s a*, B*, €, 8"} = {t, y, a, b, x, z};
(u_; )* := (u*) 3
Zip [P_] :=P;
Zip{;:,_,:-siﬁ) [P_] :=
(Expand [P // Zipsy] /. f_. & 2 8(ex,a)f) /. &' >0
QZips rist,simp @E[L_, Q_, P_] :=
Module[{%, z, zs, c, ys, ns, qt, zrule, Q1, Q2},
zs = Table[Z*, {&, ¢5}1];
c=0Q /. Alternativesee (¢s|Jzs) - 0;
ys = Table[d: (Q /. Alternatives @@ zs » @), {&, ¢51}1;
ns = Table[d, (Q /. Alternatives @e ¢s -» 0), {z, zs}];
qt = Inverse@Table[KS; ¢+ - 0,,:0, {&, &5}, {z, z5}];
zrule = Thread[zs » qt. (zs +ys) ];
Q2= (Q1l=c+ns.zs /. zrule) /. Alternatives @ee zs - 0;
simp /@ E[L, Q2, Det[qt] e ® Zip[e¥ (P /. zrule)]] |;

QZiP;s_List o= QZiP:s,CFE



LZip;s_List,simp_@]E [L_J Q_J P_] .=

Module[{%, z, zs, ¢, ys, ns, 1t, zrule, L1, L2, Q1, Q2},

zs = Table[Z*, {&, £5}];
c=1L/.Alternativesee (s |Jzs) - 0;

ys = Table[d: (L /. Alternatives @ee zs » 0) , {&, ¢5}];
ns = Table[d, (L /. Alternatives @e {5 - 0), {z, zs}];

1t = Inverse@Table[KS, ¢ - 8,,-L, {E, &5}, {z, z5}];
zrule = Thread[zs » 1t. (zs +ys)];

L2 = (L1 =c+ns.zs /. zrule) /. Alternatives ee zs - 0;
Q2=(Q1=Q/.U21 /. zrule) /. Alternatives @e zs - 0;

simp /@
E[L2, 2, Det[1t] e™*"%
Zip [e*% (P /. U21 /. zrule)]] //. 12U];
LZipfsiList t= LZip g crs
Bindg; [L_, R_] :=LR;
Bind(is_)[L_E, R_E] := Module[{n},
Times [
L/.Table[(v:b |B|t|[T|a|X]|y)i= Vieis
{i, {is}}1,

R/.Table[(V:iB|T|a|A|E|N)i=Viei, {i, {i5}}]

17/ LZipFlatten@Table[{fsn@i,tn@i,an@i},{i,{is}}] //

QZipFlatten@Table[(xn@i,nn@i),{i,{1’5}}] ];

By rist[L_, R_] :=Bind,[L, R];
315777 [L_,R_]:= Bind{is} [L, R];
tn=t1=E[0, 0, 1+04];
tm; ,; 5r :=Module[{tk},
E[(ti+tTj) te+a;ar+ajar, NiYr+ &5 X, 1]

(tSWyy, 1,50tk /+ {tek = trs Tek > Try Yik > @ ¥ yg,
Atk > Ay Xtk > € ¥ X}) 15

mj o [& E] := &E~Bjp~tmj rrs
S[U_, Rk_] :=S[U, kRR] = Module[{OE},

OE =m3,2,1,1 [EXPguy,$k [ S1[QULY1]] /. QU - Times]
EXpqu,, ¢k [@, S2[QU[a2]] /. QU - Times]
EXPous,sk [€5 S3[QU[x3]] /. QU » Times]];

E[-ty 1 + OE[1], OE[2], OE[3]]1 /.

{n-om,a-»oa1, A-> A, £ &1}];
tS; :=S[$U, $k1 /. {(viT|n|a|A| &)1~ Vi,
(vit|Tlyla]|Xx)1->Vi};
A[U_, Rk_] := A[U, kR] = Module[{OE},
OE = Block [ {$k = kk, $p = kk + 1},
My, 3,5,1@
My, 4,652@Times [ (+ Warning:
wrong unless $p>$k+1! =x)
ReplacePart[l1 -» 0] @
EXPquy, sk [M5 A151,2[QULY1]] /. QU - Times],
ReplacePart[2 » 0] @
EXPqus, ¢k [@5 A3.3,4[QU[a3]] /. QU » Times],
ReplacePart[1 - 0] @
EXPqus, sk [€5 As55,6 [QU[X5]1] /. QU -» Times]
1 /7. n-n1, anaa, € &11]5
E[ty (ty+1t2) +oa (a1 +az), OE[2], OE[3111;
tAl'__,j_,k_ =
A[$U, $k] /. {(viz|n|a]| &)1~ Vi,

(vit|Tlyla|x)1->Vvj, (Vvit]|[Tly]|a]x)z->Ve};

Gqu,r [Ri ,5] := GQU[{Yi, iy Xitis {Yi5 @55 X5}
—fl)’_l t; aj +hyiXj,
Series [e" v tiaj-nyix;
(€"°% gy [BYi Xj] /. bis ¥ (cai-t1)), {c, @, k}]];
R[QU, kk_] := R[QU, kk] = Module[{OE},

OE = Simplify /@ Gqu,xx@R1,25
hat
E [_ 2 L1

¥

>, Axay1, Last@OE] ];

tRi ,; :=
R[$U, $k1 /. {(v:t|T|y|a]|x)s- Vi,
(vit|Tlyla|x);->V5};5
tRi ,; :=tRy,; = tRy,;~B;~1S;;
tC; :=E[0, 8, TH?e " +04];
€ :=E[0, 0, T{"?e " +04];
Kink [QU, kk ] :=
Kink [QU, kk] =
Block[{$k = RR}, (tR1,3 Ez) ~B1,2~tm1,2-.1~31,3~tm1,3-.1]3
tKink; := Kink[$U, $k] /. {(v:t|T|y|a|Xx)1->Vi};
Kink[QU, kk ] :=
Kink [QU, kk] =
Block [ {$k = kk}, (TRq,3tCy) ~By,a~tmy,5,1~By,3~tmy,3,1];
tKink; := Kink[$U, $k] /. {(v:t|T|y|a|Xx)s - Vvi}

Program (as in Projects/PPSA /Verification.nb).

Unprotect [NonCommutativeMultiply];
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;
NCM[x_,V ,Z ] = (X**xY) %% Z;
Oxx _=_*x%x0=0;
(x_Plus) *xy_ := (#*%xy) &/@x;
X_*% (y_Plus) := (x**x #7) & /@y;
B[x_,Xx_]1=0; B[X_,Y_ ] i= X**xy -y *%xX;
B[x ,y ,e_] :=B[x,y, e] =B[x, y];
DeclareMorphism[m_, U - V_, ongs_List, oncs_List: {}] := (
Replace[ongs, {(g_ - img_) =» (m[U[g]] = img),
(g_ = img_) = (m[U[g]] :=img /. $trim)}, {1}];
m[ly]l = 1y;
m[U[g_; 1] := Vi[m[Ueg]];
m[U[vs__1] := NCMee (m/@U /@ {vs});
m[& 1 := Simp[& /. oncs /. u U= m[ul] /. $trim;)
ors__[& Plus] := ops /@&
m; ,; = Identity; m; .. [0] = ©;
mj x [& Plus] := Simp[mj,. /@ &];
Mis _ ,i,j -k [E] i=mjr@Mis,i,;@5;
Si [& Plus] := Simp[S; /@ &];
Ais _ [& Plus] Simp[Ais /@ &1
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DeclareAlgebra[U_Symbol, opts__Rule] :=
Module[{gp, sr, g, cp, M, CE, pow, k = @,

To do. e Consider renormalizing  and y. e Can everything be

gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals - {}},
(#y = Ue#) & /egs;
gp = Alternatives@egs; gp = gp | gp ;5 (* gens x)
sr = FlatteneTable[{g » ++k, gi - {i, k}}, {g, 85}1;
(* sorting - x)
cp = Alternatives @@ cs; (* cents x)
SetAttributes[M, HoldRest]; M[O, _] =0O;
M[a_, x_] :=ax;
CE[& ] := Collect[s, U, Expand] /. $trim;
Ui [6]1:=&/. {ticpti,ulUs» (#4 &) /@u};
Ui [NCM[]] = pow[&_, @] = Ue{} = 1, = U[];
B[Ue(x_); ,Ue(y_); ] :=U;eB[Uex, Uey];
BlUe(x_ )i ,Ue(y_);]1 /; i=t=7 := @;
B[Uey , Uex_ ] :=CE[-B[Uex, Uey]];
X_ %% (Cc_.1y) :=CE[cx]; (c_.1y) »»x_ :=CE[cXx];
(@_. ULxx___, x_1) #% (b_. Uly_, yy___1) :=
If[OrderedQ[{x, vy} /. sr],
CE@M[ab /. $trim, U[xx, x, y, yy11,
U@xx %%
CE@M[ab /. $trim, Uey x» Uex + B[U@x, U@y, $E]] »*
Ueyy 1;
ve{c .x(L:gp)"-,r___} /; FreeQ[c, gp] :=
CE[c UeTable[L, {n}] *xU@{r}];
ve{c .*xL:gp,r___} := CE[cU[L] *xU@{r}];
ve{c_, r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{lL Plus, r___} := CE[Ue{#, r}& /e L];
ve{l ,r __} := Ue{Expand[L], r};
U[&_NonCommutativeMultiply] :=U /e &;
Oy[specs___, poly 1 := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List = Lpa1, {1}];
vs = Joinee (First /@ sp);
us =Joinee (sp /. L_s » (L/.x_i »X5));
CE[Total[
CoefficientRules[poly, vs] /. (p_->c_) » cUe (usP)
11 /¢ X_pun1 = X135
Oy[specs___, E[L_, Q_, P_]] :=
0y[specs, sseNormal[re"*?]];
pow[& , n_] :=pow[&E, h-1] %% &;
Sy[&_ , ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_—>c_ ) »
c NCM @@ MapThread [pow, {Last /@ {ss}, p}11;
Ors__[C_.%u_U] :=
(c/. (t:cp)j »tj/ (rsy) U[Liste@@ (u /. v_j »Vj/(rs)) 13
m; o, [C_.xu_U] :=
CE[((c /. (t:cp);- tr) DeleteCases[u, _j|k]) **
UeeCases[u, Ww_j = wy] xx Ue@@Cases[u, r]];
U/: c_.xu_Uxv_U := CE[cu**xV];
Si [c_.»u_U] :=
CE[((c /. Si[U, Centrals]) DeleteCases[u, _i]) *=*
U; [NCM @@ Reverse@Cases[u, x_; » SeUex]]1];
Ai L5,k [c_.*xu_U] :=
CE[((c /. Aisj,r[U, Centrals]) DeleteCases[u, _i]) **
(NCM ee Cases [u, X_; = 01,5,2,r@A@U@X] /.
NCM[] - U[1) 15 ]

done at i = 1 defining a filtration by other means? That ought
to be possible as the end results depend on ¢/T and not on A.
e Bound the degrees of the logoi! e r = 6r7 e 0 is a global
symmetry. Can it be “gauged”? e Global n — ¥?

Alternative Algorithms.
Aart,k_[CU] := If[k =@, 1, Module[{eq, d, b, c, so},
eq = p@ef W, peeVU == pee’ Y. pee" (ticu-2eacu) .o@e’*;
{so} = Solve[Thread[Flatten /@ eq], {d, b, c}] /.
Cel- 0;
Series[e—ny—§x+n§t+ct+dy—2eca+bx /. so, {c, O, k}]]];
Asides. Series[(1-Te2°?") /n, {a, @, 3}]
1-

T 4
+2Tea-2(Te’n) a2+§Te3h2a3+O[a]4

(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Tvous — Avous, Where 7,5 is the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where A,,,,; is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 7,,,,; and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

1. 7ious should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.

2. A,pus should pair with some kind of Lie bialgebras.

3. A,ous should be the associated graded of 7., and Z should
be an expansion.

4. Ordinary tangles 7,,; and ordinary virtual tangles 7. ..
should map into 7,,,s. and when viewed on 7;,.),s4, the in-
variant Z should explain the Drinfel’d double construction.

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7., is a space with
an R3-free presentation and which contains 7. )4, at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: T, — Ayou
(no surgery), which would have a prescribed behaviour on strand-
doubling.



