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Pensieve header: A talk and a program about Archibald- ($\mathcal A$-) and $\Gamma$-calculus and
the Halacheva map between them; the $\mathcal AS part. Continues pensieve://2021-03/

A-Calculus

tex
\begin{frame}
{\LARGE 3. An Implementation of $\calAS$}
If I didn’t implement | wouldn’t believe myself.
\vskip 2mm
Written in Mathematica~\cite{Wolfram:Mathematica}, available as the notebook {\tt Alpha.nb} at
\url{http://drorbn.net/mo21/ap}. Code lines are highlighted in grey, demo lines are plain.
We start with an implementation of elements (" " {\tt Wedge}”) of exterior algebras, and of the wedge
product ("~ {\tt WP}”):
\vskip 2mm
pdf

Inf+]:= WP [Wedge[u_ 1, Wedge[v__
WP[O, ] =WP[_, 0] =0;
WP[A , B ] :=

Expand [Distribute[A ** B] /. (a_. %= u_Wedge) %% (b_. %= v_Wedge) :» abWP[u, v]];

1] := Signature[{u, v}] = Wedge @@ Sort[{u, v}];

n-1= WP [Wedge[] + Wedge[a] -2b aa, Wedge[] - 3Wedge[b] +7 c ad]

ouf-;- Wedge[] + Wedge[a] -3 Wedge[b] -arb+7cad+7ancad+1danrbarcad

\end{frame}
\begin{frame}\null
We then define the exponentiation map in exterior algebras (* ~ {\tt WExp}”’) by summing the series and
stopping the sum once the current term (" {\tt t}’) vanishes:
pdf
Inf+]:= WEXp[A ] := Module[{s = Wedge[], t = Wedge[], k = @},
While[t =!=0@, s += (t = Expand[WP[t, A] / (++k)])]; s]

pdf
n-1= WEXp[@aab+cad+enf]
ouf-}- Wedge[] +arb+cad+erf+anbrcrad+ranbresf+rcadraerfranbaracadrent

\end{frame}
\begin{frame}\null
Contractions!
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pdf

Inf+]:= Cx_,y_ [w_Wedge] := Module[{i, i},
{i} = FirstPosition[w, x, {0}]; {Jj} = FirstPosition[w, y, {0}];

{ w (i==0)A(]j=0)
(-1) #I+IFI>0.0.0 pelete [w, {{i}, {7}}] (i>@) A (j>®)

Cx ,y [6.]1 :=6&/.w_Wedge > cy ,[W]

pdf
1= WEXp[aab+2cad]

Cq,c@WEXp[aab+2cad]
pdf
our-- Wedge[] +aab+2cad+2anrbaracad

pdf
our-;- —Wedge[] -an~b

\end{frame}

\begin{frame}

\parpic[r]{\def\X{SX_{ijkl}{S,TIS}\input{figs/Xp.pdf_t}}

S\calAS{\tt [is,0s,cs,w]} is also a container for the values of the $\calAS-invariant of a tangle. In it, {\tt is}
are the labels of the input strands, {\tt os} are the labels of the output strands, {\tt cs} is an assignment
of colours (namely, variables) to all the ends $\{\xi_i\}_{i\in\text{\tt is})\sqcup\{x_j\}_{j\in\text{\tt os}}$,
and {\tt w}is the "~ payload”: an element of $\Lambda\left(\{\xi_i\}_{i\in\text{\tt
ist\sqcup\{x_j\}_{j\in\text{\tt os}}\right)S.

A\ j .' A | 7
NS T

X"JM[S' T] XUM[S. T] PU[T]

pdf
A[Xi_ 5 k0 [S_5 T_1] := ﬂ[{L, 1}, {Js RYs (|Ei 2 S, X5 5T, Xe > S, &> T|),
1 1-7
Expand[T'l/2 WExp[Expand[{fL, Ei}. (0 ) .{xj, xk}] /e & Xp > §anb”];
pdf
1= RA[Xq,2,3,4[Us V]]
pdf

Out[«]= 9{[{4: 1}, {2, 3}, <d€1>U, Xa >V, X3 > U, 4>V,

Wedge[] X34 & X3 A &g
- - VV X3 A& -

Vv Vv Vv

N T S R T N O
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pdf
AlXi_,j k0] 2= A[Xi g6, [Tis T5]]5

tex

\end{frame}

\begin{frame}\null

The negative crossing and the * " point”:

\[\def\Xbar{$\bar{X}_{ijk}[S,TI$} \def\P{SP_{ij}[T]$}
\input{figs/XmP.pdf_t}

\]

,g\ ; | L j
NS :

I

X,J.k;[S T] Xr’jk![5~ T] PU[T]

pdf

A[Xi_, 5 k0 [S_5 T_1] := s«[{i, JYs {Ry L}, <|E1 S, E5T, XS, X, > T|>,
TP o

Expand[Tl/2 WExp[Expand[{é‘i, £5}- ( 1 7l 4

].{xk, X} 7. & %o = Eanx]]]s
‘ﬂ[xi_,j_,k_,L_] i= -ﬂ[xi,j,k,L [Ti, T.] ] 5
pdf
Inf«]:= .ﬂ[Pi_,j_ [T_]] = \ﬂ[{i}: {7}, <|§1 -»T, X5 - T|>J WEXp[gi "xj] ];
-?‘[Pi_,j_] ==$[Pi,j[ti]]3
tex
\end{frame}
\begin{frame}\null
The linear structure on $\calAS$’s:
pdf

A/ a xA[is_,0s ,cs ,w_ ] :=A[ls, os, cs, Expand[a w] ]
A/: A[is1_, 081 ,csl ,wl ] +A[1s2_,0s2 ,cs2 ,w2_] /;
(Sort@isl == Sort@is2) A (Sort@osl == Sort@os2) A
(Sort@Normal@cs1 == Sort@Normal@cs2) := A[1s1, osl, csl, wl +w2]

Deciding if two $\calAS’s are equal:

pdf

A/: A[is1_,o0s1_, ,wl_] =4A[is2_,0s2_, _,w2_] :=

TrueQ[ (Sort@isl === Sort@is2) A (Sort@osl === Sort@os2) A PowerExpand [wl == w2] ]

tex

\end{frame}
\begin{frame}\null
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\vskip -12mm
\null\hfill\smash{\imagetop{\input{figs/R2Left.pdf_t}}}
\newline The union operation on $\calA$’s (implemented as * “ multiplication”):
pdf
A/: A[isl_, 0s1_, csl_,wl_ ] A[is2_, 0s2_, cs2_, w2_] :=
A[is1|Jis2, osi|Jos2, Join[csl, cs2], WP[wl, w2]]

pdf

1= Short [A[Xz,4,3,1[Ss T11 #[X3,4,6,515 5]
pdf
OutfJ/Short= ?{{{1, 2, 3,4}, {3,4,5, 6},

&2 >SS, Xa>T, X3S, E1>T, E3 > T3, €4 Tay X = T3, X5 > Tal>,

A/ T4 Wedge[] Tq X3 A &
! - i 1+\/?\/14X3A§1*\/?\/754X3A§2*
e ﬁ

‘V'E4X4A§1 ‘\['C4X5/\§4 X6A§3 \/?X3AX5AX6A§1A§3A§4

- - + <<40>> + -

T AT Ve

VT X3AXs A XgnEanE3n8n XanXsaXen&ynbanbs NT XzaXgnXsaXenrin&ansndy

- +

Vta VT Vs Vta

tex

\end{frame}
\begin{frame}\null
Contractions of $\calAS-objects:
pdf
inf-}=  Cp ,¢ @A[1S_, 0S_, €S_, W_] := AJ[
) _DeleteCases[is, t], DeleteCases[o0s, h], KeyDrop[cs, {Xs, §:}]1, Cx, e [W]
1 /. If[MatchQ[cs[&:], t_], cS[&E:] » cs[xp], cs[xp] » cs[€:]];
pdf

1= Ca,a[ALX2,4,3,1[S5 T11 A[Xs,4,6,5] ]

pdf

Out[-]= ﬂ[{l: 2,3}, {3,5,6}, <12 >S5S, X3 >S5, E1 5T, £3 5 T3, Xg > T3, Xs > T,

Xe ~ €1 Xg &3

Wedge[] -X3 A &1+ TX3ra 81 -TXz3A & - Xsn &1 -Xgn&q+ - +
T T
TX3aXs A& nEr-X3naXenE1n&np+TX3naXgn&1n&n+X3nXen&gnds—
X3 A Xg A €1 A E3 X5 A Xg A €1~ &3
———————— - XgaXg A a3 ———————— - X3AXs A Xg A 1A Ep A &3
T T
tex
\end{frame}
\begin{frame}\null

Automatic and intelligent multiple contractions:
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pdf
Inf+J:= c@A[is_, 0s_, cs_, w_] := Fold[Cp, »[#1] &, A[1is, 0S, ¢S, W], is[)o0s]
A[{A_A}] = c[A];
A[{Al_A, As__A}] := Module[ {A2},
A2 = First@MaximalBy [ {As}, Length[A1[1] N #[2]] + Length[A1[2] N #[11] &I;
A[Join[{c[A1A2]}, DeleteCases[{As}, A2]]1] 1]
A[0s_List] := A[A /@ Os]

pdf
1= €[A[X2,4,3,1[S5 T11 ALXz,4,6,51 ]
pdf
ou-= A[{1, 2}, {5, 6}, <12 =S, E&1>T, X6 > S, Xs > T>, Wedge[] — X5~ &1 - X~ &2~ X5~ Xg A &1 4 &3]

pdf
ni1= A@{A[X2,4,3,1[S5 T11, AlX3,4,6,51 }
pdf
ouf-= A[{1, 2}, {5, 6}, <& >S5S, &1 T, X6 > S, Xs > T|>, Wedge[] - Xs A &1 -Xgn Er = X5 A Xg A &1 4 ]

tex

\end{frame}

Skein Relations
\begin{frame}{\LARGE 4. Skein relations and evaluations for $\calAS$}
\[\input{figs/SimpleTangle.pdf_t} \]

pdf
1= A@{Xa,1,6,3[V5 Ul, X3,2,5,4}

pdf
Out[-]= ?{[{11 2}, {5, 6}, <I&2 >V, Xs > U, §1 > U, Xg > V>,
U Xg A U Xg A V Xg A
Vi @ bedger) - YXen 8 Wxsng pg e WS o e
W W Va
VWV xen &, AVUxsaxen&rn&s AV XsaXenEpnl
6 27 5 6 1 27 5 6 1 2+'\/E*\/VX5AX6A§1,\§2}
Ju Vv Vu

Reidemeister 2

tex

\end{frame}
\begin{frame}{\large Reidemeister 2}

tex

\[\input{figs/R2.pdf_t}\]
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1 0
pdf
1= R@{Xz,4,3,1[S5 T1, X3,4,6,5} = A@{P1,5[T], P2,6[S]}
pdf
outf-]= True
pdf
ni1= A@{X3,1,2,4[S5 T1, Xe,5,3,4} = A@{P1,5[T], Pe,2[S]}
pdf
outr-]= True
Reidemeister 3
tex
\end{frame}
\begin{frame}{\large Reidemeister 3}
tex
\[\input{figs/R3.pdf_t}\]
8 yA 8
3 1
pdf
1= A@{Xz,5,4,1[T2s T1]s X3,7,6,5[ T35 T1], Xe6,9,8,4} = A@{X3,5,4,2[T3, T2], Xa,6,8,1[T35 T1l, Xs5,7,9,6}
pdf
outf-]= True

tex

\end{frame}

Reidemeister 1

\begin{frame}{\large Reidemeister 1}
\[\def\p{$=\tau_17{1/2}$} \def\m{$=\tau_17{-1/2}$}\input{figs/R1.pdf_t} \]
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pdf

-1/2

1/2
Ty T A@{Py,2}, A@{Xy,2,3,3} !

Ty " A@{P1,5},
ty/2 A@ (P15} }

Inf]:= {.ﬂ@ {X3,3,2,1}

7 -1/2 7
A@{Xq1,3,3,2} =T " A@{P1,2}, A@{X3,1,2,3}

pdf
ou-= {True, True, True, True}

tex
(So we have an invariant, up to rotation numbers).
\end{frame}

The Relation with the Multivariable Alexander Polynomial

\begin{frame}{\large The Relation with the Multivariable Alexander Polynomial}
\[\input{figs/Borromean.pdf_t}\]

pdf
MVA = u™Y2yv V2w 2 (y_1) (v-1) (w-1);

= A= {X1,12,2,13[U: V], X13,2,6,35 Xs,4,9,35 Xa,10,5,95 X6,17,7,16 [V, W],

Xis,8,16,75> X14,10,15,11> i11,17,12,14} // & // Last // Factor

pdf
(-1+u)? (-1+V) (-1+w) (Wedge[] - X5~ &q)
outf«]=
uv
pdf
A=u? (u-1) v 2 w2 MVA (Wedge[] - Xs A §1)
pdf
out/-]= True
tex
\end{frame}
Overcrossings Commute but Undercrossings don’t
tex
\begin{frame}{\large Overcrossings Commute but Undercrossings don't}
tex
\[\input{figs/OUC.pdf_t}\]
pdf

1= A@{X2,7,5,15 X3,4,6,7} = A@{X3,7,6,15 X2,4,5,7}
pdf
outf-]= True
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pdf
In[-]:= 5"@{¥1,2,7,5: i7,3,4,6]’ = 5‘*@{?1,3,7,6: i7,2,4,5}
pdf
ouf-]= False
tex
\end{frame}
The Conway Relation
tex
\begin{frame}{\large The Conway Relation\hfill (see~\cite{Conway:Enumeration})}
\[\input{figs/Conway.pdf_t}\]
N 3 N A 3
o _ (T—1/2 - T1/2)
1A R2 1 A 2 1 K2
pdf
- A@{X,3,8,1[T, T1} - A@{Xy,2,3,4[T, T1} = (T2-TY%) A@{P1,4[T], P2,3[T1}
pdf
out/-]= True
tex
\[\includegraphics[height=36mm]{../../Projects/Gallery/Conway.png}\]
\end{frame}
Conway’s Second Set of Identities
tex
\begin{frame}{\large Conway’s Second Set of Identities\hfill (see~\cite{Conway:Enumeration})}
\[\def\b{$=((uv){1/2}+(uv)"{-1/2})S} \def\c{S=((u/v) 1/2}+(u/v)M-1/2})SH\input{figs/Conway2nd.pdf_t}
\]
/yn %ﬁm 5 Mo y A%j, 5 )¢
390+ G 9 =((uv)?+ (uv)V?) 43+ % = ((u/v)? + (u/v)"1?)
1 TV,_‘ T{] Y._’ 1 '_' ‘1 Iiw T{I 6 1‘1 (
pdf
)= A@{Xz,4,3,1 [V, Ul, Xa,6,5,3} + -‘7‘@{71,2,4,3[% v], Y3,4,6,5} =
(u2 V2 s u™2 V%) q@ (Py,5[ul, Py,elV])
pdf
out/-]= True
pdf
In[+]:= ﬂ@{Y4,1,5,3[V: uj, Y3,2,5,4} + A@{Xy,6,3,4[Us V], X3,5,4,3} =
(ul/2 v ut? Vl/z) A@{Pq,5[ul, Py 6[V]}
pdf
outf-]= True
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tex

tex

pdf

pdf

pdf

pdf

tex

tex

pdf

tex

tex

Inf]:=

Outf[«]=

Inf[«]:=

out[]=

Inf[«]:=

out[+]=

\end{frame}

\begin{frame}\null

{\bf Virtual versions} (Archibald,~\cite{Archibald:Thesis})
\[\def\b{$=(\tau_17{1/2}+\tau_17{-1/2})$} \def\c{$S=(\tau_2"{1/2}+\tau_2"{-1/2})$}
\input{figs/Conway2ndV.pdf_t}\]

T11/2+T1_1/2)

e 2, _-1/2
A@{X2,3,a,1} + A@{Xy,1,4,3} = (72 + T1''?) A@{Py,3, P24}

True

kv 1/2 -1/2
A@{X1,2,3,4} + A@{Xy,4,3,2} = (32 + 15"'%) A@{Py,3, P24}

True
\end{frame}

Conway’s Third Identity

\begin{frame}{\large Conway’s Third Identity \hfill (see~\cite{Conway:Enumeration})}
\[\input{figs/C3.pdf_t}\]

NS

A@{Xe,4,9,15 Xa,5,7,85 X2,3,5,6} + A@{X2,4,5,15 Xa,3,7,65 X6,8,9,5} =

ﬂ@{x1,6,4,9: Xs5,7,8,45 X3,5,6,2} + -ﬂ@{x1,2,4,5: X3,7,6,45 X5,5,8,9}

True

\end{frame}

\begin{frame}\null
{\bf Virtual version} (Archibald,~\cite{Archibald:Thesis})
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\[\input{figs/C3V.pdf_t}\]

pdf
Infe]:= ﬂ@{x3,7,5,1: Y7,2,4,5} + A@{X3,4,7,15 X3,5,6,7} = A@{X3,7,6,25 X7,4,5,1} + -ﬂ@{il,ZJ,S) X3,4,6,7}

pdf
out/-]= True
tex
\end{frame}
Jun Murakami’s Fifth Axiom
tex
\begin{frame}{\large Jun Murakami’s Fifth Axiom \hfill (see~\cite{MurakamiJ:StateModel})}
\[\def\prop{$=\frac{\sqrt{S}1-T){\sqrt{T}H$} \input{figs/MJ5.pdf_t} \]
pdf
Vs (1-1)
)= A@{Xq,4,2,5[Ts S, Xa,3,5,2} = ———— A@{P1,3[T]}
T
pdf
outf-]= True
\[\includegraphics[height=20mm]{../../Projects/Gallery/MurakamilJ.jpg} \]
\end{frame}
tex
\begin{frame}\null
{\bf Virtual versions} (Archibald,~\cite{Archibald:Thesis})
\[\def\prop{$=(T"{-1/2}-TA{1/2})S}\input{figs/MJI5V.pdf_t}\]
pdf
= A@{X3,2,3,1[S, T} = (TH2-T2) A@{P1,,[T]}
pdf
out/-]= True

pdf
inf-]= A@{Xq,3,2,3}
pdf
ouf-]= A[{1}, {2}, <1&1 > T1, X2 > Tal>, O]

tex

\end{frame}

Jun Murakami’s Third Axiom
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tex

pdf
In[+]:=

out[+]=

tex

tex

\begin{frame} {\large Jun Murakami’s Third Axiom\hfill(see~\cite{MurakamiJ:StateModel})}
\[ \scalebox{0.64}{\input{figs/Murakami3.pdf_t}} \]

| 2 N3

2211

A1z = A@{X3,8,7,25 X7,10,9,15 X10,11,4,95 Xs,6,5,11}3

A1221 = A@{X3,8,7,15 X3,10,9,85 X10,6,11,95 X11,5,4,7} 3

A1 = A@{X3,8,7,25 Xs,6,9,75 X9,11,10,15 X11,5,4,10} 3

A1122 = A@{X3,8,7,15 Xs,9,4,75> X3,11,10,9> X11,6,5,10} 3

P11 = A@{Xz,5,7,15 Xg,5,4,75 P3,6}5 F22 = A@{X3,8,7,25 Xg,6,5,75 P1,2}5
Ap = A@{P1,4, P25, P36}

g [z 1 1= 2% 4 2712 2_ 512,

+Z 5 8.[z_1] 1= 2t
8. [t1] 8-[t2] F2112 - 8-[T2] 8:[T3] A1221 - 8_[T3/ T1] (HAz211 + F1122) +
g8-[t2t3/ t1] 8+ [T3] A11 -8, [T1] B-[T1 T2/ T3] Az = g-[tg/ti] Ag

True
\end{frame}

The Naik-Stanford Double Delta Move

\begin{frame}{\large The Naik-Stanford Double Delta Move\hfill(see~\cite{NaikStanford:Move})}

\vskip -5mm

\[
\includegraphics[height=20mm]{../../Projects/Gallery/Naik.jpg}
\gquad\scalebox{0.8H{\input{figs/NaikStanford.pdf_t}}\qquad
\includegraphics[height=20mm]{../../Projects/Gallery/Stanford.jpg}

\]
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pdf
Infe]:= Timing[-ﬂ@{xs,m,zs,m[w, V1, X28,3,20,19 [W, V1, X26,20,27,19 [Ws V1, X27,23,11,24 [W, V1,
X1,12,13,30 [U> W], X13,5,14,25 [U, W], X17,26,18,25 [U> W], X1s,20,8,30 [U,> W],
Xa,7,22,15[V> U], X22,2,23,16 [Vs U], X20,17,21,16 [V U], X21,14,9,15 [V, u]} =
A@{Xs,9,25,21 [Ws V1, X25,4,26,22 [Ws V1, X29,23,30,22 [Ws V1, Xz0,20,12,21 [W5 VI,

X2,11,16,27 [Us W], X16,6,17,28 [Us W], X1a,20,15,28 [U, W], Xi5,26,7,27 [Us W],
X3,8,19,18 [Vs U], X19,1,20,13 [Vs> U], X23,14,24,23 [V, U], X24,17,10,18 [V, U] }]

pdf

ou-= {251.156, True}

tex
\end{frame}
tex
\begin{frame}\null
{\bf Virtual Version 1} (Archibald,~\cite{Archibald:Thesis})

tex

\[\input{figs/VNS1.pdf_t}\]

pdf
Infe]:= -ﬂ@{x1,8,11,3[ux V], X11,2,12,7[Us V], X12,10,13,4[U; W], X13,5,6,9[U, W]} =

ﬂ@{x1,1e,11,4[ux W], Xi1,5,12,9[U, W], X12,8,13,3[U, V], X13,2,6,7[U, V]]’

pdf
outf-]= True

tex

\end{frame}
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tex
\begin{frame}\null
{\bf Virtual Version 2} (Archibald,~\cite{Archibald:Thesis})

tex

\[\input{figs/VNS2.pdf_t}\]

pdf
Inf- ]:= ﬂ@{xze,l,m,ls [V, ul, X3,14,19,13 [V, U], X14,11,15,21 [U, W], X15,6,7,22 [U, W],
X2,12,16,22 [Us W], Xi6,5,17,21 [U, W], Xi19,17,9,18 [V, U], Xa,8,20,18[V> U]} =
Ae {X1,11,13,21 [u, W], Xi3,6,14,22 [Us W], X20,14,10,15 [V, U], X3,7,19,15 [V, U],

X19,2,9,16 [Vs U], X4,17,20,16 [Vs U], X17,12,18,22 [U, W], Xig,5,8,21 [U, W]}
pdf
out/-]= True

tex

\end{frame}
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