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SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\WKO4"];
<< Freelie.m;
<< AwCalculus.m;

$SeriesShowDegree = 4;

Freelie  implements / extends
{*, +, *x, $SeriesShowDegree, (), J, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop, cw,
CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,

t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, I', ¢, A, O, h, —, ,\}.

FreeLie' is in the public domain. Dror Bar-Natan is committed to

support it within reason until July 15, 2022. This is version 150814.

AwCalculus®™ implements / extends {*, x*x, =, dA, dc, deg, dm, dS, dA, dn, do, E1, Es, hA, hm,
hS, hA, hn, ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, tA, tn, to, T', A}.

AwCalculus® is in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150814.

Rl[a , b ] := E1[(a-> LS[0], b- LS[LW@a]), CWS[0]];
iRl[a , b ] := El[(a-> LS[0], b- -LS[LW@a]), CWS[0]];
Rs[a , b ] := Es[(a-> LS[0], b- LS[LW@a]), CWS[O0]];
iRs[a , b ] := Es[(a->LS[0], b- -LS[LWea]), CWS[0]];

lhs =Rs[1l, 2] **Rs[1, 3] **Rs[2, 3]; rhs =Rs[2, 3] *»*Rs[1, 3] **Rs[1, 2];
{lhs@{3}, (lhs =rhs)@{5}}

{Es[<1aLS[O, 0,0, ...7,2-1s[T, 0,0, ...],

—_ = 12 1 — 1
3—>LS[1+2,—
2

, — 112 +— 122, }> cws[0, 0, 0, ...]], BS[6 True, ...]}

X

Lw["x" ; y = LW["Y“] ; Z = LW[“z"
LS[{xI y}l as]; B =LS[{xI Y}r BS] ;Y= CWS[{xI Y}r XS],‘
Vo=Es[{(x->a, y-B), ¥];

a
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Vo

Es[<?eLS[?as[x] +Yoasl[y]l, Xyas[x, y], XXy as[x, X, Y] + XYy as[x, vy, V],

xx®y as(x, ¥, x, Y] +X Xyy as[x, ¥, y, Y] + Ryy yas(x, v, v, Y1, -+,

V> Ls[®Bs[x] +VBs[yl, XY Bs[x, v], x®Y Bs[x, x, y] + RYy Bs[x, v, v,

X XXY Bs[x, %, ¥, y] +x XYy Bs[x, x, vy, Y] + RYY ¥ Bs[x, v, ¥, Y], }>

CWS[X ys[x] + TV ¥slyl, XX ¥s[x, x] + Xy ¥s[x, Y] +YY vsly, ¥l

RKXX Vs [x, %, X] + XXV ¥s[X, X, Y] + XYY ¥s[x, ¥, Y] +YYY ¥sly, ¥, ¥],

XXX ¥S[X, X, X, X]| + XXXV ¥s[X, X, X, V] + RXYY ¥S[X, X, YV, V] +

RYRY ¥s[x, y, X, Y] + XYYV ¥S[%, v, ¥/ Y] +YYYY ¥S[Y: ¥r ¥Vr Y], ]]

(Rs[x, z] // dAa[x, x, y])

Es[(¥X > LS[0, 0, 0,0, ...], ¥Y—>LS[0,0,0,0, ...], Z-LS[X+7,0,0,0, ...]),
CWS[0, 0, 0, 0, ...]]

Vo **x (Rs[x, z] // dA[x, x, y])

Es[<?eLS[?as[x] +Yoasly]l, Xyas[x, y], XXy as[x, X, Y] + XYy as[x, y, V],

xxXy as[x, x, x, y] +x Ryy as[x, x, vy, Y] + Ryy vas(x, v, v, ¥ls -],

¥ > LS[®Bs[x] + TV Bslyl, XY Bs[x, v, xTY Bs([x, x, y] + BVy Bs[x, v, v,

X X%y Bs[x, %, x, Y] +X XYy Bs[¥X, %, v, Y] + RYY yBS[X, ¥, ¥/ Y]/ -+ ],
Z->LS[x+Y,0,0,0, ...7), CWS[Xys[x]+TVv¥s[vy],

XX ys[x, x] + Xy ¥s[x, Y] +YYV ¥sly, Y],

RKXX Vs [x, 3, Xx] +XXY ¥s[X, X, Y] + XYY ¥vs[x, ¥, Y] +YYY ¥sly, ¥, ¥],

RXXX YS[X, X, X, X] + XXXV ¥S[X, X, X, V] + XYYV ¥S[X, X, YV, V] +

XYXY ¥s[%, ¥, X, Y] +RYYY ¥S[X, ¥, ¥/ Y] +YYYY ¥S[Y: ¥r ¥Vr Y], ]]
K =CWS[{x}, xs]; Cap =Es[(x > LS[0]), x];

R4Eqn = Vo ** (Rs[x, z] // dA[x, x, y]) = Rs[y, z] **Rs[x, z] **x Vo ;
UnitarityEqn = Vo %% (Vo // dA) = Es[(x > LS[0], y->LS[0]), CWS[0]];
CapEqgn = (Vo ** (Cap // dA[x, x, y]) // dc[x] // dc[y]) =

(Cap (Cap // do[x, y]) // dec[x] // dc[y])
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R4Eqgn
Xy Xy
BS[2 True, 0 = - — -®yas[y] +Xyps[x], 0 =-— -Xyas[y] + XY Bs[x] &&
2 2
1 1 1 1 1
= — XXy +— Xyy+— Xyyas|[y] - — xXyas[x]as[y] + — Xyy as[y]? -
12 12 2 2 2
11— 1 5 1
XXy as[x, y]*;XWBS[XM;XWBS[X] f;TyyBSEX] Bslyl + X7y Bs[x, v],
XY 1 1 1
= -—— -Xyas[y] +XyLBs[x] &&0 = — xXy + — XYy + — XYy as[y] -
2 12 12 2
1 1 R 1
— xRy as[x]as[y] + — Xyy as[y]?- xXy as[x, y] - — xRy Bs[x] +
2 2 2
1 5 1 [
5 xXY Bs[x]* - S XYy Bs[x] Bs[y] + XYy Bs[x, y] &&

1 1 ———
= - — XRXYy - —xXyyas[y]l - — Xyy yvas[y] +
24 12 12

—

X Xyy as[x] as[y] -

S

1 — 1 —— 1 — 1 ——
—xxXy oas[x]?as[y] - — Ryyyvas[yl?+ —xXyy as[x] as[y]?- — Xyy vas[y]®+
6 4 3 6

1 1 —— 1 —

—xXXyyas[x, y] - —x xXy as[x]as[x, y] + —x XYy as[y] as[x, V] -

2 2 2

—— — | R p—) 1 —(/—
X XXy as[x, X, V] - X RXYyy as[x, yV, V] + —x xXy Bs[x]+ —xXVy Bs[x] -
12 12

1 — 1l — I — 1 —

— X XXy BS[X]2+EXXXT/ Bs[x]°+ —x XYy Bs[x] Bs[y] fngyy Bs[x]?Bs[y] +
4 4

1 1 — 1 —

c XYy yBs[x] Bs[y]2—5xTyy Bs[x, vyl +EXWy Bs[x] Bs[x, y] -

1 — —

S XYy yBslyl Bs(x, y] +x Xyy Bs[x, x, y] + XYy yBs[%, v, v], ...]
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