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FINITE TYPE INVARIANTS OF W-KNOTTED OBJECTS IV: SOME

COMPUTATIONS

DROR BAR-NATAN

ABSTRACT. In the previous three papers in this series, [WKO1]-[WKO3], Z. Dancso and
I studied a certain theory of “homomorphic expansions” of “w-knotted objects”, a certain
class of knotted objects in 4-dimensional space. When all layers of interpretation are stripped
off, what remains is a study of a certain number of equations written in a family of spaces
AY, closely related to degree-completed free Lie algebras and to degree-completed spaces of

cyclic words.
The purpose of this paper is to introduce mathematical and computational tools that

enable explicit computations (up to a certain degree) in these A" spaces and to use these
tools to solve the said equations and verify some properties of their solutions, and as a
consequence, to carry out, the computation (up to a certain degree) of certain knot-theoretic
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invariants discussed in [WKO1]-[WKO3] and in my related paper [BN4].
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1. INTRODUCTION

Within the previous three papers in this series [WKO1]-[WKO3]' a number of intricate
equations written in various graded spaces related to free Lie algebras and to spaces of cyclic
words were examined in detail, for good reasons that were explained there and elsewhere.
The purpose of this paper is to introduce mathematical tools (on the upper parts of pages)
and computational tools (on the lower parts of pages, below the bold dividing lines“") that
allow for the explicit solution of these equations, at least up to a certain degree.

The equations we have in mind arise in other papers and appear throughout this paper.
Yet to help our impatient readers orient themselves, Figure 1.1 contains a “flash summary”
of the most important equations and their topological and algebraic significance.

Why bother? What do limited explicit computations add, given that these intricate equa-
tions are known to be soluble, and given that the conceptual framework within which these
equations make sense is reasonably well understood [WKO1]-[WKO3]|? My answers are
three:

'Also within my [BN4], and within papers by Alekseev, Enriquez, and Torossian [AT, AET], and within
Kashiwara’s and Vergne’s [KV] and also within many older papers about Drinfel’d associators (e.g. Drin-
fel’d’s [Dr1, Dr2] and my [BN2].

computations below
CIIf you are not interested in the actual computations, it is safe to ignore the parts of pages below the bold
dividing lines and restrict to “strict” mathematics, which is always above these lines. Alert. If you are
interested in the computations, note that the computational footnotes are sometimes long and crawl across
page boundaries. This footnote is the first example.

The programs described in this paper were written in Mathematica [Wo] and are available at [WKOA4].
Before starting with any computations, download the packages FreeLie.m and AwCalculus.m and type
within Mathematica: (the interactive Mathematica session demonstrated in this paper is available as
[WKO4]/WK04Session.nb)

@ << FreeLlie.m;
n << AwCalculus.m;

$SeriesShowDegree = 4;

[ Freelie® implements / extends

{*, +, x*, $SeriesShowDegree, (), J-, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop, cw,
CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,

t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, I', ¢, A, O, h,rﬁ,,«}.

FreelLie® 1i1s in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150814.
AwCalculus ™ implements / extends {x, %, =, dA, dc, deg, dm, dS, dA, dn, do, E1, Es, hA,

hm, hS, hA, hn, ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, tA, tn, to, T, A}.
AwCalculus® is in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150909.

The last input (“human”) line above declares that by default we wish the computer to print series within
graded spaces (such as free Lie algebras) to degree 4. Note that we highlight in pink input lines that affect
later computations.
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Figure 1.1. The most important equations.

(1) Personally, my belief in what I can’t compute decays quite rapidly as a function of
the complexity involved. Even if the overall picture is clear, the details will surely
go wrong, and sooner or later, something bigger than a detail will go wrong. Even
a limited computation may serve as a wonderful sanity check. In situations such as
ours, where many signs and conventions need to be decided and may well go wrong,
even a low-degree computation increases my personal confidence level by a great degree.
Given computations that work to degree 6 (say), it is hard to imagine that a detail was
missed or that conventions were established in an inconsistent manner. In fact, if the
computer programs are clear enough and are shown to work, these programs become the
authoritative declarations of the details and conventions.

(2) The computational tools introduced here may well be useful in other contexts where free
Lie algebras and/or cyclic words arise.

(3) The papers [WKOT1, WKO2] (and likewise [BN4]) are about equations, but even more so,
about the construction of certain knot and tangle invariants. With the tools presented
here, the invariants of arbitrary knotted objects of the types studied in [WKO1, WKO2,
BN4] may be computed.

The equations of [WKO1]-[WKO3] always involve group-like, or “exponential” elements,
and are written in some spaces of “arrow diagrams” that go under the umbrella name A".
Hence a crucial first step is to find convenient presentations for the group-like elements Ag, |
in A"-spaces. It turns out that there are (at least) two such presentations, each with its own
advantages and disadvantages. Hence in Section 2 we recall A" briefly (2.1), then discuss
some free-Lie-algebra preliminaries (2.2), then describe the Alekseey-Torossian-[AT]-inspired
“lower-interlaced” presentation F of At ) (2.3), then describe the [BN4]-inspired “factored”
presentation E; of Ay and its stronger precursor “split” presentation F (2.4), and then

describe how to convert between the two primary presentations (2.5).
4
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Figure 1.2. The main spaces and maps appearing in this paper.

We then present our computations in Section 3: Some knot and tangle invariants are com-
puted in Section 3.1 and solutions of the Kashiwara-Vergne (KV) equations in Section 3.2. In
Section 3.3 we discuss the “Twist Equation” and compute dimensions of spaces of solutions
of the linearized KV equations, with and without the Twist Equation. In Section 3.4 we
compute a Drinfel’d associator, in Section 3.5 we compute associators in A" starting from a
solution of the KV equations, and in Section 3.6 we show how to compute a solution of KV
from a Drinfel’d associator. The last computational result is in Section 3.7, where we give
computational support to the existence of an action of the symmetric group S4 on the set of
solutions of the Kashiwara-Vergne Equations.

We conclude this introduction with a description of the commutative diagram in Figure 1.2
which displays the main spaces and maps appearing in this paper, as described in detail in
Section 2. The bottom row of this diagram consists of spaces of “group-like” elements inside
spaces A" of “arrow diagrams”; these are the spaces that have direct knot-theoretic signifi-
cance. The top row are spaces of “trees and wheels”, or more precisely, various elements of
free Lie algebras and various cyclic words. They are the spaces of “primitives” corresponding
to the group-like elements at the bottom, via various “exponentiation” maps Ej, Ey, and
E,. In this paper we study“? the spaces on the bottom row by means of their presentations
by elements in the top row.

The collection {Aw (S) } of spaces we primarily wish to study (and in which most of the
equations of Figure 1.1 are written) appears on the bottom left. There are many binary
and unary operations acting on the spaces within {Aexp )} as indicated by the circular
self-arrow appearing there, which is labelled with the most important of these operations,
the binary = and the unary dm. On the top left of the diagram are the spaces { TW;(S)}
of trees and wheels which represent {Aexp (S)} via the E; presentation. The same collection
of operations acts here too, though notice that the operation dm is grayed-out, because we
have no direct implementation for it in T'W; language.

On the bottom right is a bigger collection of spaces, {Aexp (H;T )}, which contains as
a subset the collection {A%_(S;5)} (bottom middle), which is isomorphic in a non-trivial

ions below

C20r “implement”, in computer-speak.
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manner (via § and 0—1) to {A%_(S)}. A richer collection of operations act on { A% (H;T)},
and the most important of those are =, #, dm, hm, tm, and tha.
On the top right is the collection { TW,(H;T)} of spaces of trees and wheels which represent

{Aw (H; T)} via the E; presentation. When restricted to H =T = S, this is the collection

exp
{TW,(S)} representing {A% (S;S)}, and representing our primary interest {.A%,(5)} via
E}, the composition of F with 1.

Note that TW; and TW, are set-theoretically the same spaces of trees and wheels. Yet
the operations *, dm, etc. act on them in a different manner, and hence they deserve to
have different names®. Note also that 7TW; and TW, are in fact isomorphic via structure-
preserving isomorphisms (denoted I" and A = I'"!). These isomorphisms are compositions of
the relatively simple-minded § and 6! with the more complex “exponentiations” E; and E

and their inverses. Thus the isomorphisms I' and A are non-linear and quite complicated.

¥ We will occasionally comment on the relationship between the constructs
@ﬁo [AT} appearing in this papers and three related topics: “topology”, or more pre-
cisely certain aspects of the theory of 2-knots, “Lie theory”, or more precisely certain classes
of formulas that make sense in arbitrary finite-dimensional Lie algebras, and “Alekseev-
Torossian”, or more precisely, issues related to the paper [AT]|. These comments will in
general be incomplete and should be regarded as “hints for the already initiated” — people
familiar with the papers [WKO1, WKO2, WKO3, BN4, AT] will hopefully find that these
comments help to put the current paper in context. These comments will always be labelled
by one (or more) of the three logos at the head of this paragraph, which correspond, in order,
to “topology”, “Lie theory”, and “Alekseev-Torossian”.

Within the study of simply-knotted (ribbon) 2-knots, or more precisely. w-knotted-
objects as they appear in [WKO1, WKO2, BN4], the rows of Figure 1.2 correspond to
the extra row

{K*(5)} {K(8; S)}———={K"(H; T},

OO ()

*,dm,,... *,7,dm,... *,7,dm,hm,tm,tha,...

via the “associated graded” procedure described in [WKO2]. Here K“(S) is the set of
S-labelled w-tangles [WKO2|, K¥(H;T) is the set of w-knotted H-labelled hoops and T-
labelled balloons [BN4], £ (S;S) is the same but with H = T = S, and 0 is the same as
in [BN4]. This correspondence is further recalled throughout the rest of this paper.

O/i\o The corresponding Lie-theoretic spaces (compare [WKO1, Section 3.5]) are

{U(19)®%} {U(9)®° @ S(g*)®} ——— {U(9)®" @ S(g*)®"} .

O () ()

*,dm,... *,7,dm,... *,7,dm,hm,tm,tha,...

This correspondence is further recalled throughout the rest of this paper.

“Much as in group theory, a direct product N x H is set-theoretically the same as a semi-direct product
N x H, yet it is wrong to refer to them by the same name.
6
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[ ] In [AT] there is no good counterparts for last two columns of our diagram. The coun-

terpart of the first (and primary) column is a mixture U((a, @ tdet,) x tr,,) containing
the most important spaces occurring in [AT]. More in the next section.

1.1. Acknowledgement. This paper was written almost entirely with Z. Dancso in the
room (physically or virtually via Skype), working on various parts of our joint series [WKO1]—-
[WKO3]. Hence her indirect contribution to it, in a huge number of routine consultations,
should be acknowledged in capitals: THANKS, ZSUZSI. T would like to further thank
A. Alekseev and S. Morgan for their comments and suggestions.
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2. GROUP-LIKE ELEMENTS IN AY

2.1. A brief review of A¥. Let S = {aj,ap,...}* be a finite set of “strand labels”. The
space AY(S)iis the completed graded vector space’ of diagrams made of (vertical) “strands”
labelled by the elements of S, and “arrows” as summarized by the following picture:

STT .. N\ ' — >< e Diagrams are connected.
— = - e Vertices are 2-in 1-out.
/\ e Vertices are oriented.
>9| B >< e Degree is half the number of trivalent
— vertices.

e The “skeleton” is a union of vertical
- >< strands labelled by the elements of S.

P YY—X\/ K

When S = {1,2,...,n} we abbreviate A“(1,) = A%(S).

é) In topology, elements of A"(S) are closely related to (finite type invariants
¥ @/i\o AT of) simply knotted 2-dimensional tubes in R* ([WKO1]-[WKO3], [BN4]).
In Lie theory, they represent “universal” g-invariant tensors in U (Fg)®¥, where Ig 1= gx
g*” and g is some finite dimensional Lie algebra ([WKO1]-[WKO3]). Readers of Alekseev
and Torossian [AT] may care about A" because using notation from [AT], A"(1,) is the
completed universal enveloping algebra of (a,, @ toer,,) x tr, (see [WKO2]), and hence much
of the [AT] story can be told within A". Several significant Lie theoretic problems (e.g.,
the Kashiwara-Vergne problem, [KV, AT, WKO2]) can be interpreted as problems about
A¥(1,).

Comment 2.1. Using the S—fﬁg relation one may sort the skeleton vertices in every D e
A"(S) so that along every skeleton component all arrow heads appear_ahead of all arrow
tails, and by a diagrammatic analogue of the PBW theorem (compare [BN1, Theorem 8§]),
this sorted form is unique modulo STUH, TC, AS and THX relations.

Definition 2.2. A number of operations are defined on elements of the A" (S) spaces:

(1) If Sy and S are disjoint, then given D; € A™(S}) and <# #) # #
Dy € AY(S,), their union DyDy; = DDy € A (S : :
where S = 57 L1 Sy, is obtained by placing them 81de by side as illustrated on the right.

@ O/i\o In topology, L1 corresponds to the disjoint union of 2-tangles®. In Lie theory,
it corresponds to the map U (1g)®% QU (1g)®% — U(Ig)®(51w52),

3Yellow highlighting corresponds to the glossary, Section 4.
“For simplicity we always work over Q.
°In earlier papers we have used the order Ig = g* x g.
6To be clear, the “2” in “2-tangles” refers to the dimension of the things being knotted, and not to the
number of components.
9



DRAFT! See http://drorbn.net/A cademicPensieve/Projects WK O4/

(2) Given Dy € AY(S) and Dy € A“(S), their product D;xDy-€ A“(S) is obtained by
“stacking Dy on top of D;”:

010 = (L] 2]}

In topology, the stacking product corresponds to the concatenation oper-
X8 @io AT ation on knotted tubes, akin to the standard stacking product of tangles.
In Lie theory, it comes from the algebra structure of U (1g)®®. In [AT], it is the product
of the completed universal enveloping algebra U ((a, @ toer,) x tr,).
Note that below and throughout this paper we use /- for postfix operator application and for
“composition done right”. Meaning that x//f is equivalent to f(z) and f/gis go f is “do f
then do ¢”.

(3) Given D € A*(S) and a € S, Dj/dn*is the result of }—H L’ dn? dn?)_ <0,H ,0>
deleting strand a from D and mapping it to 0 if any ! L3
arrow connects to a, as illustrated on the right.

@ O/i\o In topology, dn® is the removal of one component from a 2-tangle. In Lie theory
it corresponds to the co-unit n: U({g) — Q.

(4) Given D € Aw(S) and a € S, }\H }M <()()}\~\{7 ()1}/‘2{7 ()1}\H >
D/J/dA® is the result of “flipping 1y g 1 1o 13 11913 1l 13

over stand a and multiplying by

a (—) sign for each arrow whose head connects to a”, as illustrated above. We denote by

dA the operation of likewise flipping (with signs) all strands: dA = dA® =[], dA".

@ O/i\o In topology, dA® is the reversal of the 1D orientation of a knotted tube [WKO2].
In Lie theory, it is the antipode of U(I/g) combined with the sign reversal

¢ — —¢ acting on the g* factor of Ig. When elements of U(Ig)®° are interpreted as

differential operators acting on functions on g°, dA corresponds to the L? adjoint.

(5) Similarly, D//dS"is the result of }\H S, ds, ds")_ < }\H }”H }\H >
“Hipping over stand a and mul-
tiplying by a (—) sign for each b2
arrow head or tail that connects to a”, as illustrated above’.

@ In topology, dS” is the reversal of both the 1D and the 2D orientation of a
@/i\o knotted tube [WKO2]. In Lie theory, it is the antipode of U(Ig).

(6) Given D € A™Y(S5), given a,b € S, and given ¢ ¢
S\{a, b}, DJ/dm2" is the result of “stitching strands o Adm3®
a and b and calling the resulting strand ¢”, as illus- 1

trated on the right.

In topology, dm? is the “internal stitching” of two tubes within a single 2-link,
@ﬁo akin to the “stitching” operation that combines two strands of an ordinary

"The letter S is used here for both “a set of strands” and “an operation similar to an antipode”. Hopefully
no confusion will arise.
10
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tangle into a single “longer” one. In Lie theory, it is an “internal product” U(Ig)®" —
U(Ig)®™~Y which “merges” two factors within U (I1g)®".

(7) Given D € AY(S), given a € S, and given b,c ¢ S\a, Janz,, ;3
D/JJdA)ds the result of “doubling” strand a, calling the =
resulting “daughter strands” b and ¢, and summing over 1273 12203

all ways of lifting the arrows that were connected to a to either b or ¢ (so if there are k
arrows connected to a, DJJdA{. is a sum of 2% diagrams).

[AT] In topology, dA is the operation of “doubling” one component in a 2-link.
o/i\o In Lie theory, it is the co-product A:U(Ig) — U(Ig)®* acting on the a

factor in U(1g)®3, extended by the identity acting on all other factors. In [AT], it is the
coface maps of [AT, Example 3.14].

(8) Finally, the operation doy:=4(S) — A(S\{a} L {b}) does nothing but renaming the
strand a to b (assuming a € S and b ¢ S\{a}).

We note that the product operation (D;, Dy) — Dp = Dy can be implemented using the
union operation i, the stitching operation dm, and some renaming — namely, if S = {a: a €
S} is some set of “temporary” labels disjoint from S but in a bijection with S, then

Dy Dy = (Dl L (Dﬁ/ﬂd@;)) J] [ dmee. (2)

Therefore below we will sometimes omit the implementation of (D, Dy) — DD, provided
all other operations are implemented.

We note that A*(S) is a co-algebra, with the co-product [J(D); for a diagram D rep-
resenting an element of A"(S), being the sum of all ways of dividing D between a “left
co-factor” and a “right co-factor” so that connected components of D\(1xS) (D with its
skeleton removed) are kept intact (compare with [BNT, Definition 3.7]).

Definition 2.3. An element Z of A"(S) is “group-like” if [((Z) = Z ® Z. We denote the
set of group-like elements in A (S) by A% (S):

exp

We leave it for the reader to verify that all the operations defined above restrict to oper-
ations AY & — AY

exp exp”

In topology, [] is the operation of “cloning” an entire 2-link. It is not to be confused
with dA; one dimension down and with just one component, the pictures are:

In [AT], [ is the co-product of U((a @ tder) x tr) and moding out by wheels, AY,  is

[A\T] TAut. ’

O/i\o In Lie theory, [J is not the co-product A: U(Ig) — U(Ig)®?. Rather, given two finite
dimensional Lie algebras g; and g, [] corresponds to the map

O: U(I(g1 D g2))®° — U(1g1)®° @U(1g2)%".

SAS’rim is elsewhere denoted Pv.

11
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Discussion 2.4. We seek to have efficient descriptions of the elements of A, (S) and efficient
means of computing the above operations on such elements.

Let A%, (5)" denote the set of primitives of A“(S): these are the elements ¢ € A"(S)
satisfying [1(() = (® 1+ 1 ® (. Let FL(S) denote the degree-completed free Lie algebra
with generators S, and let CW(S) denote the degree-completed vector space spanned by
non-empty cyclic words on the alphabet S. In [WKO2, Proposition 3.19] we have shown

that there is a short exact sequence of vector spaces
0 — CW(S) — A%, (S) — FL(S)® — 0, (3)

prim

where FL(S)® denotes the set of all functions S — FL(S). Hence A% (S) ~ FL(S)° @
CW(S) (not canonically!). Often in bi-algebras there is a bijection given by ¢ + ¢ between
primitive elements ¢ and group-like elements . Hence we may expect to be able to present
elements of AY._(S) as formal exponentials of combinations of “trees” (elements of FL(S)®)

exp

and “wheels” (elements of CW(S))?:

A" () ~ TW(S) — FL(S)S x CW(S) — {(A; wy: A1 Addaes, Ao € FL(S) } (@)

exp we CW(S)
We implement Equation (4) in a more-or-less straightforward way in Section 2.3 and in a
less straightforward but somewhat stronger way in Section 2.4.

Discussion 2.5. Why are there two presentations for elements of Ag, .7

Because as we shall see, A" is a bi-algebra in two ways, using two different products,
yet with the same co-product []. In A", the notions “primitive” and “group-like”, whose
definition involves only [], are canonical. Yet the bijection between primitive and group-like
elements, ¢ < e¢, depends also on the product used within the power-series interpretation
of €S, Thus there are two different ways to describe the group-like elements A, | of A" in
terms of its primitives TW.

The first product on A" is the stacking product of Equation (1). The second will be

introduced later, in Equations (18) and (42).

Very roughly speaking, A" is a combinatorial model of “m; x my” (with homotopies
"> replaced by isotopies; see [BN4]). The other product on A" is the one coming from the
direct product “m; x my”.

Oio Very roughly speaking, A" is a combinatorial model of (tensor powers of a completion

. By PBW, U(Ig) ~ U(g) ® S(g*) as co-algebras but not as algebras. The
other product on A" is the one corresponding to the natural product on U(g) ® S(g*). The
reality is a bit more delicate, though. A" is only a model of (a small part of) the g-invariant
part of U(Ig), and the co-product [] of A" does not correspond to the co-product A of

U(Ig).

[43 7

IWe use the set-theoretic notation “x” rather than the linear-algebraic “@” in Equation (4) to emphasize
that the two sides of that equation are only expected to be set-theoretically isomorphic. The left-hand-side,
in fact, is not even a linear space in a natural way.

12
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2.2. Some preliminaries about free Lie algebras and cyclic words. It should be
clear from Discussion 2.4 that free Lie algebras and cyclic words play a prominent role in
this paper. For the convenience of our readers we collect in this section some preliminaries
about about these topics, Almost everything in this section comes either from Alekseev-
Torossian’s [AT], or from [WKO2, BN4], and the detailed proofs of the assertions made here
can be found in these papers.

¢s Note that Lie algebras appear in two distinct roles in this paper. Free Lie algebras

oo FL appear along with cyclic words C'W as the primitives of A" (Equation (3)). Finite
dimensional Lie algebras g appear only as motivational comments, always marked with a

_I_symbol. As already indicated, elements in A", and hence elements of FL and of CW
can represent “universal” formulas that make sense in any finite dimensional Lie algebra

computations below

C3n computer talk, generators of FL(S) are always single-character “Lyndon words” (e.g. [Re]); in our case
we set 2 and y to be the single-character words “z” and “y”, and then «, /3, and v to be the Lie series x+ [z, y],
y— |z, [z, y]], and z+y —2[x, y] (elements of FL are infinite series, in general, but these examples are finite):

@ x=LWe"x"; y=LWe"y";
{ar BI Y} = LS /@ {x+b[x, Y]I Y_b[xr b[xl Y]]I x+Y_2b[xr Y]}
{LS[?, %¥, 0,0, ...], L8[V, 0, “x%y, 0, ...], L8[ +¥, -2%¥, 0, 0, ...]}

Note that as we requested earlier, our example series are printed to degree 4. Note also that they are printed
using “top bracket” Ty =[xz, y] notation, which is easier to read when many brackets are nested.
We then compute [a, 8] and verify the Jacobi identity for «, 8, and :

{b[a, B], bla, b[B, ¥11 +b[B, b[¥, al] +b[¥, b[a, B11}

{LS{O, %V, XYy, -x X%y, ...|, 18[0, 0, 0, 0, J}

Cin computer talk:

@ bch = BCH[x, y]

B
B

Just to show that we can, here are the lexicographically middle three of the 2,181 terms of the BCH series
in degree 16, along with the time in seconds it took my humble laptop to compute it:

. Fuller output:
T4y, x2—y % XXy + 11—2 XYY, %x?yy, [WKO4]/bch.nb

@ Timing@ {Length@ (bch@16), (bch@16)[1090 ;; 1092]}

{39.5313, {2181,

17xx Xxﬁyxﬁyx'ﬂxxxﬁynyr
179625600

— = — — =

389 xx XXy XY XXy XXY XXY . 53xxX XXY XY XXy XXY XYY }}
1320883200 1089728640

(In a few hours my laptop computed the BCH series to degree 23; in as much as I know, the farthest it was

ever computed. See [BN4, CM].)
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g. Hence part of our discussion of FL and C'W is a discussion of things that make sense
universally for all finite dimensional Lie algebras.

Recall that FL(S) denotes the graded completion of the free Lie algebra over a set of
generators S, all considered to have degree 1. In the case when S = {z1,...,2,}, Alekseev
and Torossian [AT] denote this space lie,."?

A noteworthy element of FL(x,y) is the Baker-Campbell-Hausdorff series,

BCH(z,y) := log(e"e!) =z + y + [xéy] + L2, [z y]]lz[[x,y],y] +....

Recall also that CW(S) (tt,;in:[AT]) denotes the graded completion of the vector space
spanned by non-empty cyclic words in the alphabet S. Our convention is to crown cyclic
words with an “arch”; thus @w =-gwu’’. Note that there is a map CW(FL(S)) — CW(S)
by interpreting brackets within elements of FL(S) as commutators and then mapping “long”
words to cyclic words. E.g., u[v, w] = aqow — awv.

We denote by hd the operations FL — FL and CW — CW which multiply any degree k
element by h¥. In particular, (—1)9 acts on FL/CW as the identity in even degrees and as
minus the identity in odd degrees.®

Let derg-denote the Lie algebra of all derivations of FL(.S) (det;;, in-[AT]). There is a linear
map 0z FL(S)® — derg which assigns to every A = (\y)aes € FL(S)® the unique derivation
0y for which 0(a) = [0, \s] for every a € S.'°“7 The image of ¢ is a subalgebra of derg
denoted tderg-(toer, in-[AT]); the elements of tderg are called “tangential derivations”, The
kernel of ¢ can be identified as the Abelian Lie algebra Ag/generated by S (a;, in-[AT]),
which is linearly embedded in FL(S)® as the set of all sequences A\: S — FL(S) for which
Aq 18 a scalar multiple of a for every a € S. Thus we have a short exact sequence of vector
spaces

C4

0— Ag — FL(S)S 5 tderg — 0. (5)
The map FL(S)® 3 X = (A\,) — X, ,{\a, apa € Ag, where (\,, a) is the coefficient of a in A, is
a splitting of the above sequence, and hence FL(S)® ~ Ag @ tderg in a canonical manner.

computations below

C5Cyclic words in computer talk:

@ {w1, w2} = CWS /@ {cw[x] -3cwly, x, x], cwly] +cwly, ]}

CWs[®, 0, -3%xy, 0, ...], CWS[¥V, ¥v, 0, 0, ...
{ [ 33 ] (Y, 99 1}
Cbrp computer talk:

@ DegreeScale[h] /@ {wi, wy}

{cws[hsz, 0, -3n°%xy, 0, ...|, cws[h¥, n> ¥y, 0, 0, ...}

C7An example:

{A=<x-»a, y » By, ¥ // D}

{@eLS[?, %Y, 0,0, ...1, Y- L8[V, 0, “xxv, 0, ...]), LS[O, 0, XXV, -X X7y, H

14
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There is a unique Lie bracket [-, ] (the “tangential bracket”) on FL(S)® which makes (5)
a split exact sequence of Lie algebras, and hence (FL(S), [, ]s) ~ As®tderg as Lie algebras.
With [, -] denoting the ordinary direct-sum bracket on FL(S)® and with the action of dy
extended to 0y: FL(S)¥ — FL(S)¥ in the obvious manner, we have®®

[A1, Aol = [A1, A2] + Ox A2 — Ox, A1

The A — 0y action of (FL(S)%,[,]s) on FL(S) extends to an action on the universal
enveloping algebra of FL(S), the free associative algebra FA(S) on S generators, and then
descends to the vector-space quotient of FA(S) by commutators, namely to cyclic words.
Leaving aside the empty word, we find that (FL(S)%, [, ) acts on CW(S), and hence also
on TW(S).“?

There are two ways to assign an automorphism of the free Lie algebra FL(.S) to an element
e FL(S)%:

(1) One may exponentiate the derivation dy to get e : FL(S) — FL(S).

(2) One may define an automorphism C*¢ FL(S) — FL(S) by setting its values on the
generators by C*(a) := e*ae ™ = ¢3tag. We denote the inverse of C* by RC~
and note that it is not C~.

[AT] In [AT], (1) corresponds to the presentation of elements of the automorphism group
TAut,,as exponentials of elements of its Lie algebra tder,,, while (2) corresponds to its
presentation in terms of “basis conjugating automorphisms” z; — g; 'z;9; where g; = e™i.
Compare with [AT, Section 5.1].

The following pair of propositions, which we could not find elsewhere, relates these two

automorphisms:

10Using the notation of [BN4], dy = — >, sad)® = =3 _cad.{\.}. I apologize for the minus sign which
stems from a bad choice made in [BN4].

computations below

C8For example:

Al:A; A2=(x->B, y » ¥); tb[Al, A2]

<'§'9LS{O, 0, XXy, -X Ty, ] 7—>Ls[o, 0, XX7, -x X7y, ]>

C9We check that up to degree 8, Oas xales (@1) = [0x,,0x,](w1) (for our choice of Aj, Ao, and wy, both sides
vanish below degree 8):

@ 1hs = Dtpra1,a2] [@1]; rhs =b[Dy1, Dx2] [w1];
{lhs@{8}, (lhs = rhs)@{8}}

{cws[0, 0, 0, 0, 0, 0, 0, 18 XXXXYXYY - 18 XKXXXYYXY — 36 XXXYXXYY + 36 XXXYYXXY, ...],
=— BS[9True, ...}
Note that the comparison operator = returns a “Boolean Sequence” (BS) rather than a single True/False
value, as the computer has no way of knowing whether two series are equal without computing them up to
a given degree. In our case, we've asked for the comparison of 1hs with rhs up to degree 8, and the output,
including degree 0, is a sequence of 9 affirmations, summarized as “9 True”.
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Proposition 2.6. Given A\ € FL(S)%, let t be a scalar-valued formal variable and let Ty(\)-€
FL(S)% be the (unique) solution of the ordinary differential equation

dFt( ) ) adFt()\)
Fo(A) =0 and et = \e A//eadFt()\ T (6)
Then —t(?)\ CFt ( 10 (7)
Proof. The two sides L, and R, of Equation (7) are power-series perturbations of the

identity automorphism of FL(S). More fully, L, can be written L, = Y, ,t*L(d) where
L(d): FL(S) — FL(S) raises degrees by at least d (and so the sum converges), and where
L(0) is the identity. R; can be written in a similar way. We claim that it is enough to prove
that

A= (o = (R = ©
Indeed, if otherwise L; # Ry, con81der the mlnlmal d for which L(d) # R(d). Then d > 0
and the least-degree term in A, — B; is the degree d — 1 term, which equals dt?~*L(d)//L; * —
dt I R(d)JR; T = dt¢ 1 (L(d) — R(d))JL;* # 0 (the last equality is because L;* = R; ' to
degree d), contradicting Equation (8). Note that in fact we have shown that if A, = B, to
degree d in t, then Equation (7) holds to degree d + 1.

To compute B; we need the differential of C* (at p = I'y(\)) and the chain rule. The
differential of C'* is quite difficult; fortunately, we have computed it in the case where
i = (u — ) is supported on just one u € S, in [BN4, Lemma 10.7]. Both the result and its
proof generalize simply, and so we have

5O = —0 {(m// e “}//G“,

where we have written d{mess} instead of Opess beca.use mess is too big to fit as a subscript.
Hence by the chain rule and then by Equation (6),

dr eddn 1
B, = { t(A )// //RC “} = —0{\e P ROV} = 0, Jet2 JRO-T-

n=Lt(X)
computations below

ClOywe verify that the computer-calculated T';()\) satisfies the ODE in (6) and then that the operator equal-

ity (7) holds, at least when evaluated on “our” ~:

adp _

1hs=6tI‘t[)L]; rhs =2 // e*tPx // adSeries[%‘l, rt[x]];
{To[A], lhs, (lhs = rhs)@{6}}

{(?eLS[O, 0,0,0, ...], T=1S[0, 0, 0, 0, ...15,
<?eLS[?, XY, -t X%y, %tzxxTy—thyy, ...],veLs[v, 0, - X%y, -tx%yy, ]>
BS[7 True, J}

@ {y // P2, y // cC[Te[A]]}

{LS{?er, 2%y, -t XXy, tXETy, } Ls{§+7, 2RV, -t XXY, LXETY, H
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On the other hand, computing A, is a simple differentiation, and we get that A, = —0,. Com-
paring with the line above, we find that if Equation (7) holds to degree d, then Equation (8)
also holds to degree d. But then as we noted, (7) holds to degree d + 1. As Equation (7)
clearly holds at ¢ = 0, we find that it holds to all orders. ]

Comment 2.7. 1t is easier (though insufficient) to assume that there is a solution I';(\) to
Equation (7) and deduce that it must satisfy the differential equation (6): simply differen-
tiate (7) with respect to ¢ and simplify as much as you can allowing yourself to use (7) as
needed within the simplification process. The result is (6), and the steps follow the compu-
tational steps of the above proof rather closely. The actual proof is a bit harder because if
we cannot assume (7) while deriving it, so we have to resort to an inductive process.

Proposition 2.8. As in the previous proposition, let Ay(N) be-the (unique) solution of

Moy =0 and B ey du ) )

Then C™ = e, (10)

The proof of this proposition is very similar and not even a tiny bit nicer than the proof
of the previous one. So we skip it and instead include a computer verification.“!

As special cases, we denote I'1(A\) by T'(A)-and A;(X\) by A(A).

One special case of C* deserves to be named:

Definition 2.9. (Compare [BN4, Section 4.2]) Given u € S and vy € FL(S) let CJdenote
the automorphism of FL(S) defined by mapping the generator u to its “conjugate” eTue™7 =
e~ 37 (u) (this is simply C*, where A is the length 1 sequence (u — 7)). Let RC;7 be the
inverse of C (which is not C;7).°"?

CHWe verify that the computer-calculated A;()) satisfies the ODE in (9) and then that the operator equal-
ity (10) holds, at least when evaluated on “our” +:

1hs = 9cAc[A]; rhs = A // e®eld 7/ adSeries[%‘l, Ac[A], tb];
a
{Ao[A], lhs, (lhs = rhs)@{6}}

{(?eLS[O, 0,0,0, ...], T—-1S[0, 0,0, 0, ...1),
<?eLS[?, %Y, t X%y, %tzxxﬁ+txﬂy, } veLs[?, 0, - %%y, txxyy, H
BS[7 True, J}

{¥ 7/ cclenl, ¥ 7/ ePren}

{Ls{?+?, 2%, —thy,—%t2xxTy+tx'ﬁy, },
Ls{?+7, _2%Y, -t x'ﬂ,—%t2xxﬂ+txx—y'y, H

C12Just testing:

@ {a // CCx[-¥1, a // CCx[-¥] // RCx[¥], & // CCx[-¥] // CCx[¥]1}
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Last we define/recall a number of functionals FL(S) — CW(S):

Definition 2.10. For u € S we let tr,: FL(S) —

v u v u v
CW(S) be the sum of all ways of connecting the u
head of v to any of its u-labelled tails and regard- M +
ing the result as an element of CW(FL(S)) —
Y
+ v(—u) =

CW(S). The example on the right corresponds

to the specific computation tr,[[v, u], u] = v, u] T

Definition 2.11. (Compare [BN4, Section 5.1])

v u v u v u
For u € S we let div,:‘FL(S) — CW(S) be the u . u u
functional defined schematically by the picture on _divy +
the right, which corresponds to the specific compu- .
T ol — Cl4

tation div,[[v, u],ul = u[v, u]+uv(—u) = —au
(more details in [BN4]). Given also v € FL(S), set

Ju(7) = Jo ds div,(y J RC.) /] CU_SV,CH)

Definition 2.12. Let div: FL(S) — CW(S) be the Alekseev-Torossian “divergence” func-
tional, as in [AT, Section 5.1], but extended by 0 on Ag. In our language, div A = >, _odiv, A.

ueS

computations below

— J— 5 3 7 — 23 = 2 —
{LS{X, 2%V, ) xxy+§ XYV, gxxxy—?xxyy+§ XYV VY, },
0,

Ls[x, xy, 0, ..},LS?,xy,—xTy,2xxTy+xTyy,...}}
Ol computer talk, and using a temporary value for -y, so as not to interfere with its existing value:
@ u=LWe"u"; v=LWe"v";

With[{y =b[b[v, u], ul}, try[y]]

Cliy computer talk:

(c2)With[{¥ =u+Db[b[v, ul, ul}, divu[y]]
T -uuv
Clowe quote the implementation of J in FreeLie.m (FL) and, reverting to the “old” v, compute Jy (7):

ES FL 1
B gL 1] = dulr] - Module[{s},J ( /1 RCuls ¥ // diva // cCul-s 1) ds];
0

@ Iy [¥]

CWS{’}?, 5;X_y\, Iy 1%yy 3®xxy  11XXyy  3%yxy | 3 XYYY

6 6 ' 8 4 4 8
18
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Let j: FL(S) — CW(S) is the Alekseev-Torossian “logarithm of the Jacobian”: j(A) =
_602;1 (div A).C16

Alekseev and Torossian prove in [AT] that j is the unique functional j: FL(S) — CW(S)
satisfying the “cocycle condition” j (BCHg (A1, A2)) = 7 (A1) +e15(\2), where BCHy, stands
for the BCH formula using the tangential bracket [-, -], on FL(S)%:

1
BCth()\l, )\2) = )\1 + )\1 + 5[)\1, )\2]tb + ...,

and the “initial condition” Zj(eX) = div \.“""

ations below

comp

CI6A quote of the computer-definition, and then div A and j (M), computed to degree 5:

E%FL div[A_AngleBracket] := Sum[div.[A.], {a, Support[A]}];
§ eder -1
j[A_AngleBracket] := div[A] // DerivationSeries[ 3 , D,I] ;
er

@ {div[A]@{5}, j[A]e{5}}

{CWS[X+¥, -Xy, -xxy, 0, 0, ...], CWS[X +¥, -XY, - XXy, —XXYY + XYXY, —XXXYY + XXYXY, ...]}

ClTWe verify the cocycle condition and the initial condition. For the latter, we first declare € to be “an
infinitesimal” by declaring that ¢2 = 0, and then we verify that j(e)\) = ediv \:

1hs=j[BCth[Al, A2]1]1; rhs = j[A1l] + el [3[A2]];
{1hs, (1lhs = rhs)@{8}}

D (cws[x+27, -3%7, 0, -9 %KYV + 9 XYY, ...], BS[9 True, ...]}

e /: €2=0;

{ileal, jleA] =ediv[a]}

B (cws[ex+eV, -exy, e %%y, 0, ...], BS[5True, ...]}
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2.3. The lower-interlaced presentation £; of Ay . For a finite set S let TW;(S) be
set-theoretically the same as TW(S) = FL(S)® x CW(S) — we only add the “I” subscript to
emphasize that TW, carries an algebraic structure, and that it is different from the algebraic
structure on TWj, which we will study later. Elements of T'W;(S) are ordered pairs (A; w);;
where A € FL(S)%, w e CW(S), and the subscript [ is there only to remind us of the context.

Set
Ei(\; w); = exp(I\) = exp(w) € A%

exp

() “Ey” for “Exponentiation
’ after using [”

where [: FL(S)® = Ag ® tderg — A“(S) is the “lower” Lie em-

bedding'" of trees into A“(S) (see [WKO2, Section 3.2]), where ¢ @*—
is the obvious inclusion of wheels (= CW(S) = trg) into A%(S5), exp :
and where exponentiation is taken using the stacking product (1) @}—
of A*(S). A pictorial representation of F;(\; w), appears on the

right: Reading from the bottom up, we see “exponentially many” C \

copies of A (meaning, a sum over n of n copies with coefficient —=

1/n!). Each A is a linear combination of trees with one head and xp

many tails, which are attached to the strands in T" with the head ( \
below the tails. Each copy of A appears on the right as a gray 3
“wizard’s cap” whose tip corresponds to the head of A, and is g

therefore tipped downward. Above exp(l)) is our symbolic rep-
resentation of exp(ww).

Figure 2.13 also explains the name “interlaced” for this presentation, for in it heads and
tails are interlaced along the strands of S (contrast with E; in Figure 2.19 and with E in
Figure 2.28).

Figure 2.13. E;(\; w);.

H'We could have equally well used the “upper” Lie embedding u, setting E.(\; w)y e=texp(ww) exp(uA)y with
only minor modifications to the formulas that follow.

computations below

Cl8We cannot verify Definition-Proposition 2.14 per se on the computer, as we have no direct computer
implementation of A". Indeed, the whole point of this paper is to provide an implementation of A" by
means of E; (and later, E; and Ey). Instead, we verify below that many properties of operations on A" (the
associativity of the stacking product, etc.) indeed hold for their F; implementations. We start by setting the
values of some “sample” elements on which we will run our tests (note that on the computer we represent
(A w); as E1[A,w]):

x = LWe@"x"; y=LWe"y
{€a=El[(x->LS[x+Db[x, y]l], y>LS[y-b[x, b[x, y]]]), CWS[cw[x] -3 cw[x, ¥, x]]],
S =El[(x->LS[y-Db[x, y]], y>LS[x+y+b[y, b[x, y]]1]), CWS[cw[y] -2cw[x, y]]],
8. =El[{(x->LS[x-Db[b[x, y], b[x, y]]], y>LS[y+3Db[x, b[x, y1]1),
CWS[cw[x] -2cw[x, y] +cw[x, v, x]]]1}

{ElH?eLS[?, %v, 0,0, ...], ¥»1s[¥, 0, -x%xy, 0, ...|), CWS[®, 0, -3 %=y, 0, ...]],
EL[(X > LS[V, -X¥, 0, 0, ...], Y>L8[X+7, 0, -Xyy, 0, ...]), CWS[¥, -2%¥, 0, 0, ...1],
El[(¥->1s[%, 0, 0,0, ...], ¥->1S[V, 0, 3 x%y, 0, ...]), CWS[®, -2%y, &=y, 0, ...]]}
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It follows from the results of [WKO2, Section 3.2] that the map E;: TW;(S) — A% _(S5)

exp
is a set-theoretic bijection. Hence the operations of Definition 2.2 induce corresponding

operations on T'W;(S). We list these within the (long!) definition-proposition below.

Definition-Proposition 2.14. The bijection E; intertwines the operations defined below
with the operations in Definition 2.2:°%°

(1) IfSl N SQ = @ and ()\Z, wi)l € TVVl(SZ),
(A1 w1)i(A2; wa)r = (A1 wi)ia(Ag; wa); == (A1 L Aoy wi + wa)y, (11)

where L: FL(S;)% x FL(Sy)% — FL(S; U Sy)%19%2 is the union operation of functions
(or, in computer speak, the concatenation of associative arrays) followed by the inclusions
FL(S;) = FL(S; 1 Sy), and wy + wy is defined using the inclusions CW(S;) — CW(S; b
Ss).

(2) If (Ai; wi)ir € TW(S),

(A1; wi)x(Na; wa)r == (BCHp (A1, Ag); e P2 (wy) + wy). 1 (12)

(8) If (\; w) € TWi(S) and a€ S,
(A w)ifdn® == (Ma)/(a — 0); wf(a —0))s, (13)

where X\\a denotes the function \ with the element a removed from its domain (in com-
puter talk, “remove the key a”), and (a — 0) denotes the substitution a = 0, which is
defined on both FL and CW and maps FL(S) — FL(S\a) and CW(S) — CW(S\a).“*°
(4) For a single a € S, I don’t know a simple description of the operation dA® in E; lan-
guage'®. Yet the composition dA 1= dA® := [],.q dA" is manageable: (j is defined in

12" A not-so-simple description would be to use the language of the factored presentation of Section 2.4,
converting back and forth using the results of Section 2.5.

ations below

omp

C19We quote the Fj implementation of the stacking product from AwCalculus.m (AC) and verify that it is
associative, at least to degree 8:

E%AC El /: E1[A1_, w1l ] *xE1[A2_, w2_] /; Support[Al] == Support[A2] :=
3 El [BCth [.ﬂl, _22] , e'DJZ [wl] + d/2] ;

@ lhs = 8, %% (8p ** 8c); rhs = (L1 %% 8p) *% Lc;
{lhs@{3}, (lhs =rhs)@{8}}

— R — 1 — — — — 55— —
{El{<x%LS[2x+y,O,§xxy,...},y%LS[x+3y,O,§xxy—xyy,...”,
CWS[2X+7Y, -4%y, —2xxy,...}],BS[9True,...}}

CQOExample:

@ (Ea /7 dn*, Ea /7 dn¥}

{(E1[(Y>1S[¥, 0, 0,0, ...]), CWS[0, 0, 0, O, ...]],
E1[(X>LS[%, 0,0, 0, ...]), CWS[%, 0, 0, 0, ...]]}
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Definition 2.12)
(A W) dA 1= (=X; €™ (w) = J(A)). ! (14)

(5) For a single a € S, I don’t know a simple description of the operation dS* in E; lan-
guage'?. Yet the composition dS =-dS° = [ lcq dS* is manageable:

(A w)iffdS® = (=M (=1)%F; (™ (w) = () J(=1)*#),. (15)

(6) I don’t know a simple description of the operation dm® in E; language'*. Yet note that
Equation (2) implies that. “applying dm to all strands” is manageable, being the stacking
product described in (12).

(7) We have

(A w)fdA;. = (MNa) u (b — Agy, ¢ = Ny)J/(a—b+c); wfla—b+c)), (16)
where (a — b+ c¢) denotes the obvious replacement of the generator a with the sum b+ c.
It represents morphisms FL(S) — FL((S\a) U {b,c}), FL(S)¥ — FL((S\a) u {b,c})?
(for any set H), and CW(S) — CW((S\a) u {b, c}).“**

computations below

C21We quote the computer-definition of dA, compute an example, verify that dA is an involution, and then
that it is an anti-homomorphism relative to the stacking product:

E%AC El1[A, @] // dA := E1[-2, e [«] -][A]];

@ {8a =EL[A, CWS[0]], & // dA}

{ElH?eLS[?, %Y, 0, 0, ...1, ¥ L8[¥, 0, ~xXy, 0, ...]), CWs[0, 0, 0, 0, ...1],
EL[(¥->Ls[-%, -X¥, 0, 0, ...], Y=Ls[-V, 0, X%y, 0, ...]),
CWS[-% - ¥, ¥7, FEY, ¥HYY - %vEy, --.1])

(€a = (Ea//dA//dn))@{8}

BS[9True, |

lhs = (L. %% &) // dA; rhs = (8 // dA) %% (L. // dR);
{lhs@{3}, (lhs =rhs)@{8}}

{ElH?eLS[—?—?, 0, -% XXy, } ?eLS[—T—Z?, 0, % XXT + X7, H
CWS[-F, -2 %, -2 XF - XF7, ]} BS[9 True, }}

C22An example:

§d /1 ds

El[<?eLS[?, ~%¥, 0,0, ...]1, ¥>1S[¥, 0, -x%xv, 0, ...]),
CWS[R +¥, Xy, ~XXy, XXyY - Xyx7, ...] |

C23The computer-definition, an example, and then a verification that dA is homomorphism relative to the
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(8) We have
(A w)ifdoy, == ((Ma) b (b — Aa))f(a — b); wf(a — b)), (17)

where (a — b) denotes the obvious “generator renaming” morphisms FL(S) — FL((S\a)u
b), FL(S)? — FL((S\a) u b) (for any set H), and CW(S) — CW((S\a) u b).
Proof.  Equations (11), (13), (16), and (17) are trivial and were stated only to introduce
notation. The tree-level part of Equation (12) follows from the fact that [ is a morphism of
Lie algebras (see within the proof of [WKO2, Proposition 3.19]), The wheels part of Equa-
tion (12) follows from [WKO2, Remark 3.24]. Equation (14) follows from the observation
that dA® is the adjoint map * of [WKO2, Definition 3.26] and then from [WKO2, Propo-
sition 3.27]. Equation (15) is the easily-established fact that on A“, d$° = (—1)d8dA”,
O]
? Note that the absence of simple descriptions of dA¢%, dS*, and dm in the E; language
is fatal for its applicability to knot theory, as these operations are needed within the
computation of knot and tangle invariants. See Section 3.1.
[Aﬂ Comment 2.15. Let p» TW(S) — FL(S)® denote the projection onto the first factor
(“trees”) of TW(S) = FL(S)® x CW(S), and recall that up to a minor central factor,
(FL(S)®, tb) is tders. Recall also that tderg is the Lie algebra of TAutg, and that elements
of tderg represent elements of TAutg by exponentiation. With this in mind, the tree part of
Equation (12) becomes the product of TAutg. In other words, the diagram

TWi(S) x TWi(S) —— TW,(S)
(mr/ exp) x (71 exp) l \LWT//CXP
TAutg x TAutg mult. TAutg

computations below

stacking product:

E%AC E1[2_, ] // dAla_, b_, c_] := E1]
3 (A\a) U(b > A, ¢ > A.) // LieMorphism[LW@a -» LW@b + LW@c],
w // LieMorphism[LW@a -» LW@b + LW@c] ]

@ (€., Ca//dAly, v, 2]}

{E1[<§—>Ls[?, %%, 0, 0, ...], $~18[¥, 0, -x%¥, 0, ...|), CWS[®, 0, -3 =Y, 0, ...]1],
~ El[(z-18[V+7%, 0, -xXy - x%Z, 0, ...], > 1S[¥, X¥+%Z, 0, 0, ...],
Y-Ls[y+7Z,0, -xXy - xxZ, 0, ...|), CWS[¥, 0, -3%xy - 3%xZ, 0, ...]]}

@ lhs = (8, %% 8p) // dA[y, v, 2]; ths = (8. //dAly, ¥, 2]) *% (& // dAly, v, 2]);
{lhs@{3}, (lhs=rhs)@{8}}

{El{<ZeLS{'§'+2?+27, o,-%xﬂ-%xﬁ-xﬁ-ﬁy-zﬁy-ﬁz,...},
_ o 11—
X%LS[X+y+Z,O,§XXy+§XXZ,...},

— — — —_ l— 11— e — —
y%LS[X#—Zy*—ZZ,O,—5XXy—EXXZ—XyZ—ny—ZXZy—XZZ,...}>,
CHS[R +T +7, 2%y - 2 %7, -3 %Xy - 3 %%7, ]} BS[9 True, ]}
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is commutative. Hence the E; presentation is valuable for [AT] as many of the [AT] equations
involve the group structure of TAutg.
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2.4. The factored presentation E; of A and its stronger pre-
cursor F. Following [BN4], in the “factored” presentation £ of A
arrow heads are treated separately from arrow tails in diagrams such
as the one on the right. This presentation of A, is more complicated
than the previous one, yet it is also more powerful, and in some sense, it
is made of simpler ingredients. We first enlarge the collection of spaces
{A"(S)} to a somewhat bigger collection {AY(H;T)} on which a larger
class of operations act. The new operations are more “atomic” than
the old ones, in the sense that each of the operations of Definition 2.2 is a composition of
2-3 of the new operations. The advantage is that the new operations all have reasonably
simple descriptions as operations on the group-like subsets { At (H;T)} (the “split” presen-
tation E; below), and hence even the few operations whose description in the Ej presentation
was omitted in Definition-Proposition 2.14 can be fully described and computed in the Ef
presentation.

A sketch of our route is as follows: In Section 2.4.1, right below, we describe the spaces
{A“(H;T)}. In Section 2.4.2 we describe the zoo of operations acting on {A“(H;T)}.
Section 2.4.3 is the tofu of the matter — we describe the operations of the previous section
in terms of spaces {TW(H;T)} of trees and wheels, whose elements are in a bijection Ej
with the group like elements of {A“(H;T)}. Finally in Section 2.4.4 we explain how the
system of spaces {A"(S)} includes into the system {A“(H;T)} and how the operations of
the former are expressed in terms of the latter, concluding the description of Ey.

2.4.1. The family {A*(H;T)}. Let H = {hy,hy, ...} be some finite set of “head labels” and
let T = {t;,ts,...} be some finite set of “tail labels” (these sets need not be of the same
cardinality). Let A¥(H;T) be AY(H 1 T)" moded out by the following further relations:

w

i

L A—

H

e If an arrow tail lands anywhere on a head strand (1 ] _ ]

on the right), the whole diagram is zero. S - _
e The CPrelation: If an arrow head is the lowest vertex — o,

on a tail strand (+2 on the right), the whole diagram hi o

is zero. (As on the right, we indicate the bottom ends
of tail strands with bullets “e”).

13 We will often use sets of labels H and T that are not disjoint. The notation “HwT? stands for the union

of H and T', made disjoint by brute force; for example, by setting HuT = ({h} x H)U ({t} xT), where h and

t are two distinct labels chosen in advance to indicate “heads” and “tails”. In practise we will keep referring

to the images of the elements of H within H u T as h; rather than (h, h;), and likewise for the ¢;’s. We will

mostly avoid the confusion that may arise when H nT # ¢ by labelling operations as “head operations”

which will always refer to labels in H < H 1T or as “tail operations”, when referring to labels in 7" — H uT.
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Comment 2.16. Using these two relations one may show that A (H;T) is iso-
morphic to the set of arrow diagrams in which only arrow heads land on the
head strands (obvious, by the first relation) and in which only arrow tails meet
the tail strands (use STU, to slide any arrow head on a tail strand until it’s
near the bottom, then use the second relation; see also Comment 2.1), still
modulo fﬁ, m, STU, and TC. Thus a typical element of A (H;T) is
shown on the right.

In topology (see [BN4]), head strands correspond to “hoops”, or based knotted circles,
and tail strands correspond to balloons, or _based knotted spheres. The two relations
and the isomorphism above are also meaningful [BN4].

O/i\o In Lie theory head strands represent U(g) and tail strands represent the (right) Verma
module U(Ig)/gUU(1g) ~ U(g*) ~ S(g*). The evaluation g* — 0 induces a surjection
of U(Ig) onto the first of these spaces whose kernel is “any word containing a letter in g*”,

explaining the first relation above. The second relation is the definition of the Verma module.

2.4.2. Operations on {A¥(H;T)}.

Definition 2.17. Just as in Definition 2.2, there are several operations that are defined on
AY(H;T). In brief, these are:

(1) A union operation w:wAY(Hy; T1) ® AV (Ho; Ty) — AY(Hy w He; Ty 1 Ts), defined when
HynHy =T, nTy, = &, with obvious topological (compare with “+” of [BN4, Figure 5])
and Lie theoretic meanings. (The symbol U is sometimes omitted: DDy := Dy 1 Ds).

(2) A “stacking” product # can'be defined on AY(H;T) by stitching all pairs of equally-
labelled head strands and then merging all pairs of equally-labelled tail strands in a pair
of diagrams D, Dy € AY(H;T). The “merging” of tail strands is described in more
detail as the operation tm below. In fact, it may be better to define # using a formula
similar to Equation (2) and the operations hm, tm, ho, and to defined below:

Di#D,y = (Dl L <D2// [Troir] | ta}j)) P [ sy ] Jtmer. (18)

zeH ueT zeH ueT

Q/LD In topology, # is the stitching of hoops followed by the merging of balloons; this

is not the same as the stitching of knotted tubes. In Lie theory, # corresponds
to the componentwise product of U(g)®" ® S(g*)®”. Even when H and T are both
singletons, this is not the same as the product of U(Ig), even though linearly U(Ig) ~
U(g) ® S(g*).

(3) If x e-H and w e T} the operations hn" and tn*:drop the head-strand x or the tail-strand
u similarly to the operation dn® of Definition 2.2.

(4) hA%reverses the head-strand x while multiplying by a (—1) factor for every arrow head
on x. tA" is the identity.

(5) hS*= hA* while tS" multiplies by a factor of (—1) for every arrow tail on u (by T'C,
there’s no need to reverse u).

(6) The operation hm?¥ is defined similarly to dm? of Definition 2.2. Likewise for tm%,
except in this case, the tail-strands v and v must first be cleared of all arrow-heads using

the process of Comment 2.16. Once u and v carry only arrow-tails, all these tail can be
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put on a new tail-strand w in some arbitrary order (which doesn’t matter, by 7C'). Note

that tmy’ = tmy", so tm is “meta-commutative”.

o In topology, tmY’ is the “merging of balloons” operation of [BN4, Section 3.1],
which in itself is analogues to the (commutative) multiplication of .

O/i\o In Lie theory, tm"’ is the product of S(g*). Note that tail strands more closely
represent the Verma module U (Ig)/gl (1g) whose isomorphism with S(g*) involves

“sliding all g-letters in a U(Ig)-word to the left and then cancelling them”. This is anal-

ogous to the process of cancelling arrow-heads which is a pre-requisite to the definition

of tmy'.

(7) hAj and tAY are-defined similarly to dAg,.

(8) hoy and toy are defined similarly to doy.

(9) New! Given a tail u € T, a “new” tail label v ¢ T\u and a head x € H the opera-
tion thmy*: AY(H;T) — A*(H\z; (T\u) u {v}) is the obvious “tail-strand head-strand
stitching” — similarly to dm@, stitch the strand u to the strand x putting u before x,
and call the resulting “new” strand v. Note that for this to be well defined, v must be
a tail strand.

In practise, thm®® is never used on its own, but the combination hAZ , /thm®® (where
2’ is a temporary label) is very useful. Hence we set tha®: A*(H;T) — A*(H;T) (“tail
by head action on u by x”) to be that combination. In words, this is “double the strand
2 and put one of the copies on top of u”.'?

?@ In topology, tha is the action of hoops on balloons as in [BN4, Section 3.1,

2 @/i\o which is similar to the action of 71 on m. In Lie theory, it is the right action of
U(g) on the Verma module U(Ig)/gl(Ig), or better, the action of U(g) on S(g*) induced
from the co-adjoint action of g on g*.

? Ezercise 2.18. In the cases when we did not, state the topological or Lie theoretical
N @/i\o meaning of an operation in Definition 2.17, find what it is.

2.4.3. Group-like elements in {AV(H;T)}. For any fixed finite sets H and 7" there is a co-
product [J::AY(H;T) ® A*(H;T) defined just as in the case of A"(S) (Definition 2.3),
and along with the product # (and obvious units and co-units), AY(H;T) is a graded con-
nected co-commutative bi-algebra. Hence it makes sense to speak of the group-like elements

Ao (H; T) within AY(H;T), and they are all #f-exponentials of primitives in A“(H;T).
The primitives Ay, (H;T) in AY(H;T) are connected diagrams and hence they are trees

and wheels. As in Comment 2.16, the trees must have their roots on head strands and their
leafs on tail strands, and the wheels must have all their “legs” on tail strands. As tails
commute, we may think of the trees as abstract trees with leafs labelled by labels in T and

roots in H, and the wheels are abstract cyclic words with letters in T'. Hence canonically
wim(H; T) ~ FL(T)"@®CW(T) and hence there is a bijection (called “the split presentation

E'877)
BE,: TW,(H;T) = FL(T)" ® CW(T) = A®

exp

(H;T) (19)

MNote also that the analogous operation htm?" “put x before u to get a tail v” is 0 and hence we can safely

ignore it, and that thmy" and htmy", defined in the same way as thmy* and htmg" except to produce a
head strand y, are not well defined because they do not respect the C'P relation.
5Note that thm®® = tha*Jhn*to" so we lose no generality by considering tha® instead of thm*.
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defined on an ordered pair (\; w)gin | TW(H;T) by
(A w)s = expy (es(Asw))

where eg(A;w) is the sum over x € H of planting A, with its root
on strand x and its leafs on the strands in 7" so that the labels
match but at an arbitrary order on any 7" strand, plus the result
of planting w on just the T strands so that the labels match but
at an arbitrary order on any 7T strand. A pictorial representation
of Ey(\; w)s, using the same visual language as in Figure 2.13,
appears on the right.

It is easy to verify that the operations in Definition 2.17 in-
tertwine [] and hence map group-like elements to group-like el- Figure 2.19. E (\; w)s.
ements and hence they induce operations on TW,(H;T). These
are summarized within the following definition-proposition.

Definition-Proposition 2.20. The bijection E. intertwines the operations defined below
with the operations in Definition 2.17:'9°*

%Here we no longer state. conditions such as Hy n Hy = J, uw € T, x € H. They are the same as in
Definition 2.17, and more importantly, they are “what makes sense”.

co ations below

C2We quote from AwCalculus.m only the most interesting implementations — of L (21), of hm (29), of
tm (30), and of tha (35). Then we set the values of two “sample” elements in the E; presentation (on the
computer we represent (\; w)s as Es[\,w]):

HAAALSALS

%AC Es /: Es[A1_, wl_] Es[A2_, w2 ] /; Support[A1] | Support[i2] = {} := Es[A1U.A2, w1+ w2];
Es[4A , w1 // hm[x ,y , z ] := Es[A // m[x, v, z], @];
Es[A , w1 // tm[u_, v_, w_ ] := LieMorphism[LW@u -» LW@w, LW@V -» LWe@w] /@ Es[A, «];
Es[A, @] // thalu , x ] := Es[A // RCy[A], (@+JTu[Ax]) // RCu[Ax]];:

(09) €a =Es[(1>18[u+blu, v]], 25LS[v-b[u, b[u, v]]], 3> Ls[u-b[blu, v], blu, vI]1),
CWS[cw[u] -3 cw[u, v, u]]l]

Es[<1+LS[T, v, 0,0, ...], 2518[¥, 0, ~uav, 0, ...|, 3>1Ls[T, 0, 0, 0, ...1),
cws[w, 0, -3°uv, 0, ...]]

&b = RandomEsSeries[0, {1, 2, 3, 4}];

Sp@{2}
Es{<1»LS{—1—22+23—2T,2ﬁ+12—3+ﬁ—22—3—22—4+234, },
2»LS{21—?—2?+T,212+3:2L3—214—23—24—374, },

— - 323
3»LS{—1+2+24,—212+213—14— = +224-237, }
- ~— 12 313

27747374, ]>

cws[?—’@, 3211 N 3212 -2T3+ﬁ+ﬁ+2ﬁ-22—4-2ﬁ-37+ﬂ, H

(Note that the second of sample elements was set to be a random series, with a seed of 0. It is printed only

to degree 2, but it extends indefinitely as a random series.)
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(1) (A1 wi)s(A2; wa)s = (Ar; wi)sd(Aopwa)s = (AL L Ag; Wi + wa)s
(2) ()\17 wl) ()\2, LUQ) = ((SL’ — BCH()\lm, >\2m))er7 wi + w2)s
(3) (A w)sfhy*i=(X\z; w)s

(A w)sftn* == (A (u — 0); wf(u — 0))s
(4) (X w)gfhAT = (M) b (2 = —A2); w)s

tA“ =1
(5) hS”” 1= hA”®,

w)sftS" = (A (u — —u); wf(u — —u)),

(6) (A )sf/hmZTi= (A\{z,y}) b (z > BCH(As, Ay)); w)s

(A w)gftmisie= (N (u,v = w); wf/(u,v — w))s
(7) (N w)o/BAT = ((N\2) U (Y = Mgy 2 = Ag); W)

(A w)oJtAL = (N )(u > v+ w); wf(u — v+ w))s
(8) (X w)sfhoyy = ((Mz) U (y = A2); w)s

(A w)sfftan= (X (u — v); wf(u — v))s
(9) (X w)sftha™@ = (M/RC*; (w + Ju(Aa))JRC,?) ., .
Proof. The first 8 assertions (14 operations) are very easy. The main challenge to the
reader should be to gather her concentration for the 14-times repetitive task of unwrapping
definitions. If you are ready to cut corners, only go over (21), (29), (30), (31), and (32).
Let us turn to the proof of the last assertion, Equation (35). That proof is in fact in [BN4],
or at least can be assembled from pieces already in [BN4]. Yet the assembly would be a
bit delicate, and hence a proof is reproduced below which refers back to [BN4] only at one
technical point.

By inspecting the definition of tha"*, it is clear that there is some assignment v — R}
that assigns an operator R} : FL(T) — FL(T) to every v € FL(T) and that there is some
functional K,,: FL(T') — CW(T), for which a version of Equation (35) holds:

Ey(X\; w)oftha® = Eg (MR} (w + Ku(X:))JRy7) (36)

Indeed, tha" acts on F4(\; w)s by placing a copy of exp(\;) at the top of the tail strand
u, and then re-writing the result without having any heads on strand u so as to invert Fj
back again. The re-writing is done by sliding the heads of exp(A;) down to the bottom of
strand u, where they cancel by C'P. Every time a head slides past a tail we get a contribution
from Wg. Sometimes a head of a A, will slide against a tail of another )., whose head
will have to slide down too, leading to a rather complicated iterative process. Nevertheless,
these contributions are the same for every tail on strand w, namely for every occurrence of
the variable u_in FL(T)" and/or in CW(T). This explains the terms A\/R)* and w/R}* in
Equation (36). We note that the degree 0 part of the operator R is the identity, and hence
it is invertible.

But yet another type of term arises in the process — sometimes a head of some tree
will slide against a tail of its own, and then the contribution arising from Wg will be a
wheel. Hence there is an additional contribution to the output, some L, (\,) which clearly
can depend only on u and \,. Using the invertibility of R to write L,(\.) = Ku(A\,)/R)*
we completely reproduce Equation (36).

We now need to show that R} and K,(vy) are RCY and J,(7) of Definitions 2.9 and 2.11.
Tracing again through the discussion in the previous two paragraphs, we see that at any fixed
degree, R} and K, (v) depend polynomially on the coefficients of 7, and hence it is legitimate
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to study their variation with respect to . It is also easy to verify that R? = RC? = I and
that K, (0) = J,(0) = 0, and hence it is enough to show that, with an indeterminate scalar
T?
d d d d
ERT = ERCP and %Ku(fv) = d—TJu(Tv). (37)
Let us compute the left-hand-sides of the above equations. If 7 is an infinitesimal (so
72 = 0), or more precisely, computing the above left-hand-sides at 7.= 0, we can re-trace
the process described in the two paragraphs following Equation (36) keeping in mind that
with A\, = 77 the mg relation can only by applied once (or else terms proportional to 72
will arise). The result is
iRW = ad) and iK (1) = div,(y) (38)
dr " 7=0 b dr ‘ 7=0 b 7
where ad] « FL(T') — FL(T) is the derivation which maps the generator u of FL(T) to |7, u]
and annihilates all other generators of FL(T') (compare [BN4, Definition 10.5]) and where
div, () is the same as in Definition 2.11.
Moving on to general 7, we note that the operations hm and tha satisfy

hm™ Jftha" = tha" tha™ Jhm®! (39)

(stitching strands x and y and then stitching a copy of the result to  is the same as stitching
a copy of x to u, then a copy of y, and then stitching x to y; compare [BN4, Equation (6)]).
Applying the operators on the two sides of Equation (39) to Fs(A; w) (assuming H and T
are such that it makes sense), then expanding using (29) and (36), and then ignoring the
wheels in the resulting equality, we find that R, satisfies

RECHO=M) — Roe ROl (40)
(compare [BN4, Equation (16)]). Similarly, looking only at the wheel part of (39) we get
FW(BOH(Ar, M) RN = ()R R 4 Ky (0 R YR

C25

which, composing on the right with R, | using (40), is equivalent to

Ku(BCH(As, Ay)) = Ku(Xo) Ry + Ku(AyJ Ry )JC (41)

(compare [BN4, Equation (19)]).
Equations (40) and (41) hold for any A, and hence for any A, and \,. Specializing to
Az = 7y and A, = €y, where € is some new indeterminate scalar, and using the fact that

ations below

CZ5None should believe without a verification:

1hs=§a // hm[1, 2, 4] // tha[u, 4]; ths =&, // tha[u, 1] // tha[u, 2] // hm[1, 2, 4];
{lhs, (lhs =rhs)@{8}}

{Es{<3+Lsh, ~TV, -UTY 42 WOV, 20TV +u VY - 2 Tev Y, ...,
4%LS{T+V’ uv —é uﬁ—iﬁv uuﬁ+£uﬁv+iﬁvv }
2" 12 12 ! 24 12 A I

CWS{Z’u\, -uv, —31;“], _uu6uv +uvv - avuav, H, BS[9 True, ]}
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BCH(77, ey) = (1 + €)7, Equations (40) and (41) become
RTY = RYJRIM and Ko (7 + €)y) = Ku(T7)RY + Ku(ey/R7)JC.T

Now differentiating with respect to € at € = 0 and using Equation (38) with 7 replaced with
€, we get

LRy = RJadf™ and K (r) = div (o BT

The first of these equations is the same equation that is satisfied by RC,, (see [BN4, Lemma
10.7], with v proportional to 7), and hence R, = RC,. By a simple change of variables,
Ju(y) = §; dt div,(y J RCE) J C;™, and hence £ J,(7y) = div,(y/RC:Y)/C;™ (compare
with the formula for the full differential of J, [BN4, Proposition 10.10]). Comparing with
the above formula for the derivative of K, we find that K, = J,. O

2.4.4. The inclusion {A"(S)} — {AY(H;T)}. The following definition and proposition im-
ply that there is no loss in studying the spaces A"Y(H;T') rather than the spaces A"(S).

Definition 2.21. Let 6: A" (S) — A"(S; S) be the composition of the “double every strand”
map | [,eg Afsa: AY(S) — AY(hS L tS) with the projection A*(hS L tS) — A¥(S;S) (as
an exception to the rule of Footnote 13 we temporarily highlight the distinction between
head and tail labels by affixing them with the prefixes h and t).

Comment 2.22. If D € A“(S) is sorted “heads below | T
tails” as in Comment 2.1, then 0D is D with its arrow E § E J

=]

heads placed on the head strands and its arrow tails =
placed on the tail strands, as shown on the right.

123 RLh2h3 L1 62 63
Proposition 2.23. § is a (non-multiplicative) vector space isomorphism. The inverse of §
on D e A*(S;S) is given by the process
(1) Write D with only arrow heads on the head strands and only arrow tails on the tail
strands. By Comment 2.106 this produces a well-defined element D' of A”(hS u tS).
(2) Stitch all the head-tail pairs of strands in D" by putting each head ahead of its corre-
sponding tail: 51D = D'JT], dmh®te.

Proof.  §71)J6 = I by inspection, and §//§ ! is clearly the identity on diagrams sorted to
have heads ahead of tails as in Comment 2.1. ]

@ Q/LD In topology, ¢ agrees with the ¢ of [BN4, Section 2.2]. In Lie theory, it agrees with
the linear (non-multiplicative) isomorphism U (Ig) ~ U(g)®S(g*) and with similar

isomorphisms considered by Etingof and Kazhdan within their work on the quantization of

Lie bialgebras [EK] (albeit only when the Lie bialgebras in question are cocommutative).

Definition 2.24. The product # of A“(5;S) induces a new product, also denoted #; on
A*(S). If Dy and Dy are in A™(S), set

D1#Dy = (8(Dy)#0(Ds)) 0" (42)
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Comment 2.25. With Comment 2.22 in mind, | p, | | D | | D || D2 |
we see that if Dy and Dq are sorted as in Com- " _

ment 2.1, then D1# Dy is “heads of Dy, then of e

Dy, then tails of Dy, then of Dy” (with the last 74

two parts interchangeable, by T'C'). The picture is nicer when rotated, as on the right.

% 1 See the comments following Discussion 2.5.

The next proposition shows how the operations of defined on the A"(.S)-spaces in Defini-
tion 2.2 can be written in terms of the “head and tail” operations of Definition 2.17, thus
completing the description of the E, presentation.

Proposition 2.26. (1) If Sy and Sy are disjoint and Dy € A¥(S1) and Dy € A¥(Ss), then
5(D1 L Dg) = (S(Dl) L 5(D2)

(2) Let Dy, Dy € AY(S). Then 6(D1Ds) can be written in terms of 6(Dy) and 6(Ds) using
its description in terms of u, do, and dm in_Equation (2) and using the formulas for
U, do, and dm that appear in parts (1), (8), and (6) of this proposition.©*

(8) dn®|l§ = 6//hn®//tn®. (6) dm® )5 = §//tha®®Jhm® [ftma> %
(4) dA®)Jo = OJh A [t A®tha®. (7) dAL )6 = §JhAL JEAY..
(5) dS)J6 = 6)JhS*JtS®tha*. (8) doy[l§ = dJJhatjtaf.

Proof.  The only difficulty is with items (/)—(6). Item (/) is easier to understand in the
form 67 1)dA* = hAY)JtA%)Jtha®//5~'. Indeed, 5~ plants heads ahead of tails on strand a.
Applying dA® reverses that strand (and adds some signs). This reversal can be achieved by
reversing the head part (with signs), then the tail part (with signs), and then by swapping
the two parts across each other. The first reversal is hA®, the second is tA®, and the swap

computations below
C2As a sample for the whole proposition, we guote the implementation of dm and verify its meta-
associativity dm2®dma° = dmb/dm? (compare [BN4, Equation (32)]). We then include our implementa-
tion of the stacking product (item (2) above) without further explanations:

AC ¢ Es /7 am[a_ , b, c ] := £ // tha[a, b] // tm[a, b, c¢] // hm[a, b, c];

1hs=§b // dm[1,2,1] // dm[1, 3, 1]; rhs=&, // dm[2, 3, 2] // dm[1l, 2, 1];
{lhs@{3}, (lhs =rhs)@{5}}

{m“mw}z?ﬁ, 31T 50 1Ta - 2T, L,

2
4518[2T+7, 17, -2 177 - 2 174, H
ons[3T -7, 37T W gy, WIT 19T ITE 2T ) o, ]

%%AC Es /: Es[A1_, w1l ] *xEs[A2_, w2 ] /; Support[Al] == Support[A2] := Module]|
¥ {S = Support[A1l], &, a},
£ = Es[A1, w1] * (Es[A2, w2] // do[S > (bar/@S)]);
Table[{=¢ //dm[a, bar[a], a], {a, S}] // Last
1;
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is tha® followed by §=!. Ttem () is proven in exactly the same way, and item (6) is

proven in a similar way, where the right hand side traces the schematics (hata hbtb) tha,
(ha hbtath) 2™ ((ha hb)(tath)). O

Discussion 2.27. 1t is easy to verify that §: AY(S) — A"(S; S) is a co-algebra morphism,
and hence it restricts to an isomorphism 0: A¥ (S) — A% (S; S). Therefore E 0" is a

exp

bijection between TW(S) := TW,(S;S) and A% (S). Proposition 2.26 now tells us how to

(S5eY
write all the “d” operations of Definition 2.2 as compositions of “h” and “t” operations, and

Definition-Proposition 2.20 tells us how to write these as operations on TW,(H;T) (the H

and T label sets that occur here are always S with one or two labels added or removed).

Hence overall E,/6~", acting on TW,(S), is a complete presentation of A% (.5).

Definition 2.29. The “factored” presentation Ejrof AY  is the

exp

composition E; = Eg§~'. Namely, for a set S of strands, we
define Ey: TW,(S) —> AL, (S) by (A ), — By w)y/o~ = exp

exp

expy (IA + w). See the illustration on the right.

w

w

exp

Figure 2.28. E¢(\; w)s.
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2.5. Converting between the F; and the £y presentations.
We now have two presentations for elements of A (.5), and we
wish to be able to convert between the two. This turns out to
involve the maps I" and A of Propositions 2.6 and 2.8.

Definition 2.30. Define a pair of inverse maps I': TW;(:S) —

TWs(S) and A: TW(S)— TW;(S) by
I (A w) = (F(A); w)s and - Az (A w)s = (AA); w)ie
Theorem 2.31. The left-most triangle in Figure 1.2 commutes. Namely,
E, =TJE; and E;=AJE,. (43)

(All other parts of Figure 1.2 commute by definition).
Before we can prove this theorem we need a few preliminaries. For an element D € Ay (5),
we can define three associated quantities:

e The projection of D to the degree 1 part of A" (S), and especially, the projection m4 (D)
of the degree 1 part to its “framing” part Ag (consisting of self-arrows, that begin and
end on the same strand and point, say, up).

e A conjugation automorphism Cp of FL(S), defined as follows. First, embed FL(S) into
AY(S L {o0}) by mapping any generator a € S to a degree 1 diagram in A* (S 1 {00}), the
arrow whose tail is on strand a and whose head is on the new “00” strand and extending
in a bracket-preserving way, using the commutator of the stacking product as the bracket
on A*(S w {oo}). Then note that FL(S) < A"(S w {oo}) is invariant under conjugation
by D and let C'p denote this conjugation action.

? This is a direct analog of the Artin action of the pure braid groups PuB,, / PwB,
X5 on the free group FG(n).

e 7, (D)ds the result of adding a bullet at the bottom of every strand of D, in the same
sense as in Section 2.4.1. Equivalently, m, = /[ [,qhn® is the composition of ¢ with
“delete all head strands”. The target space of m, is A" ((J;.S), which is the symmetric
algebra S(CW(S)) generated by wheels.

Proposition 2.32. D is determined by the above three quantities w4(D), Cp, and m, (D).

Proof.  Asin Section 2.3, every D € A% _(S) can be written uniquely in the form D = e"et,
where \ € FL(S)® and w € CW(S). One may easily verify that 7, (D) is w, that Cp is the
exponential of the derivation in tderg corresponding to A, and that 74(D) determines the
part of X lost by the projection FL(S)% — tders. O
Proof of Theorem 2.51. For A€ FL(S)® let ' = T'(\). Comparing Figures 2.13 and 2.28, we

find that the w parts drop out and we need to prove, schematically, that in Aﬁfxp(S ),

¢

A= exp : = exp

a
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A simple degree 1 calculation shows that m4(A) = 7m4(B) = 0. The CP relation of Sec-
tion 2.4.1 shows that 7, (A) = 7, (B) = 0. Finally, it is easy to verify that Cy = e~ while
Cp = CY, and hence Cy = Cjp follows from Proposition 2.6. ]
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3. SOME COMPUTATIONS
3.1. Tangle Invariants.

3.1.1. The General Framework. Recall from [WKO2] that the assignment Z::24 +» exp(H)X
defined on S-component tangles and taking values in Ag_(S) (where H denotes an arrow
connecting the upper strand to the lower strand and exponentiation is in a formal sense) de-

fines an invariant of tangles with values in A}, (S). We'd like to compute Z* (more precisely,

ations below

comp

Oy computer talk, this is

iRl[a , b ] := E1[(a->LS[0], b-> -LS[LW@a]), CWS[O0]];
Rs[a , b_] := Es[(a—-»>LS[0], b-> Ls[LWe@a]), CWS[0]];
iRs[a , b ] := Es[(a—->LS[0], b-> -LS[LW@a]), CWS[O0]];

=R1[a_, b ] := El[(a> LS[0], b- LS[LW@a]), CWS[0]];

C28Indeed, here’s a computer verification in Ej, to degree 5:
@ lhs =R1[1, 2] #*R1[1, 3] #*R1L[2, 3]; rhs =R1[2, 3] #*RL[1, 3] **R1[1, 2];
{lhs@{3}, (lhs =rhs)e@{5}}

B {g1[(1>1s[0, 0,0, ...], 2>18[T, 0,0, ...], 3>1Ls[T+2,0,0, ...]), cWws[0, 0, 0, ...]],

BS[6 True, }}

C29%ere it is, to degree 6:

tl = iRs[12, 1] iRs[2, 7] iRs[8, 3] iRs[4, 11] Rs[16, 5] Rs[6, 13] Rs[14, 9] Rs[10, 15];
Do[tl = t1 // dm[1, k, 1], {k, 2, 16}];

t1ie{6}
Fuller output:
Bl es[a-1s0, 0, 0,0, 0,0, ...0), [WKO4]/817 .nb
— 31 1111 1351111111
cus[o, =TT, 0, - =557 0, - g,

C30g degree 4, we get

t2 = iRs[r, 6] Rs[2, 4] iRs[g, 9] Rs[5, 7] iRs[b, 3] Rs[8, 1];

(Do[t2 = t2 // dm[r, k, r], {k, 1, 3}]; Do[t2 = t2 // dm[g, k, g], {k, 4, 6}];
Do[t2 = t2 // dm[b, k, b], {k, 7, 9}]; t2)

Fuller output:

Es{<b—>LS{O, gr, % ggr + brg +% gTr, [WKO4]/Borromean.nb
1, — 1 — 1 = l—— 1+— 1 — 1 —
—Ebbrngggggr+4ggrr—2bgbr—2brgg—2brrg+6grrr, },

— 1 T — 1 — 1 — 1 — 1 — 1,
g%LS{O,—br,§bbr—bgr—brg+2brr,—6bbbr—2bbgr—Zbggr—zbbrg—
1. — IR —— 1l = —— — 1 — 1 — 1 —
berr+§bgrr+§bgbr+brgr—bgrg—§brgg+§brrg—€brrr, },
1 — — 1 — 1 — 1 — 1 —
r»LS{O,bg,Ebbg+bgr+§bgg,Ebbbg+§bbgr+§bggr+
1. — IR —— 1 —
begg+§bgrr+gbggg, ]>,
CWS[O, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr, H
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1 2 3 4 6 5 b
"""" _’*T_’*T = k}/
S o= oS

Figure 3.1. The knot 8;7 and the Borromean tangle.

its logarithm), in as much as possible, using both the T'W;(S)-valued [AT]-presentation E;

or using the T'W;(S)-valued factored presentation Ey (recall Figure 1.2).

We let R (a,b) and Rf(a,b) denote the value R(a,b) = Z* (a/’b> of the positive crossing
in TW, and TWj, respectively, and similarly, let R, (a,b) and R (a,b) denote the value
R~ Y(a,b) = Zv (b\a) of the negative crossing in T'W, and T'W;, respectively (for both signs
we label the upper strand a and the lower strand b). That is,

Zv (/b) — R (a,b))E, = Rt (a,b)JE, and 2" (b\) — R (a,b)))E, = R (a,b)//EL.

One may easily verify that Rfs(a, b) = (a — 0, b — +a; 0);,°%", and it is a simple exercise

to verify that R satisfies the Yang-Baxter / Reidemeister 3 relation R/ (1,2) = R/ (1,3)
RlJ,rs(zv 3) = RlJ,rs(27 3) * RlJ,rs(lv 3) * RlJ,rs(lv 2)C28‘

3.1.2. The Knot 817 and the Borromean Tangle. In this short section we evaluate Z* on the
knot 8;7 and on the Borromean tangle, both shown in Figure 3.1. An expanded version of
this section appears as [BN4, Sections 6.3 and 6.4].

For the 8-crossing knot 8,7 we need to take 8 copies of R¥ with strands labelled 1 through
16 as in Figure 3.1, and then stitch strands 1 to 2, 2 to 3, etc®®. This is done using dm
operations, and hence we cannot use the E; presentation.

Similarly for the 6-crossings Borromean tangle we need 6 copies of RE followed by some
stitching®*’. A colourful evaluation of the Borromean tangle appears in [BN4, Section 6.4].
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3.2. Solutions of the Kashiwara-Vergne Equations. In [WKO2, Section 4.1] we found
that in order to construct a homomorphic expansion Z* for the class wI'F° of orientable
w-tangled foams, defined there, we need to find elements V= Z*(J,) € A% (z;4)"* and
Cap = Z" (1) € A%5(1,) 7 “** that are required to satisfy the three equations in (44) and (45)
below. Recall from [WKO2, Section 4.4] that these equations are equivalent to equations
considered by Alekseev and Torossian in [AT] (see [WKO2, Equation 14] and [AT, Section
5.3]), and that the latter equations were shown in [AT, Section 5.2] to be equivalent to the
Kashiwara-Vergne equations of [KV].

The purpose of this section is to trace through all that at the level of actual computations.
Let us start by recalling from [W KO2] the equations for V" and for Cagp. The first of those is

the R4 equation [WKO?2, V12R(12 = RBRYBV!2 coming from the picture
\__ . v
NQ% /7 ; /k% T
\%4
R
Y z Ty z

In the language of this paper, and denoting the three strands z, y, and z, this equation
becomes

V o« (R(z, z)//dAiy) = R(y,2) * R(z,2) + V&3 (44)

The second and the third, “unitarity” and the “cap equation”, [WKO2, (12)] and [WKO2,
(13)], are the equations

V«(VJdA) =1 in A%x,y) and V«(CapjdA7,) = Cap(Cepj/doy) in Aw(Tx, ), 933 (45)

7Cap is called C' in [WKO2] and we trust that the other minor notational differences with [WKO2] will
cause no difficulty to the reader. Note that Aw(TS) is A“(S) with C'P relations imposed at the tops of the
strands; compare with Section 2.4.1.

computations below
C31For computations, we use the E presentation for V. As V is presented in TW,({z,y}), it is of the form
V= ((x—>a y— B);7)s, where o, 8 € FL(x,y) and v € CW(x,y), and where the coefficients of a, 3, and
v, what we call the as, the s, and the s, will be determined later. The first line below sets «, 3, and v to
be series with yet-unknown coeflicients, and the second line sets V' to be the appropriate combination of «,

B, and ~y:

x:LW["x"]; y=LW["y"]; z=LW["z"];
a=Ls[{x, vy}, as]; B=Ls[{x, y}, Bs]; ¥ =CWS[{x, vy}, ¥sl;

V0=Es[(x—>a, Y"B)I Y]I

(for a technical reason, in computations we use the symbol Vo, to denote V).
©32Gimilarly, Cap is presented in TW,(z). As it is made only of wheels, its tree part is 0, or the Lie series
LS[0]. The wheels part of Cap is a series kK € CW(z) whose coefficients are the yet-unknown xs:

K:CWS[{x}, xs]; Cap = Es[(x - LS[0]), x];
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which come from the two unzip operations,

- and u_

Solving Equations (44) and (45) degree by degree with the initial condition o« = —y/2+. ..
we find that one possible solution, given in the factored presentation, is

Ty TxxTy TrTYy  TYYy

Veb (oo .
! (CE 51 T 5760 5760 1440 T

T Ty cwxTY TTYY  TYYY
g T -

12 V760 T 20 T 720

+ ...

48 - 2880 2880 5760 2880

computations below

©33 The three equations in (44) and (45) are coded as follows:

UnitarityEqn = Vo ** (Vo // dA) = Es[(x—> LS[0], y-> LS[0]), CWS[O0]];
CapEqn = (Vo ** (Cap // dA[x, x, y]) // dec[x] // de[y]) =
(Cap* (Cap // do[x, y]) // de[x] // de[y]);

:R4Eqn=V0 ** (Rs[x, z] // dA[x, x, y]) = Rs[y, z] **Rs[x, z] **Vp ;
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and Cap = —72/96+7w72/11, 520—27TTT2 /725, 760+. . .“*!. Note that according to [WKO3],

Cup s avays S, where a1 = $108 (i)

We can also write V' in the lower-interlaced presentation:

Ty XY TIXxTY TITYY TYYY
V=E 27 -
b\t 24 " 06 T 2880 T 480 1440 T

x WJFxTyJFM:Ty rTYY | TYYY
Y757 12796 " 960 320 720
:):_@ TTTYy  TXYY  TYTY  TYYyY 36

~ 18 T 2830 T 2880 T 5760 T 2880 T

s

+ ...

(Cap is the same in both presentations).

Recall from [WKO2, Section 4.4] and from Comment 2.15 that the tree part of “our” V,
taken in the lower-interlaced presentation, is log F?*, where F is the solution of “generalized

computations below

C3%We set the initial condition for « in degree 1, then declare that «, 5, v, and x are the series which solve
equations R4Eqn, UnitarityEqn, and CapEqn, and then print the values of V and & (note the A~! that comes
with R4Eqn — it indicates a degree shift — R4Eqn in degree k only puts conditions on our unknowns at
degree k — 1):

Bs["x"]=1/2; Bs["y"] =0;
SeriesSolve[{a, B, ¥, x}, (A 'R4Eqn) A UnitarityEqn A CapEqn];
{Vo@{4}, xe@{6}}
Fuller output:

& . In degree 1 arbitrarily setting {ks[x] - 0}. [WKO4]/VCapSolution .nb
: In degree 3 arbitrarily setting {as[x, y, y] - 0}.

: In degree 5 arbitrarily setting {as[x, x, x, y, y] -» 0}.

: Further output of will be suppressed during this calculation. >
— _ Xy TxxXy _ 1xXyy XYY Y
{ESHX%LS[O’ 247 77 5760 5760 1440 ' }’
~ X _ZY XXXy 1 o ]
y%LS[2, 12’0’ 5760 720 X XYY * 955 xyyy,...”,
%y XXXY |, XXYY , Ryx¥ | XyYY¥ xR peee _
CWS[O’ 48 ' 0, 2880 ' 2880 | 5760 | 2880 ' ”’ CWS[O’ 96 ! 0 11520 0 725760 ]}

The solutions of (44) and (45) are not unique, and hence occasionally SeriesSolve encounters a coefficient
whose value is not determined by the equations. When this happens its default action is to set the missing
coefficient to 0. In the computation this happened to the coefficient of Z in x and to the coefficient of Zy y in «.
Cg‘E’Indeed, the series below matches with the computation of x, above.

. 1 n/2
Serles[‘1 Log[—sinh[h/Z] ] , {n, o0, 12}]

7ﬁ+ nt  n® . nt - nto . 691 h'? Lo
96 11520 725760 38707200 1916006400 62768369664000

C36We could re-compute V in E; by making some simple modifications to the input lines in C33, but it is
easier to use our tools and convert between the two presentations:

A[Vo]

[h} 13
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computations below

— _TJ B r—— XXTy_ 1 — XYY Y ]
EIHX*LS{O' 247 96 “*Y' 5880 " ag0 * XYYt Tigag |
ﬁ—)LS{E _T_y LXT —1 XXXV - — XXV +—1 XY }
Y 2" "12" 96 Y 960 Y =300 ¥ XYY Faog XYY Y ooy
B Xy RXXY XXVY RYXY XYVY ] }
CWS[O’ 25 % 2880 ' 2880 ' 5760 T 28807 -

C37The more authoritative version, of course, is the one printed directly by the computer:

@ logF = A[Vo][1] // do[{x, y} - {y, x}]

— YV XY 1 — 1 — 1 — 1 —
<“LS{%'sz'%XYY'*ﬁo“XY*azo“”*%XY”' |

gouso, 5, Ly, red 1 iaes Sy

Y " 247 96 *YYr TT1az0 a0 **YY T T2gg0 1 ¢
C38With higher authority:

a

@ atkv = logF // EulerE // adSeries [ eaad'l , logF, tb] g

{f = atkvy, g=atkvy}
B ([T, T, 1wy, L e ey L ]
LS| 57 67 57 XYYs ~Jgg XXXV + gg X XYY + 3¢5 XYY Vs -+ |

ES I e e )
LS{O, ' 24 XYV, 360xxxy+12Oxxyy+180 XYY Vy oo

We can then verify that (f,g) indeed satisfy Equations (46) and (47), at least to degree 9:

(29) (a* (us[x+y] -BeRly, x] = £-g-Ad[-x] [£] + Ad[y] [g]) /\
n divy [£] +divy[g] =

ad

ad y] (9] - adseries[ -2, BCH[x, y1][ul])e

ead 1

ad
d_q !

% try, [adSeries[ , x] [u] + adSeries[

e

{6} // Timing

@ . In degree 7 arbitrarily setting {as[x, x, x, X, X, y, y] » O}.
— {13.8281, BS[7 True, ...]}

Of course, we could have simply solved Equations (46) and (47) directly:
(o0) (F=1S[{x, y}, Fs], G=1S[{x, v}, Gs]}; Fs['y"] =1/2;
n SeriesSolve[{F, G},

Al (LS[x+y] -BCH[y, x] =F-G-Ad[-x] [F] + Ad[y] [CG]) /\
divy [F] +divy [G] =

i try, [adSeries[eém.l_1 , x] [u] + adSeries[ﬁ , y] [u] - adSeries[ﬁ , BCH[x, y]] [u] ] ] ;
{F, G}
- Fuller output:
— Y oxy 1 e L Xy ¢+ L x%y 1% } WKO4|/KVDirect.nb
L {es[ L, 2L, LRV, - X XY ¢ 5o XXV + 555 RYY Vs s [ |/KDirect.
ES e B B B 1)
LS{O, ' 24 XYV, 360xxxy+12Oxxyy+180 XYY Vy oo

(To the degree shown, the results are the same. But starting at degree 8 they diverge as the solutions are
non-unique. )
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KV problem” of [AT, Section 5.3] and where the superscript 21 means “interchange the role
of z and y”. Thus using the notation of [AT] a solution to degree 4 of the generalized KV
problem is“*"

2 12 96 720 320 960 > 24 96 1440 480 2880

logF:<§ Ty TYy waTy xTYy TYyy TY TYy Ty x@y_@yy>

Next, we’d like to compute a solution of the original Kashiwara-Vergne equations of [KV].
These are the two equations below, written for unknowns f, g e FL(z,y):

z+y—logeve® = (1 —e %) f 4 (1Y — 1)g, (46)
' , 1 ad adz ad BCH(z,y)
lem f + leyg = itr“ ((eadm -1 + eadz _ 1 o eadBCH(m,y) -1 (U) ’

By tracing the definitions of the comparison map x which appears in [AT, Theorem 5.8],
we find that a solution (f, g) of the Kashiwara-Vergne equations can be computed from log F’
via the formula

(47)

d(log F) _

(1:9) = oy €00z )

where £ denotes the Euler operator, which multiplies every homogeneous element by its
degree. To degree 4, we find“*® that

Yy Ty TYyy wrxTy rTYY TYYy TY TYYy TITTY TIYY TYYyY
Lg)=|Z+== — + + , — + + )
(f g) (2 6 24 180 80 360 " 12 24 360 120 180 )
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3.3. The involution 7 and the Twist Equation. Alekseev and Torossian [AT, Sec-
tion 8.2] construct an involution 7 on:the set SolKV of solutions of the Kashiwara-Vergne

computations below
C39We define ©1 [x,y,s] to be et in the E; presentation in a straightforward manner, then convert it to
the E; presentation, and then print its value in both the E; and Fs presentations:

Os[x_,y_,s_] :=@0l[x,y,s] // T;

:el[x_, y_, s_] := El[(x-> LS[sLWey], y- LS[sLWwex]), CWS[0]];
{el[x, y, 1], es[x, y, 1]}

B {e1¢x 51807, 0,0, 0, ...], V>IS[%, 0, 0, 0, ...]), CHS[0, 0, 0, 0, ...]],
T S e R B B }
Es{<xeLS[y, 5% XXY D) XYY, 24xxxy 24xxyy, ey
— — Xy 1 — 1 = 1 — 1 —
y_)LS[XI _TYI _ﬁ XXY+6XYYI ﬁXny_ﬁXYYYI ---}>I CWS[OI OI OI OI --'}]}

This done, the computation of 7(V5) and the verification that it is equal to Vj to degree 6 s routine:

TV =Rs[x, y] ** (Vo // do[{x, y} > {y, x}]) »*@s[x, y, -1/2];
(Vo = TV) @ {6}

& BS[7 True, ...]

C40We solve for series A and B satisfying (49). These equations are linear, so the printed solution is 0. Yet
we store messages produced by LinearSolve in a stream called msgs. As LinearSolve progresses, it outputs
messages detailing which coefficients were set in an arbitrary manner in each degree, and the dimension of
the space of solutions in each degree can be read from that information:

msgs = SeriesSolve[{A, B},
A! (b[x, A] +b[y, B] = LS[0]) A (divy[A] +divy[B] =CWS[0])];
{a, B}

{A=LS[{x, v}, As], B=Ls[{x, y}, Bsl};

@ . In degree 1 arbitrarily setting {As[y] - 0}.
(1870, 0, 0, 0, ...], LS[0, 0, 0, 0, ...]}

Next, we read the stream msgs, just to explore its format:

@ Read [msgs]

EJ {{ArbitrarilySetting, 1, {Hold[As[y]] - 0}}, {ArbitrarilySetting, 2, {}},
{ArbitrarilySetting, 3, {}}, {ArbitrarilySetting, 4, {}}}

Next we compute A to degree 12, and read only the dimensions information contained in msgs:
@ A@l2; Length[Last[#]] & /@ Read[msgs]

Fuller output:
. In degree 8 arbitrarily setting {As[x, x, X, X, ¥, X, y, y] = O}. [WKO4]/dims .nb
- : In degree 10 arbitrarily setting {As[x, X, X, X, X, X, ¥, X, ¥, y] = 0}.
. In degree 11 arbitrarily setting {As[x, X, X, X, X, X, ¥, X, ¥, ¥, y] = O}.
: Further output of will be suppressed during this calculation. >

(1, 0,0,0,0,0,0,1,0,1, 1, 2}
Finally we do the same, but now adding Equation (Si)%:
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equations. Phrased using the language of [WKO2], Alekseev and Torossian define a map
71 AY(1g) — AY(12) by 7(V) := R(1,2)V*O71/2 where ©% =€t and t = H + H € AY(15).
They then prove that 7 restricts to an involution of the set of solutions Equations (44)
and (45). It is not known if 7 is different from the identity; in other words, it is not known
if every V satisfying (44) and (45) also satisfies the “T'wist Equation”

V=7V). (48)

In topology, the Twist Equation is essential for the compatibility between Z* and Z";
see [WKO2, Section 4.7]. So it is not known if “every Z" is compatible with some Z"”.
Below the dark line we verify that to degree 6, “our” V satisfies the Twist Equation (48)%°.
Following that, we reproduce the results of Albert, Harinck, and Torossian [AHT], who
studied the linearizations

[z, A] +[y,B] =0  and div,A+divyB=0  with A, Be FL(z,y) (49)
of Equations (46) and (47) (which are equivalent to (44) and (45)), and the linearization of
Equation (48),

A(z,y) = Bly, ©). (50)
We find“*’ that up to degree 16, the dimensions of the spaces of solutions of (49) and of
(49)A(50) are the same and are given by the following table:

degA,B [1|2|3|4|5]6|7[8|9|10|11|12|13|14|15|16 (51)
dimension {1 |0 (0|00} 0|0O|1|0O] 1 |1 |22 ]3]|3]|5

Assuming that every solution of the KV equations to degree k can be extended to a
solution at all degrees (and similarly for KV ATwist)'®, the above table shows the number
of degrees of freedom for the solutions of KV (and/or KV ATwist), in each degree.

18] am not aware that this was ever proven for KV (and/or KV ATwist), vet a similar result holds for
Drinfel’d associators; see [Drl, Dr2, BN2, BN3].

computations below

msgsl = SeriesSolve[{Al, Bl1},
A (b[x, Al] +b[y, B1] = LS[0]) A (divx[Al] +divy[B1] = CWS[0]) A
(Al = (B1 // LieMorphism[x->y, y->x]))];
Al@l2; Length[Last[#]] & /@ Read[msgsl]

{A1=LS[{x, vy}, Als], Bl =1LS[{x, y}, Blsl};

Fuller output:
@ : In degree 1 arbitrarily setting {A1s[y] -» 0}. [\VKOZL]/dimsl .nb
: In degree 8 arbitrarily setting {A1s[x, x, X, X, ¥, X, y, y] » O}.
: In degree 10 arbitrarily setting {A1s[x, X, X, X, X, X, Y, X, ¥, y] = 0}.
: Further output of will be suppressed during this calculation. >
{1, 0, 0, 0, 0, 0, 0, 1,0, 1,1, 2}
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3.4. Drinfel’d Associators. It pains me to say so little about Drinfel’d associators, but
this is a computational paper and everything we need about associators was already said
elsewhere; e.g., in Drinfel’d’s original papers [Drl, Dr2], in my [BN2, BN3|, and in earlier
papers in this series [WKO2, WKO3]. Hence here I will only recall the few things that are
necessary in order to understand the computations below.

Recall that the Drinfel’d-Kohno algebra t,, is the completed graded Lie algebra with degree
1 generators {t;; = t;;: 1 <i # j < n} and relations [t;;,tx] = 0 when ¢, j, k, [ are distinct
(“locality relations”) and [t;; + ti, ;5] = 0 when i, j, k are distinct (“4T relations”)“*!. For
any fixed 2 < k < n the k — 1 elements {t;;: 1 <i < k} form a free subalgebra FL;,_; of t,,
and t, is an iterated semi-direct product of these subalgebras:

t, >~ ((...(FLy x FLy) x ...) x FL, 9) X FL, 1. 2)

Hence as a vector space, t, has a basis with elements ordered pairs (k,w), where 2 < k < n
and w is a Lyndon word in the letters {1, ..., k—1} (which really stand for {ti, ... tx_1.}) "%

The collection {t,} of all Drinfel’d-Kohno algebras forms an “operad” (e.g. [Fr]). We only
need to mention a part of that structure here: that for any n and m, there are many maps
t, — t,,. Namely, whenever {s;};_, is a collection of disjoint subsets of {1,...,m} (some of
which may be empty), we have a morphism of Lie algebras ¥ — W% mapping t,, to t,,,
and defined by its values on the generators of t, as follows:

(tij>517---75n = Z taﬁ-C43

a€s;, Bes;

—~
[S)

co ations below

Chlwe verify these relations, using obvious notation:

@ {b[t[1, 3], t[4, 2]], b[t[1, 2] +t[1, 3], t[2, 3]]}

{0, 0}

C42Hence for example, [t13,t12] = —[t13,%23] (the bracket of a generator of FL3 with the generator of FL, is
an element of FL3). In computer speak, this is

b[t[l, 31, t[1, 211

0 px[3, -T2]

Note that the head DK represents “a basis element in a Drinfel’d-Kohno algebra”, and that the Lyndon word
12 becomes [t13,t23] when interpreted in FL3 C ts.
We could make the last output a bit friendlier by turning it into a “Drinfel’d-Kohno Series” (DKS):

b[t[1, 3], t[1, 2]] // DKs

DKS[0, -T13tz3, 0, 0, ...]

C43 A5 an example we repeat a single evaluation of a map t; — tg twice. First using a complete and somewhat
cumbersome notation, and then using a shortened notation that works only if all indices are single-digit:

{t[2, 3]a[{2,4},{1,5},{3,7,8},{9}] // DKS, t[2, 3]0[24,15,378,9] // DKS}
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Note also that by regarding elements of t, as formal exponentials and using the BCH
product each t, also acquires a (non-commutative) group structure.“** By convention, when
we think of t, as a group, we refer to it as “expt,”.

We are finally in position to recall the definition of a Drinfel’d associator. With R =
eh12/2 € exp ty, a Drinfel’d associator is an element ® €'exp t; which satisfies the “unitarity
condition” (53), the pentagon equation (54), and the hexagon equations (55):

Unitarity: (I)321 _ (I)il, (53)
ok . PL234. 234 _ Pl234 . pl23d (5)
SN (REN123 = & . (RT23 . (91132 (REHLS . 9312, (55)

A surprising result by Furusho [Fu| (see also [BND1]) states that in the context of expt,
the hexagon equations follow from unitarity and the pentagon, provided ® is initialized to
degree 2 by ® = exp ([t13, t23]/24 + higher terms).“*>

ations below

comp

g {DKS[t13 + t17 + tlg + t35 + t57 + t58, O, O, O, ...],

DKS[t13 + t17 + tlg + t35 + t57 + t58, O, O, O, ...]}

Cddpoy example, in t3 the elements t12 and to3 do not commute, and hence the product et12/2¢t23/2 g
messy. Yet by a 4T relation the elements t15 and (t12)12’3 = t13 + tog do commute, and hence the product

12,3 . .
et12/2 (eh12/2)"™" is much simpler:

R:DKS[t[l, 2]1/2]1;
{R #%* R°[2/3] R &% RO[12,3]}y

@ {t12 tos 1 — 1 ——— 1 pr—
DKS | —*= ; — 5 tiztaes, -5 tiztast — tiztiz tos,
{ + 2 3 13 L23 48 13 C23 Co3 + 96 13 L1z L23
1 ——— 1 r——— t Tt t
*ﬁt13t23t23t23+mtl3t13t23t23,...}, DKS[%Jr%Jr%, O, O, 0, ...]}

C45Here’s an associator ®o, computed to degree 6. The data file [WKOA4]/Phi .nb.contains a computation, of
an associator to degree 10, higher than was previously computed [BN2, Br].

SeriesSolve[&, (§0°[3'2'1] = -8) A\ (Bo ** B,011:23,4] 44 5,9[2:3,4] £ §,9[12,3/4] 44 §0°[1'2'34])] 8

xas[z, 1] =®s[3, 1] =&s[3, 2] =0; &s[3, 1, 2] =1/24; &, =DKS[3, &s];
3,@{6}

Fuller output:
@ . In degree 3 arbitrarily setting {®s[3, 1, 1, 2] » 0}. [WKO4]/Phi .nb
. In degree 5 arbitrarily setting {®s[3, 1, 1, 1, 1, 2] - 0}.

[ e——— 7t13t23t23%23 7t13%t13t23t23 £13t13t13t23
1 _ n _
DKS{O’ 2q t13tes, 0) 5760 5760 1440 ’

31%13tp3tp3to3to3toy  157t13F13tp3tp3%13t03  31E73€p3E13E3¢t03t03
967 680 1935360 387072

0,

31t13%73%p3tpataatps |, 1lty3t13®13p3 133 | 31133805 E 503
483840 290304 725760

83ti3ti3tiztoztosztoy  13%ty3tj3ti3tiztostos | L13t13€13t13813¢%23
967 680 241920 60480 roeee

To be on the safe side, we verify that ®¢ satisfies the hexagon equations to degree 6:
50
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computations below

R =DKS[t[1l, 2]/2];
n (Ro[12,3] = & **Ra[2,3] *% (_§0)0[1,3,2] **Ro[l,B] *% §00[3,1,2] /\

(_R)0[12,3] = $g k% (_R)o[2,3] *x (_§0)0[1,3,2] *x (_R)o'[l,3] * % §OG[3,1,2])@{6}
& Bs[7 True, ...]
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3.5. Associators in A". We know from [AT, Section 1] that a certain com- 4 _
bination of four copies of V' makes a solution of the pentagon equation, with v/aa
values in tders. In the language of [WKO2], this is the statement that V' is the VA
Z"-value of a vertex, that four vertices can make a tetrahedron, and that the

Z"-value @y of a tetrahedron is an associator in A" (see the figure on the right). Specifically,

q)v — (v//dA)12,3(V//dA)1,2v2,3vl,23’ C46

where we use standard notation: V23, for example, means “V with its x strand renamed
2 and its y strand renamed 3” and V1?3 means “V with its z strand renamed 1 and its y
strand doubled to become strands 2 and 3”. With the language of Definition 2.2, this is
V23 =V /dog)ldoy and V1?3 =V [ldof[JdAY,.

dy, satisfies the pentagon equation.“*” If our V also satisfies the Twist Equation, then
®y, also satisfies the hexagon equations (though we do not test that here). Finally, Alekseev
and Torossian [AT] prove that if the tree part of ®y is written as an exponential exp(l¢) of
an element ¢ of tders, then in fact ¢ € sders, where as in [AT], sder;is the space of “special
derivations in tder,”, the derivations which annihilate the sum of all generators on FL,“*.

ations below

C46And here is @y, to degree 4:

V12 =Vo // do[{x, y} > {1, 2}];
§V - (V12 // dA)a[12,3] * % (V12 // dA)o[l,Z] **V120[2,3] * % V120[1,23]

55, OB L0, s
23 1123 71223 1233 72223
ESHl%LS{O’ 24 7" T71440 T 5760 5760 5760
727233 1 —— 1323 1 — 1322 1332 2333
5760 * 280 1213 Toz0 " a0 12327 1152 T 1152 1440 ' }
13 11173 1123 71223 1 — 1133 1233
ZALS{O"Q’ O 420 ~ 1152 * 1920 480 " 13?7 5760 * 1152 *
7ﬁﬁ+19ﬁﬁ+71ﬁ2+7ﬁ22+7ﬁ32+T333 }
5760 5760 1920 5760 5760 1440 ' "
3%LS{O 12, 1112 1123 71223 71122 1132 1233 1213
24" 7T 1440 5760 5760 5760 1440 1440 5760
1323 1232 771222 771322 1332
1440 = 1152 5760 5760 1440 ' ]> cws [0, 0, 0,0, ﬂ

CMIndeed,

@ By ** §v0[1,23,4] *% §v0[2'3’4] = §v0[12,3,4] *k §Vo[1,2,34]

E] BS[5 True, ...

]

C48We convert @y to the E; presentation and take its first (tree) part and call it ¢, and then we verify that
[1, ¢1] + [22, P2] + [23, P3] = O:

¢ = (& // A)[11;
(b[LWel, ¢;] +b[LW@2, ¢,] +b[LW@3, ¢3]) @ {6}
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The topological meaning of “¢ € sders” is that one may
@,
perform a sequence of four R4 moves to slide a strand un-
derneath a tetrahedron, as shown on the right.
Recall that there is a map ac: 4= A%, (1,) (equivalently, a: U(t,) — A"(1,)), defined
by its values on the generators by sending ?;; to a sum of a smgle arrow from strand 1 to

strand j plus a single arrow from strand j to strand i: t;; — ;H, + M. Using the map a,
every Drinfel’d associator becomes an associator in AY.“*

S In topology, « is the associated graded of the “do nothing” map a which maps ordinary
knots to virtual knots. M +— H + K because H ~ X ~ 1 — N> (L —X) + (X =N) ~
2+ X~ H + M. See [WKOI, Section 2.5.5] and [WKO2, Section 3.3].

Oio In Lie theory, the existence of a corresponds to the fact that the invariant metric
on Ig = g x g* (represented by an undirected chord) is the sum of the two possible
contractions of a space with its dual in (g x g*) ® (g x g*) (the two arrows).

The [AT, Proposition 3.11] version of « is the map t, — sder,, < tder, taking ¢;; to
AT]
0(i — x5, j — x5, (k#1,5) = 0).

ations below

B ts(o, 0, 0, 0, 0, 0, ...]

Cwlndeed, we define a map DK2Es which takes Drinfel’d-Kohno series to elements of A" given in the FEj
presentation by applying the built-in aMap, adding 0 wheels, and applying the E; to Es conversion I'.
Applying this map to the Drinfel’d associator &3 computed before, we get and associators in A":

DK2Es[s___] [E] := E1[E // aMap[s], CWS[0]] // T;
DK2Es[1, 2, 3] [&]

@ — — — — —
23 1123 71223 1233 72223
ESHl%LS{O’ 24" %" " 1za0 " 5760 ' 5760 5760
727233 1 —— 1323 — 1322 1332 2333
5760 *4801213’ 1920 ' 640 1232~ 1152 1152 1440 ' }
13 11173 1123 71223 1 — 1133 1233
ZALS{O"Q’ O 420 ~ 1152 * 1920 480 " 13?7 5760 * 1152 *
7ﬁﬁ+19ﬁﬁ+71ﬁ2+7ﬁ22+7ﬁ32+T333 }
5760 5760 1920 5760 5760 1440 ' "
3%LS{O 12, 1112 1123 71223 71122 1132 1233 1213
24" 7T 1440 5760 5760 5760 1440 1440 5760

1323 1232 71222 771322 1332
1440 1152 5760 5760 1440 " 77

]> cWs [0, 0, 0, 0, 1}

The result matches ®y, computed before, to the degree shown. But this is only because both associators
are supported in even degrees, and there’s a unique even associator in A" up to degree 4. In degree 8 these
two associators diverge.
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3.6. Solving the Kashiwara-Vergne Equations Using a Drinfel’d Associator. Fol-
lowing [WKO3] (in a deeper, sense, following [AET]), we know that an element V" solving
the KV equations (44) and (45) can be computed from a Drinfel’d associator ® by first
computing the invariant Zg'= Z"(B) of the “buckle” B, shown below both as a knotted
trivalent graph and as a product of associators, then puncturing strands 1 and 3 and cap-
ping strands 2 and 4 from below, and then regarding the result in A*(13) by applying an
“Etingof-Kazhdan (EK) isomorphism™:“*"

_ _ puncture, cap, EK
((I) 1)13,2,4(1)1,3,2R23(I) 1(1)12,3,4 V.

computations below

C50We start with a straightforward computation of Zp:

R = DKS[t[1, 2]/2];

Zg = (_§0)0[13,2,4] * % §00[1,3,2] **Ra[2,3] *% (_§0)0[1,2,3] *% §00[12,3,4]

tos 1 1 1 1
DK - — - — — —
S{ PEARED [SSERE! 54 14 Tog + 52 14 T3a + 1 toq tsq, O,

Liztostostos | 7T Cigatogatostos | Ciatsatostos Tigtsatsstos 7 Tigtsgtsgtsy

5760 B 5760 B 1920 B 1920 B 5760 B
Togt3atsatsg | TLiatostsatos  tiatoaTigstss tTiatsatogatsg 1 —_—
5760 i 1920 i 1920 1920 720 F1atistastas+
1 ittt - Ttistiatostos  7Tt1atistsatss  Tiatostoatss  Ti1atistigtos
720 1333l 5760 5760 5760 1440

Tigtigtig t 1 T ———=  tistogtpgt 1 ————_  togtostyyt
14 C14 C14 C3q t14 C14 Tog Uag + c42atoalas 4 Tog Lag Las — 2412424 T34

1440 960 5760 960 5760 e
In the E; presentation, “puncture” is . So we puncture strands 1 and 3:

% // DK2Es[1, 2, 3, 41 // tn* // tn

= _ — = =
24 72224 727244 72444 w
Es{<1qu{o, 22 %" T5760 5760 ' 1440 ' "
2 24 2224 1 — 1 =
2 51s[0, 0, 0, 0, ...J,3»LS{?,—§,O, o~ myg 2284 4 oo 2844, L],
451S[0, 0, 0, o,...}>,cwsw, 0, 0, O,...]]

At this point we would normally need to cap and apply EK. But fortunately, strands 2 and 4 carry no arrow
heads (as can be seen in the above output), so there is no need to cap them and the EK isomorphisms act by
doing nothing. Hence apart from some obvious renaming, the above is already a solution of the KV equations.
It matches with the previously-computed V. to degree 4 but diverges from it in degree 8 (not shown here).
This is consistent with the result in (51), which shows that non-uniqueness starts only in degree 8.
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Likewise following [WKO3], we know that Cap = a(v'/*), where v isithe
Kontsevich integral of the unknot, or the inverse of the associator-combination
shown on the right and given by the formula a(v ") = ® /o dS?Jldm3?JJdm3* .
(Note that this computation uses the operation dS?, which is not easily available
in the E; presentation).

An alternative (yet equivalent) formula for V in terms of ® follows [AET] more closely. In-
deed according to [AET, Theorem 4] and [WKO3] V' generates the tangential automorphism
of FL(x,y) given explicitly by (z — FyzF, ',y — FyF; "), where

F = (qu Fy) = ((I)_l(xv —T — y)7 e(x+y)/2q)—l(y7 —X — y>€_y/2) (56)

(though note that our conventions here agree with the conventions of [WKO3] but slightly
differ from the conventions of [AET]).

Below the line we verify Equation (56).“>

co ations below

C51Tndeed here is v~1, followed by a verification that v~ Cap? is trivial:

vinv=§o // DK2Es[1, 2, 3] // ds[2] // dam[3, 2, 2] // dm[2, 1, x]

. XX RXKXX
Es{(x%LS[O, 0,0, 0, ...1), cws[o, 2%, 0, -2, H
@ (vinv x* Cap ** Cap ** Cap ** Cap) @ {6}

Es[(?%LS[O, 0, 0, 0,0,0, ...1%, CWS[0, 0, 0, 0, 0, 0, ...1]

C52We first have to rewrite ® in terms of z = t12 and y = t23. To do this we “3” term in @, the one involving

t13 and ta3 in the factorization (52) (it is the only non trivial term), and apply the appropriate change of
variables t13 — —x — y, to3 — y. It is smooth sailing afterwards:

@ 8, = ()3 // LieMorphism[LW@l » -x -y, LW@2 - y]

XY XXXy XXYY XYV VY
LS{O’ 24’0’ 1440 5760 ' 1440 ' "

F = (x » LieMorphism[y » -x - y] [-&1],
y->LS[(x+y) /2] ~BCH~LieMorphism[x >y, y—-> -x-y][-8;] ~BCH~LS[-y/2])

— _T‘J 7XXTy_7xﬂ'y XYY Y w
—<X*LS{O' 20 %" T5760 5760 1440 ' "’
_ ¥ %y XXy 1 = 1 = }
y%LS{z’ 127 % 5760 " 720 X XYY * a0 XYY Ve e

(F =Vo[1]) @{7}

E] . In degree 7 arbitrarily setting {®s[3, 1, 1, 1, 1, 1, 1, 2] » 0}
— BS[8 True, ...]
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3.7. A Potential S; Action on Solutions of KV. In [BND?2], Z. Dancso and I discussed
how “the expansion of a tetrahedron” can be interpreted as an associator valued in the
appropriate space A“(A) 2 A%(13) (see also [Th]). The symmetry group of an oriented
tetrahedron is the alternating group A4, and hence A, acts on the set of all associators in
A"(13) (note that while the action of the permutation group Ss on A%(13) is obvious, its
extension to an action of S, is non-obvious and is best understood using the isomorphism
A*(A) = A"(13)). The unitarity equation (53) means that odd permutations map associators
to objects whose inverses are associators; with some abuse of language we simply say that
“S, acts on the set of associators” (really, it acts on “associators and inverse-associators”).
As there are bi-directional relations between associators and solutions of the KV equations,
we can expect an action of Sj on the set of solutions of the KV equations and their inverses.
As mathematicians, Z. Dancso and I only lightly explored this potential action of Sy; we
wrote down what we think are the formulas inherited from the action on associators, but on
the formal level, we've verified almost nothing. Yet computer experiments, described below,
suggest that our formulas are correct and that they have the properties described below.
The first 7Z/2 action is the involution 7 discussed in Section 3.3. We have nothing further
to add.
The second Z/2 action is the involution py of: (A" which multiplies every degree d element
by (—1)%. Solutions V of the KV equations are not invariant under p,. Yet if Vj is the solution
computed in this paper then V; := R™Y21} is invariant under p,, at least experimentally.
Alternatively, V; is (experimentally) invariant under pf, := Rpy.“
A Z/3 action. For & € A¥(x,y) let pg(§) = ) dS"JdAY, Jdm3?Jdoyy, where doy¥ simply
means “swap the labels  and y”. Then pjs is a trivolution ((ps3)?® = 1)“°!, and a renormalized
version of Vp, namely V; == Vg + O« exp (552) = dAZ (Cap®) is, at least experimentally,

C55

invariant under the action of ps.

computations below

C53Indeed,

pz[V_] := V // (-1)de9;
Vi =Es[{(x>LS[0], y>LS[-x/2]), CWS[0]] **Vy;
{(Vi=pz[Vi])@{8}, (Vo=Rs[x, y] **p2[Vo])@{8}}

. In degree 8 arbitrarily setting {as[x, x, X, X, ¥, X, y, y] = O}.
— {BS[9 True, ...], BS[9True, ...]}

C54ndeed for a random &, Ecllpsllps)ps = e

p3[8 Es] := & // dsly]l // daly, vy, z] // dm[x, z, x] // do[{x, y} » {y, x}];/
n £. = RandomEsSeries[1, {x, v}]:;

o= (Ec//p3// p3// p3)
BS[5True, |
C55Indeed,

V2 =Vo*x0Os[x,y, -1/4] **
n Es[(x > LS@0, y-»LS@0), CWS[cw[x] /12 -cw[y] /12] - (2Cap[2] // tA[x, x, ¥])];
(V2 = p3[V2]) @{6}

BS[7 True, ...]
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4. GLOSSARY OF NOTATION

Icons, then Greek letters, then Latin, and then symbols:

Links with topology, finite- pB the “buckle” KTG 5%}
O/i\o [A\T} dimensional Lie theory, and the BCH the Baker-Campbell-Hausdorff series 14

Alekseev-Torossian paper [AT]. BCHy, BCH relative to tb 19
>\ . .
@ Human input, multi-line human ¢ Conjugatlpg generators by H
n input, and computer output. exponentials . 19
Cap Z" of a knot-theoretic cap 41
§%FL §%AC Source code quotes from the Cf th(e; CJ)D relation 27
i Mathematica packages FreeLie.m Cu c ) K 17
and AwCalculus.m [WKOA4]. CW  cyclic words 12
D a diagram in AY 9
dA strand doubling in A" (S) 11
— w A u — w
? ?hmap tn . AP%IYII/V/ A TWA ?:71 (AN “strand doubling” in TW; 23
Y T © ; OUVErsIon L s - dn strand deletion in A" (S) 10
(M) 1( ) o T () dn “strand deletion” in TW; 22
IX()‘) solution ((;f et Y=o ﬁ; do strand renaming in A"(.S) 11
a co-procuc do “strand renaming” in T'W, 24
) double all strands A"(S5) — A" (S;5) 33_ 14 strand adjoint ing.Aw(S) : 10
Z) a CO_:Tth }10 dA, dA® “strand adjoint” in TW, 22
e;(p( ;)L dc)l' CW —> AW 2? der derivations of FL 14
' the embedding = s der [AT] notation for der 14
A generic element of FL(S) 12 v S div 18
. u u
ﬁ N jile )(\:onversmn TWs — TWi ?g diviy;  a “self-action” map FL(S) — CW(S) 18
(A) 1( ) o o dm strand stitching in A" (.S) 10
A¢(A)  solution of C** = e=M 17..ds strand antipode in A™(S) 10
v Kontsevich integral of the unknot 06 dS, dSS “strand antipode” in TW, 53
TA projection on “framing part” 37 P ’ the Euler operator 15
T pI‘O‘]e(‘Zthp on trees 4 g ¥ the factored presentation 35
77* a p?ot]ectlc?n on Whi}els ‘?7 E; the lower-interlaced presentation 21
P2 an 1lnvolu§1on on "L}U ‘;7 E; the split presentation 29
p3 a tI:lVOllltl(‘)Il on A*(z,y) 27 Ey the upper-interlaced presentation 21
T an involution on SolK'V Al ona a map FL(T)! — A®_(H:T) 30
. 5 . S exp ’

© a Drlnfel. d ass.omaltuor ‘EO expt, the exponential group of t, o0

1% an as§0(:1ator in A 23 solution of the generalized KV
w generic element of CW(S) 12 equations 13
B ) 59 solution of the original KV equations 45
a,a,a;,b, ... generic strand labels 9 FI free Lie algebra 19
a the 11.101us:1on usual—virtual 24 g a finite-dimensional Lie algebra 9
A Abelian lie algebra 4. g a set of head labels o7
a [AT] notation fOT A 14 hi head labels 97
ad) a derivation on FL(T) 32 héeg degree-scaling 14
fﬁw the dire‘cted AS relation ). A head-strand doubling in A¥(H;T) 29
-Aw arrow-diagram Spaces I “head-strand doubling” in T'W; 31
A exponentlalls in A gy deleting a head-strand in AY(H;T) 28
AY(H;T) arrow-diagram space on heads-tails hn “deleting a head-strand” in TW, 31
skeleton 27, ho head-strand renaming in AY(H;T) 29

Aty (H;T) exponentials in AV (H;T) 29
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ho “head-strand renaming” in TWj 31 tr [AT] notation for CW 14
hA head-strand adjoint in AY(H;T) 28 tS tail-strand antipode in A" (H;T) 28
hA “head-strand adjoint” in T'W; 31 tS “tail-strand antipode” in TWj 31
hm head-strand stitching in AY(H;T) 28 TW  trees and wheels 12
hm “head-strand stitching” in TWj 31, .TW; domain of E; 21
hS head-strand antipode in AY(H;T) 28 TWs domain of Fy 29
hS “head-strand antipode” in TW, 31w the upper embedding FL(S)® — A% 21
Ig gxg* 9 wu unzip operations 42
THX the directed THX relation 9. u,v,w tail labels 28
7 a “log-Jacobian” FL — CW 19 U universal enveloping algebra 9
Ju a “partial Jacobian” FL — CW 18V Z" of a knot-theoretic vertex 41
l the lower embedding FL(S)® — A% 21 z,y,z head labels 28
lie [AT] notation for FL 14, Zp Z" of the buckle B 55
prim  the primitives in A 12z the A" counterpart of Z% 48
g’rim( H:T) the primitives in AY(H;T) 29 LY a (universal) Aﬁfxp-valued invariant 39
R R(1,2) 11
R*'(a,b) Z™ of a single + crossing 10/ postiix operator application,
Rli R in TW, 10 “composition done right” 10
RY Rl in TW, 10. H a single-arrow diagram 39
RC inverse of C* 15 * the stacking product in A" (S) 10
RC)  RC®@w>7) 17 * the “stacking product” in T'W, 22
IS a set of strands g # the stacking product in AY(H;T) 28
S a symmetric algebra 19 # the “stacking product” in TWj 31
sder  “special” derivations 53 # a product on A"(S) 33
STU  a directed STU relation 9.0 the co-product in A*(S) 11
T a set of tail labels o7 U the co-product in A"(H;T) 29
ti head labels o7 —19e¢  Jegree-scaling with h = —1 14
tij generators of t;; 19 TY top-bracket notation 13
tn the Drinfel’d-Kohno algebra 19, 0 the map FL(S)% — ders 14
tA tail-strand doubling in A" (H;T) 29\ set minus, array key removal 22
tA “tail-strand doubling” in TW; 31, < a disjoint union in A"(S) 9
tn deleting a tail-strand in AY(H;T) 28 Y “disjoint union” in T'W, 22
tn “deleting a tail-strand” in T'Wj 31, < “disjoint union” in T'W, 31
to tail-strand renaming in AY(H;T) 29 Y a union made disjoint 27
to “tail-strand renaming” in TW; 31, Y a disjoint union in A" (H;T) 28
tA tail-strand adjoint in AY(H;T) 28 . In a skeleton labelled S = {1,...,n} 9
tA “tail-strand adjoint” in TW; 31 wvw  acyclic word 14
TAut the exponential group of tder 15 (A w) generic element in T'W, 21
b tangential bracket 15 (A; w)s generic element in TW, 30
TC the tails-commute relation g (X W)y element in the domain of E, 21
tder  tangential derivations 14 [ ]w tangential bracket 15
toer  [AT] notation for tder 14
tha tail-head action in AY(H;T) 29~ an over-crossing 39
tha “tail-head action” in TW, 31N an under-crossing 40
thm  tail-head stitching in A" (H;T) 29, X a “virtual” crossing 39
tm tail-strand stitching in AY(H;T) 28 A the knot-theoretic “vertex” A1
tm “tail-strand stitching” in TW, 31 1 a knot-theoretic “cap” 4l
try, a trace map FL(S) — CW(S) 18 A unknotted tetrahedron o7
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Everything below is to be blanked out before the completion of this paper.

RECYCLING

Discussion 4.1. For use in the next section, note that both A" (1g) and A(S; S) are asso-
ciative algebras (the former using the stacking product of Equation (1) and the latter using
that of Equation (18)), yet 0 is not multiplicative and hence it does not restrict to a Lie
morphism on primitives. Instead, on primitives (A1;wy), (Ao;wq) € TW(S) we have

5[l>\1+Lw1, l)\g-i-ng] = [5(1)\1+Lw1), (5(1)\2+Lw2)]+63(a)\1)\2; (;3)\1602)—63((3)\2)\1; (3)\2(,«]1). (57)

Proof of Equation (57).

Proof.  E; and Ey both plant wheels at the top, and as tails commute, they do so in the
same manner. So w’ = w and we only need to show Equation (43) at tree level (meaning,
modulo wheels). We will show that for every scalar ¢,

exp(I(tA)) = expy(es(T(N, 1)) /67" (58)
the desired result is the specialization of Equation (58) to ¢ = 1. It is clear that Equation (58)
holds for some unique I'y = {a — 70.(t)}, that 79,(0) = 0, and that each coefficient of
each ~g,(t) depends polynomialy on ¢, and hence it is enough to show that I'y satisfies the
differential equation in (6).
MORE.

To Do

e Add some moral explanations near the Lie-theoretic definitions of C, RC, J, j, T,
and A.

Comments by Zsuzsi.

The word “certain” is used too many times in the abstract. I think it would sell better to
be more specific there, even at the cost of a longer abstract.

Similarly, I think you could make the first paragraph of the introduction sound less enig-
matic.

In the first topology paragraph on page 5, you could say “for S, T, H some sets”, or
something along those lines to make it less cryptic?

In general I think the introduction and abstract should cater more to readers not initiated,
I think in general if someone doesn’t understand the introduction to a paper they are much
less likely to bother reading the rest. (Ps: I do love Figure 1.)

Occasionally I think it might make sense to group the math on one or two full pages and
then the corresponding computation on one or two full pages.

FreeLie.m to do.

%FL « Add "?" help lines and/or tooltip popups.
: » Revise LW and CW I/O; have declarable “generators”.
= Consider “trees and wheels printing”.
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63


http://drorbn.net/AcademicPensieve/Projects/WKO4/FreeLie.m

	1. Introduction
	1.1. Acknowledgement

	2. Group-like elements in Aw
	2.1. A brief review of Aw
	2.2. Some preliminaries about free Lie algebras and cyclic words
	2.3. The lower-interlaced presentation El of Awexp
	2.4. The factored presentation Ef of Awexp and its stronger precursor Es
	2.4.1. The family {Aw(H;T)}
	2.4.2. Operations on {Aw(H;T)}.
	2.4.3. Group-like elements in {Aw(H;T)}.
	2.4.4. The inclusion {Aw(S)} -3mu{Aw(H;T)}.

	2.5. Converting between the El and the Ef presentations.

	3. Some Computations
	3.1. Tangle Invariants
	3.1.1. The General Framework
	3.1.2. The Knot 817 and the Borromean Tangle

	3.2. Solutions of the Kashiwara-Vergne Equations
	3.3. The involution  and the Twist Equation
	3.4. Drinfel'd Associators
	3.5. Associators in Aw
	3.6. Solving the Kashiwara-Vergne Equations Using a Drinfel'd Associator
	3.7. A Potential S4 Action on Solutions of KV

	4. Glossary of notation
	References
	Recycling
	To Do

