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Pensieve header: A unified verification notebook for the PPSA project.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog

Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
NotebookOpen [wdir <> "\\MakeVSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
TD
$ThD = 3; $TeD=2; € /: €’ /; d> $TeD := 0;
(» $TeD can't be o at least because of Quesne. Can't be <
1 at least because of the explicit e? in SD$g. =)
SetAttributes[{SS, SST}, HoldAll];
SS[&_ ] := Block[{h, €}, (* Shielded Series =x)
Collect[NormaleSeries[s, {n, @, $TAD}], 2, Together] ];
SST[& ] := Block[{h, €},
Collect[NormaleSeries[s /. {T; » e""/?, T e"%?}, {h, @, $ThD}], &, Together] |;
Simp[&_, op_] := Collect[s, _CU| _QU, opl; Simp[& ] := Simp[&, SS];
SimpT[&_ ] := Collect[s, _CU| _QU, SST];

Differential polynomials (DP):
Utils

DPQL-)DX,;ﬁf-’Dy, [Pi] [ﬂi] o=
Total[CoefficientRules[P, {a, B}] /. ({m_, n_} »c_) =»cD[A, {x, m}, {y, n}]]

DeclareAlgebra
QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[Xx_, V. , Zz ] = (X**Y) *%Z;

Oxx _=_*%x0=0;

(x_PLus) xxy_i= (7%xy) &/@x; X_xx (y_Plus) i= (x*x 1) &/@y;

B[x_, x_] =05 B[X_, Yy_] i= X*xy -y **X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts__Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}
gp = Alternatives ee gs;
gp = gp | 8p_; (» generators pattern x)
sr = Thread[gs » Range@Length@gs]; (* sorting rule =)
cp = Alternativeseecs; (* centrals pattern x)
CE[& ] := Collect[s, U, (Expand[#] /. h% /; d > $TaD > 0) &];
Ui [&.] := & /. {t:cp» ti, u_U :» Replace[u, x_ = Xxi, 1]};
Ui [NCM[]] :=U[];
BU@ (x_):i , U@ (y_): ] := B[U@x;, Uey;] = U;@B[Uex, Uey];
B[U@(x_ )i ,Ue@(y_); ] /; i=t=] := 0;
B[Uey , Uex_ ] :=CE[-B[Uex, Uey]];
X_*%xU[] :=Xx;5 U[] **Xx_ :=X;
(a_xx_U) #* (b_xy_U) := If[ab === 0, @, CE[ab (x*+y)]];
(@_*x_U) ¥xy_ = CE[a (X**y)]; X_** (a_*xy U) := CE[a (Xx**Yy)];
Ulxx___,x ] *%x U[y ,yy 1 := If[OrderedQ[{x, v} /. srl,
Ulxx, x, V, YY1, U@xx x* (URy x*x U@x + B[U@x, URy]) »xUeyy];
ve{c_ . (L:gp)™, r___} /;FreeQ[c, gp] := CE[cU@Table[L, {n}] x»xUe{r}l;
ve{c_ .xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c_,r___} /; FreeQ[c, gp] := CE[cUe@{r}];
ve{} =U[];
ve{lL_Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL ,r_ __} := Ue{Expand[L], r};
U[ & _NonCommutativeMultiply] :=U /e &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L _List > L1, {1}1;
Joinee (First /e sp);
us =Joinee (sp /. L o = (L/.x i »Xx5));
CE[Total]
CoefficientRules[poly, vs] /. (p_->c_ ) =» cUe(us?)

] ] /e X_puil > X
B
pow[&_, O] =U[]; pow[&_, n_] :=pow[S&, n-1] % &5
Syl&_, ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;]
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]];

VS
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DeclareMorphism

QLImplementation
DeclareMorphism[m_, U_ - V_, ongs_List, oncs_List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}];
m[ULT1 = VI[I1;
m[U[g_i 11 := Vi[m[Ueg]];
m[U[vs__]1] := NCMee (m/@eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_ Uz mlull;)

Meta-Operations

QLImplementation

Si [& Plus] := Simp[S; /@ &];

Implementing sI5©
cu

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[CU@a, CUey] = -y CUey; B[CUe@x, CUea] = -y CUex;
B[CUex, CUey] = 2e CURa-tCU[];

(secuey = -CUey; SeCUea = -CUea; SeCUex = -CUex;)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0, 0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, Xx], 23 =CU[y, Yy, a, x]}, {
(rhs = (z1 %% 22) %23 // Simp) // Short,
21 (22%%23) -rhs // Simp // HL
}] // Timing
{0.703125, {4 (7t>y*+29t v’ e +30y°€?) CULY, ¥, ¥, X, X] +
<«<30>> +CU[y, ¥, ¥, ¥, ¥, a, @, a, a, X, X, X, X], 0}}

Verifying that S is an anti-homomorphism on CU:

With[{bas = CU /@ {y1, a1, X1}},
Table[HL@Simp[S; [zl #* z2] - S1[z2] *% S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{0, 0,0}, {6,0,0}, {6,0,0}}
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Verifying the involutivity of S on products of triples:

With[{bas = CU /@ {y1, a1, X1}},
Table[HL@Simp[z1 x% z2 % 23 - S1 @S, [z1 x*% z2 x* z3]],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
{{{e, 0,0}, {0,0,0}, {0,0,0}},
{{0, 0,0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Implementing Uye.n

With g=e™€, A=e™"@ T =¢"2 and [f, 9], :=fg - qdf, our algebra is Uyen=(t, y, a, X)/ R, where
R=(It, x1=0, [a, I=-yy, [x, ¥lg=(1- T2 A?)/h, [x, a] = -yx).
Qu
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals - {t, T}];
q =5S[e"*?]; (+T=SS[e® /2] ;)
B[QUea, QUey] = -y QUey; B[QUex, QUea] = -y Quex;
B[QUex, QUey] = (q-1) QUe{y, x} +Oq[SS[(1-T2e2°2") /1], {a}];
(seQuey = o [SS[-T2e"c%y], {a, y}];
SeQUea = -QUea; SeQuex = O [SS[-e"°?x], {a, x}];)
Si [QU, Centrals] = {t; » -t;, Ti - Ti'};

With[{bas = QU /@ {y, a, x}}, Table[{zl, z2} » Simp[zl ** z2 - z2 »% z1], {z1, bas}, {z2, bas}] ]

{{{Quly], QUlyl} > @, {QUly], QU[al} - v QU[y], {QU[y], QU[x]} -

-1+T2) QU
w_ZTzeQU[a} +2T?e’*nQU(a, a] + |-yeh- EYZEZEZJ Iy, x]},
2

h
{{Qufa], QU[y]} » -vQU[y], {QU[a], QU[a]} » @, {QU[a], QU[xX]} » ¥ QU[X]},
(17T2)QUH 2 2 2 15 5.
{{QU[X],QU[y]}eerZT eQUla] -2T°e“hnQU[a, a] + yefwf;y e“h®| QUly, X],

{QUIx], QU[al} » -¥QU[x], {QU[x], QU[x]} - @}}
Verifying associativity on triples of generators:

With[{bas = QU /@ {y, a, x}},
Table[HL[z1 #% (22 %% 23) - (21 %% 22) %% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {0,0,0}, {0,0,0}},
{{0,0,0}, {0,0,0}, {6,0,0}}, {{6,0,0}, {0,0,0}, {0,0,0}})
Verifying associativity on a “random” triple (~34 secs @ $ThD=5, $TeD=2):

With[{ZJ- =QULY, ¥, a, a, X, X], z2=QU[y, a, x], z3 =QU[y, Yy, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
HL[Zl *% (22 *% 23) -rhs // Simp]
}] 7/ Timing
{31.7813, {«<1>, 0}}

Verifying that S is an anti-homomorphism on QU:
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With[{bas = QU /@ {y1, a1, X1} },
Table[{z1, z2} » HL@Simp[S; [zl *% z2] - S1[Zz2] ** S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{{QU[y1], QU[y1]} » @, {QU[y1], QU[a1]} - @, {QU[y1], QU[x1]} — @},
{{QU[a1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[x1], QU[y1]} - @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} - @}}

Verifying that Limp_0 QU = CU using a “random” product (~23 secs @ $TAD=5, $TeD=2):

with[{zl =CU[y, y, a, a, X, x], z2=CU[y, a, x], z3=CU[y, VY, a, x]}, {
Shor‘t[lhs =271 %% (ZZ * % 23) ] R
Short[rhs = (QUe@z1) »x ((QUeez2) ++ (QUeez3))],
Expand[Limit[rhs /. {QU-)CU, T- eﬁm}, h-)O] -1hs] // HL
}] // Timing
{32.7969,
{2 (8t27(4+16ty5€) CUlY, ¥V, ¥, X, X] + (8ty56+16)(6(—:2) CULY, ¥, Y, X, X] + <<106>> +
CULY, Y5 ¥s Y5 ¥s @5 @, @, 8, X, X, X, X], (=8T2y%e®+8T v e?) QUIY, ¥, ¥, X, X] + <<489>> +

15 2 232
Y€ﬁ+?7{€h QU[y)y,ny)y,a,a,a,a,X,X,X,XLG}}

Implementing 6
theta
DeclareMorphism[Ce, CU » CU, {y -» -CUex, a- -CUea, x » -CUey}, {t--t, T>T}];
DeclareMorphism[Qe, QU - QU, {y - Oq[SS[-Te"*?x], {a, x}],
a--Quea, x-0g[SS[-T*e"%y], {a, y}]}, {t>-t, T>T7}]
Verifying involutivity on CU:

With[{bas = CU /e {y, a, x}},
Table[z » Co[z] » HL[Co[CO[Z2]]1], {Z, bas}] ]

{CU[y] » -CU[x] »CU[y], CU[a] - -CU[a] »CU[a], CU[x] - -CU[y] » CU[x]}
Verifying that 6 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, Xx}},
Table[CO[z1 *x z2] -CO[z1] *xCO[z2] // HL, {z1, bas}, {z2, bas}] ]
{{0,0,0}, {0,0,0}, {0,0,0}}

Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z » Q6[z] » HL[Q6[QO[2]1], {z, bas}]]

2 22
(Qury) - - & ehQUT[a’ X &h Quz[i’ 22X uiyl, Quial - -qulal - Quial,
2 -2 2 2 2 2 2
Wix] > 1+MMJ Wiyl « |- €0, xEn ]Qu[y,a] _e2n?Quly, a, aj e
T T 2T T T 2T

Verifying that 6 is a multiplicative homomorphism on QU:
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[Simp[Q6[z1l »* z2] - Q6 [z1] *»*Q6[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

t
{Short[tt = QU[y] #*Qe[QU[y]] -Qe[QU[y]] »*QU[y]], tt /. t > g}

1 T
{_[_74_7] QU[] + «<18>,

Th n
1T € eh 1_, QULy, x]
—(——+—J QUH+2T€QU[a]—[——+Te QUa] - |- + = Te?n| QUla, a] - —22"—+
Th n T 2T 2 T
¥?2e?2h?Quly, x] 1 yeh y?e?n? yeh y*e?hn?
L2 -2 == ]Quw,x] =2, Iy, x] -
2T T T 2T T
ehQU[y, a, x] ve?h?QU[y, a, X] eh ye?h?
)T/ - Ty |- - Iy, a, x] }

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

i _ 2
A1D$'F=Ieh(?'(a”)e) Cosh[A (ae+ﬁ_3)]_Cosh[h\/(t xe] rew | /

s 2 2 2
G o pTEE
(Slnh[T] (a e+axe—at—w)) 3

Scaling behaviour of AD$f:
HL@Simpli'Fy[A]D$'F = ( (A1D$'F /. ¥~ 1) /. {e >ye, aoylta, woy!? w})]

True

HL@FullSimplify |
AD$F == ((A]D$'F /. 7—)1) /. {h > y*h,e»e/y, analy, to>y2t, w—>7‘3w})]

True

ADeq

AD$w = ¥y CU[y, x] +e CU[a, a] - (t-ye) CU[a];

ADeq

DeclareMorphism[AD, QU - CU,
{a > CU@a, X » CU@X, Yy - Scy[SS[AD$f], a » CU[a], w » AD$w] ** CU@Y}]

Verifying that the asymmetric dequantizator is a homomorphism:
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} - HL[SimpT[AD [z1 x% z2] - AD [z1] »* AD[z2]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

SDeq

h

smg:\/((Cosh[E\/tzwzezMew] - Cosh|
2 2

(t- (2a+%) )]) /
(Sinh[%] (t (2a+¥) -2a(a+vy) e+2m)h/(27)]);

Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequant1.pdf:

Cosh[a (%H—:a)] - Cosh[a tz;—ezﬂsw]

{S]D$P =

nsinh[=2] (w-ea’+ (t-€)a+t/2)

Simplify [SD$P == (SD$P /. {a-»-a-1, t>-t})] // HL,

Power‘Expand@SimpliFy[(S]D$P /. {h > y’h,e»e/y, analy, toy?2t, woy3 w}) =
SD$g (SD$g /. {a-»-a-vy, t->-t})] // HL,

SD$Q = Simplify[sp$P /. {a»c-1/2}],

Simplify[SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

Simplify [SD$g = FullSimplify|
'\/m /. c->a+1/2/. {1’1 > y’h,e»e/y, a»aly, t>y2t, w->7'3w}]] // HL

a€+1 (—t+€)

{-]|Cosh| A

h]Cosh[\/1<t2+ez)+ew n] cSch[i}/

4 2

t 2
((—+a(t—e)—a e+w| al|, True, True,

((4

((4ct+e-4c’e+4n) h)), True, True}

Cosh[1 (t-2ce) n] —Cosh[lx/t2+ez+4ew h]) Csch{i}]/

2 2 2

SDeq

SD$f = FullSimplify[e” (/22 (sp$g /. {a»-a, t--t})];
SDeq

SD$w = ¥y CU[y, x] +e CU[a, a] - (t-ye) CU[a] -tyCU[] /2;
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SDeq

DeclareMorphism[SD, QU - CU, {a -» CUe@a,
X - Scy[SS[SD$f], a » CU[a], w » SD$w] ** CU@X,
Yy - Scu[SS[SD$g] , a » CU[a], @w » SD$w] *»* CUey
1

Verifying the 8-symmetry:

Table[HL@SimpT[CO[SD[z]] == SD[Q8[z]]1], {z, QU/@ {y, a, x}}]

{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:
With[{bas = QU /e {y, a, x}},
Table[{z1l, z2} » HL@SimpT[SD [zl % z2] - SD [z1] *% SD[z2]], {z1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} - @, {QU[x], QU[a]} - @, {QU[x], QU[x]} - @}}

Rin QU.

Quesne’s formula:

Quesne

o, (1-9)°
a [x_] := Ex —_— X |; X_] 1= eq,¢1en [X
eq ,n_ [x_] p[;k(l_qk) 5 eq [x_1 :=eq,sten[X]

Table[Together@SeriesCoefficient[e,,s[x], {Xx, @, n}], {n, @, 5}]
1 1 1

{1, 1, s s 5
1+o (1+p) (1+p+0%) (1+p)% (1+0%) (1+p+0?)

1/((1+p>2 <1+pz) (1+p+pz) (1+p+pz+p3+p4))}

Table[HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[x], {x, @, n}]1], {n, @, 5}]
{1, 1,1,1,1, 1}

QUIR;: ,; ]
QU[R:; ]

Oqu[SS[e™ ™ eq[hy1X;] /. by » ¥ (ear-ti)], {y1, a}is {32, X2};];
S;j@QU[Ri,;5];

QU[Rs,4] // Short

AQU[as, a A3 QU s, Az, Xq] t2 A3QU[ay, as, aq] t3
QU[]+€ QU[asz, as4] B QULYs, Xa] ¢ <205 + QU[Y3, @z, a4, Xa4] t3 QU[az, az, a4] t3

Y 2y? 63

Verifying R2 (~2 secs @ $ThD=4, $TeD=2):

QU[Ry,2 #*Ry%] 7/ Simp // HL // Timing
{0.6875, QU[]}
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Verifying R3 (~156 secs @ $ThD=4, $TeD=2):
{Shor‘t [1hs = QU[Rl,z *%* R1,3 *%* R2,3] ] 5 HL@SimpT[lhs - QU[R2)3 * % R1)3 *%* lez] ] } // Timing

{12.@156,

€ hQU[a, a;]

a1
{QUIT + —————""+ <<455> + QU[Y1, Y1, Y1, X3, X3, X3]
Y

1 1
— - =BT+ - T3- =B’ TS, e}
6 2 2 6

The representation p

{oe (cu| qu)ey, pe(cu|qu)ea} = {(® 2), (¥ 2)};

0 0
peclax = (0 w); p@QU@x:SS@(O (1-ee") /tem );
) o °

p[eg,] := MatrixExp[p[&]] 5

p[&] :=

(5 /o {tsye, T>e®¥e/2, (U:cU|QU)[u__ ] Dot[(1 9

° 1 ), Sequence @@ (p /@U /@ {u})]})

Verifying that p represents CU and QU:

Table[p[zl % z2] = p[z1].p[22] // SS // HL,
{U, {CU, QU}}, {z1,U/e{y, a, x}}, {z2, U/@{y, a, x}} ]
{{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

The Classical Logos CA
Lemma 3C. To degree k,
Quy(8M+X+0YX | xy) = Quy(veV-timny+ex0yX CAy(€, v, ¥, a, x, n, §, 6) | y ax), with
v=_1 +l‘6)_1 and where CAk(€, v, v, a, x, n, &, O) is a fixed polynomial of degree at most 4 k in
Y, \/;, x, n, &, with scalar coefficients.
Comment. Even better, log(C/A) is of degree at most 2 k + 2 in said variables.
eqn = p[e® V] .p[e” VY] = p[e? VY] . p[ef (tVIT-2eCUen ] pebClex]

{({leven& v&}, {en, 11} = {{e ¥, be " v}, {de ¥ e, e’ +bde ¥ ye}}

sol = Solve[Thread[Flatten /@eqn], {d, b, c}]1[1] /. C[1] » ©
Log[ ——]

1l+yené
C -

]
l+yené Y E

n b g

{d—> ,
l+yené

Proof of Lemma 3C. We know that Qsy(e2**Y | xy) = Qy(e®!*ay-2€ca+bx | y ax), with

_n 4 Log[1+yené] .
{d—) Teyene’ b- ayene €T e } Expanding in € we get

Quu(@* " | xy) = Qou(Ac(g, m)e?*$* 8t | yax) = Qu(A(0x, 0y) ™Y *#*¥ 7181 | yax) and so
Q:U(enyﬂfhéyx | xy): (D()\E(ax, dy) 0 0n0¢ ghy +Ex-nét | yax) = O(,\E(ax, dy) v e/ tEnny+Ex+by x) | yax).
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Logos
SS.[&.] := Block[{e}, Collect[Normal@Series[&, {e, ©, $TeD}], €, Together]];
(* Shielded e-Series =x)
CA[tl ,y1 ,a1 ,x1_, 1, 71, &_] :=Module[
{egn, d, b, c, sol, A, q, v, &, n},
eqn = p[e§CU@x] .p[enCU@y] . p[edCU@y] .p[ec (tCu[] - 2 e CU@a) ] .p[ebCU@x];
sol = Solve[Thread[Flatten /@eqn], {d, b, c}]1[1] /. C[1] » O;
A = Simplify[e 7V ¢X et ss [et+dy-2ecarbx/ so1]];
q = e (CtEnmy+Exesyx)
Collect[vq™DPcyp,,up, [A1[A] /. v (1+t5)7", e, simplify] /.
{t->tl,y-»>yl,a-»al,x-»>x1, §-» <1, n-» 71}

s
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CA[t, y, a, x, §, n, 6]
1 1

+

1+t6 24 (1+ts)°

e? (48a2 (1+t5)4(252 (1+t6)%+46 (1+t8) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) -
24ay(1+t6)4(252 (1+t6)2+46 (1+t6) (x6+1m) (yo6+&) + (x6+n)? (y6+§)2) -
48ayy (1+t6)° (x5+n)

(662 (1+t6)2+66 (1+t68) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) +24yy? (1+t06)°
(X5 +1) (662 (1+té>2+66 (1+t6) (x6+1m) (yo6+&) + (x6+1)? (y6+§)2) —48axy
(1+t6)3 (Y& +&) (652 (1+t6)2+66(1+t6) (XE5+1M) (YE+E) + (XxE+1n)2 (y6+§)2) +
2ax7? (1+106)° (y6+6) (667 (1+16)2+66 (1+t6) (x6+m) (y5+8) +
(x6+m)? (y6+8)2] +12y2 ¥ (1+16)% (x641)?
(1252 (1+t6)2+86 (1+t8) (x6+7m) (Y6+&) + (xE5+m)? (yo+&)2] +12x* 2
(1+t6)2(y6+§)2(1262 (1+t5)2+86<1+t5) (XE+M) (YE+E) + (xE+m)2 (y&+&)?
24aty (1+t6)? (653 (1+t6)°+186% (1+t6)% (x5+n) (Yo +&) +
96 (1+t68) (xE+m2 (yo+&)2+ (x5+1)3 (y6+§)3) -
8t (v+tyo)? (663 (1+t6)°+186% (1+t6)% (x65+n) (Yyo+&) +
96 (1+t6) (x6+m2 (yo+&)2+ (x6+n)3(y6+§)3)+
24xy(y+ty6)2(663 (1+t6)°+186% (1+t6)% (x5+n) (yo+&) +
96 (1+t6) (x6+m)?* (yo+&)%+ (x6+1)° (yo+¢) )

2(x6+n) (YyS+E) +

12tyy? (1+t6) (x6+7) (2453 (1+t6)%+3606% (1+1t5)
126 (1+t6) (x6+m2 (yo+&)2+ (x6+m)> (yo+8)?) -
R2txy? (1+t6) (y6+¢) (2453 (1+t6) +366% (1+ té)z (X5+1) (Y6+E&) +
126 (1+t8) (x6+m)2(yo+&)2+ (x6+n)> (y6+&) )+
31242 (2454 (1+t6)*+966% (1+t6)° (x5+n) (yo+&) +726% (1+t6)?
(x5+m)2 (y6+£)2+166 (1+t5) (x6+m)> (yo+6)%+ (x6+n)4(yé+§)4)) .
;e<4a(1+t5)2<(t+xy> &24nE+s (Leynexe))+
2 (1+t6)°
y(2t?6*+4t2 8% (6-xy&*+ng) -2 (yn (o (2+y77>+77§)+x 5 (2y*6°+3y6E6+E%) +
x (3y? 62r]+4y6(6+n§>+§(26+r]§>)) t(3x*y*6*-46nE-n* &+
4xy&® (3+yn+xe) + 62 (-2+y*n*+axE+x2 e ray (exno)))))
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{short[1lhs = O¢y[SS[e” (F*71V*&*N ], {x, y}], 5], HL[1lhs ==
Ocy[SS[elY (Exsny*oxy-them ca[t, y, a, X, B E, hn, B8] /. v > (1+ht5)‘1], {y, a, x}]]}
{(1-ton+t?6*n*+tys*en’-tnéEn®-
e -3tyslen’ -2ty el +2t?6nEn’ +2tysengn®) CU[] +
(26en-4te’en®-2ys°e?h®+2enén’+6t°6°en’ + 12ty s’ e’ h’ -
8tsen&n®-4yse’nEn’) CUlal +
(En-2t6en®-2yv6eEn®+328° €N’ +9tyslecn’+6y26°e*en’-tnéen’-yen&n?)

1
CU[X] + <«<23> + — 82 €n° CULY, ¥V, X, X, X] +
2

1 2 3 1 323
S O CULY, ¥, s X x] 0T CULY, Y Y, X X, X True}

CO and Swaps

Swaps from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.

CdsO

SetAttributes[CO, Orderless];
CUeCo[specs___, E[L_, Q_, P_1] := Oq[SS[e'*®P], specs]

CUeCO[E[Atyay, aty" (e -1) y1Xy, L+eXaya]s {Y1s Xa}1s {X25 32, Y2}2] // Short
CU] + «<27> +
2 t 3 eh «<1> <«<1l>»> 1 , 3 1 ., 3
CUly1, xa] |-vehta+reryeh ty+ - +—yienrPtit,- —eylen’ti t,
T, <«<1>> 2 2

HL [p[e§CU@x] _p[eaCU@a] - p[eaCU@a] _p[ee'“§CU@x]]

True
sw

SWy, ,a; [CO[{Lh___, Xi ,aj ,rh___}s ,more __, E[L ,Q ,P_1]] :=
co[{Lh, aj, Xi, rh}s, more,
With[{q = e "> Ex; +aaj},
E[L, e¥*&xi+ (Q/. X »0), e9DPy p.,a.0,[P1[e?]] /. {a>8aL, > 06x0}]]

co=CO[E[atyay At:' (€ -1) y1xo, Loexaya], Y15 Xal1s {X25 32, V22|
(—1+et1) ﬁXzY1
t1

CO[{y1, X1}1, {X2, 32, Y2}2, E[B @ ta, , 1rexyys]]

SWy,,a, [CO ]
e vht (*1 + etl) h Xy V41

t

CO[{y1, X1}1, {@2, X2, Y2}2, E[B @ ta, , 1rexyys]]
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With[{CO = CO[{yl_, X1}1, {Xz, da, Yz}z, ]E[h t1 dz, ﬁtil (et:l - 1) Y1 X2, 1+ € X1 yZ]]}J
HL[CU[co] == CU[co // SWy,,a,11]

True

With[{co = CO[{y1, a1, Xa}1, {X2, 325 Y2}2s
E[f (lutiar+lptiay+ lntrar+ 1o tray), B (yia Xa Y1+ 12 Xa Y2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
l+e(liar+1la+PuaXay1+ P12 Xay2+ P21 X2 Y1+ P22 %2 y2)]]}s
{CU[co] // Short, HL[CU[co] == CU[co // SWy, 11}

1 1 1 1
{cu a1, a1, a1, a1] |—eh®13 13, €3+ —en®1,12, 1,124, + —e «<5>t3+ —ehn®1; 13, 3| +
6 2 2
<«<181>>, True}

SW

SWy, ,y; sk [CO[{Lh___, Xi , yj , rh___}s ,more___, E[L_, Q_, P_]]] :=
CO[{Lh, Yks aks Xks rh}s, more,
With[{q=v (Exc+nYr+ 66X Ve -t E1)},
E[L, q+ (@ /. X:i | y;>8), e9DPy p_y.p, [P1[CAltks Yis ks Xes €5 M5 81 @7]] /.
v > (1+tk"j)'1 /. {§—> (axiQ /. yj->0), n- (aij /. Xi-)O), 6—)6,(1.,ij}]]

Wj-th[{c‘D = CO[{XIJ Yi}1, {X2, a2, ¥Y2}2,
E [fl (112 tiaz+1lnt az) > B (Y11 X1 Y1+ Y12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 Y2) »
l+e (1232+P11X1Y1+P12X1Y2+P21X2y1+P22X2YZ)]]}:
{CU[co] // Short, HL[CU[co] == CU[co // Sy, 5211}

]

{12€* 1’ CULy1, a1, @1, X1] ¥y + <<159>> + CU[] (<<301>> + e 1’ p1y ty £33, + 4 1’ pyy t543,) , True}

The Quantum Logos QA

Goal 1: In QU, compute F=e™™ > e™ ™.
First compute G = e** ye~¢*, a finite sum.

adx[& ] := Simp[QUex *xx & - & %% QU@x];
G = Simp[NestList[adx, QUey, $TeD+1].Table[&"/kt, {k, 8, $TeD+1}]]
(e-T2¢) QU]

1 1
+2T?ecQUlal + (f (ye&-3Tye&?) + = (¥?e* & -5Ty*e? &%) h| QUIX] +
il 2

4

1
QU[y] -2T>e*£hQUla, a] +3Tye®2nQUla, x] + = (Y2 e & -7T2y?e* &) hQU[X, x] +
6
1 1
ye §ﬁ+*7262§ﬁ2] QULy, x] + = ¥*e* &2 n? ULy, X, X]
2 2

G/.e—»0
(e-T2¢)Qul]
h

+QU[y]

Now F satisfies the ODE 8, F = 8,(e”™ ") = —-yF + FG with initial conditions F(n=0) = 1. We set it up
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and solve:

F=sum[f,;,;,[n] € QU@{yi, al, X},
{1,‘ 0, $TGD}: {i: 0) l}J {J) 9, 1]’; {k.v 0, Mil’l[l, 21‘i'j]}]

QU[] fo,e,0,6[1] +€QU[] f1,0,0,6[N] +€QU[X] f1,0,0,1[1] +€QU[a] f1,0,1,0[n7] +
eQU[a, x] f1,0,1,2[n] +€QU[Y] f1,1,0,6[n] +€QU[Y, X] f1,1,0,2[1] +
eQULy, a] f1,1,1,0[17] +€* QU] F2,0,0,0[17] +€* QUIX] f2,0,0,1[N] +
e?QU[x, x] f2,0,0,2[17] +€2QU[a] f2,0,1,0[1] +€>QU[a, X] f2,0,1,1[N] +
€?QUla, x, x] fa,6,1,2[n] +€?QU[a, a] fa,0,2,6[N] +€?QU[a, a, X] F3,6,2,1[77] +
e?QU[a, a, X, X] f2,0,2,2[n] +€2QUIY] f2,1,0,0[1] +€>QUY, X] f2,1,0,1[N] +
Ys X5 X] F2,1,0,2[1] + € QULY, al f2,1,1,0(n] +€’QULY, a, X] F2,1,1,1[n] +
Y, a, X, X] f2,1,1,2[n] +€2QULyY, a, a] f2,1,2,6[n] +€?QULY, a, a, x] f2,1,2,1[n] +
e>QUIY, y] f2,2,0,6[n] +€2QULY, ¥, X] f2,2,0,1[1] +€>QULY, ¥, X, X] f2,2,0,2[0] +
e>QUIY, y, al f2,2,1,6[n] +€2QULY, ¥, a, X] f2,2,1,1[n] +€2QULY, ¥, a, a] f2,2,2,0[7]

unowns = Cases[F, f [n], «]

{fe,0,0,0[1n], T1,0,0,6[11]5 f1,0,0,2[1], F1,0,1,6[N]5 F1,0,1,2[11]5 F1,1,0,0[1]5 F1,1,0,21[11]5 F1,1,1,0(7],
f2,0,0,0 (1115 f2,8,0,1(1]5 T2,0,0,2[1], T2,0,1,0[N]5 T2,0,1,2[N]5 f2,0,1,2(1]5 T2,0,2,6[1]5 F2,0,2,1[N],
f2,0,2,2[1n]5 f2,1,0,0 (1] T2,1,0,1[N]5 T2,1,0,2[N]5 F2,1,1,0(N]5 f2,1,1,1[0]5 F2,1,1,2(n]5 F2,1,2,0 (0],
f2,1,2,1[n15 f2,2,8,0 (115 T2,2,0,1(N]5 2,2,0,2[1]5 F2,2,1,6 (N1 f2,2,1,1[N]5 F2,2,2,0[1]}

bas = Union @@ Table[e' Cases [Coefficient[F, e, 1], _QU, »], {1, @, $TeD}|

{QU[], eQU[], €?QU[], eQU[a], e QU[a], e QU[x], €*QU[x], e QU[y], €*QU[y]

€2QU[a, al, eQUla, x]J, €2QU[a, X1, 62QU[X) X], eQUly, aj, 62QU[y: al, eQUly, x],
€’ QUly, x], €?QU[y, y], €*QU[a, a, x], €*QU[a, X, x], €*QU[y, a, a], €*QU[y, a, x],
e’ QUly, x, x], €*QU[y, y, al, €2QUly, y, x], €*QU[a, a, x, x], €*QU[y, a, a, x],
e?QUly, a, x, x], €2 QU[y, y, a, al, €*QU[y, ¥y, a, x], €2 QULy, ¥, x, x] |

Short[eqns = Flatten[{ (Coefficient[F-QU[], #] /. n @) =0,
Expand [Coefficient [Simp [F «x G- QU[y] »»xF - 8,F], #]] = 0} & /@ bas]|, 8]
{-1+fe,6,6,0[0] + € f1,6,0,0[0] + € F,0,0,6[0] = O,
& fo,0,0,0 (1] B T2 € fo,0,0,0(7] . €Efi0,0,0[n] T2 €&f10,0,0[n] €F1,6,0,1[(7]

h h h h h
T?efi0,0,1[n] €2EFa0,0,0[n] T?€2EF5,0,0,0(7] . €2f5,0,0,1(7]
+ _ _
h h h h
T2e€25,0,0,1(7]
. ~fo,0,0,0 [N] — € F1,0,0,0' [N] ~€*F2,0,0,0' [N] =0, f1,0,0,0[0] =0,
Efi,0,0,0[n] T2 Ef10,6,0[n] Ti,0,0,1[1] T?f1,6,0,1[7] ,
- + - -f1,0,8,0'[17] = O,
h h h Jal

f2,0,0,0[0] =0, <<53>, f;,1,1[0] =0,
Efy,0,1,1[n1  T2EF2,0,1,1(n]

YE&hti,,1,0[n] -2vF2,1,2,1[0] + . - . -f2,2,1,1 (1] =0,
Efa,2,0,2[n1  T2EF2,,0,201] i
f2,2,0,2[0] =0, y&hti1,0,1[n] -¥f2,1,1,2[n] + N - B -F2,2,0,2"[17] = 0}
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{sol} = DSolve[eqgns, unowns, n]

2018-02-10 12:58:11

_n(-&T2g)

n (-&:T2¢) e n (*1+T2) (*1+3T2)Y772 &2

{{fe,0,0,6[n] > € = , f10,6,0(1] > s

-Fl,e,
f1,0,

f1,1,

2,0,

fz,e,
2,0,

2,0,
fa,0,

f2,0,

2,1,
f2,1,

2,1,
2,1,

fa,2,
2,2,

fa,,

4n
0 (-&T2¢) _n(-£T8)

1 2 2 2
e,1[77]—>—ge o (-143T*) yn &%, freneln] »2e = Tné,

0 (-€+T2¢) 1 (-&:12¢)

1
1,1[1n] >0, f1,10,0[n] > e (-1+3T%) yn?E, fiae1lnl »e » ynéhn,

1 n(-&+12¢)

e o (-1+T?)¥2n?E% (-9n2E2+63T 2 &% -

1,6[n] =0, f2.6,6,0[n] >
288 h?
135T*n* &2+ 81T > €% -40n En+272T° nEN-328T nEn-361> + 180 T* h?),

1 n (-&+12¢)

e ¥Vn& (-3nP&+21Tn? 2 45T 2 %

0,1[N] - -
24 h

27T°n*€*-10nEh+68T°nEN-82T nEh-6hn*+30T 1%,
1 _nlemy
02Nl > —e = ¥*n& (3nE-18T*ng+27T" nE+4n-28T%0),
24
1 nleme 2 2 4 2
Leln] > e Tynte (n€-4T2ne+3T*nec+4n-6T1%n0),
_r;(«%ql(f) ) ) )
11Nl »-e o TPyn& (-nE+3TnE-3n), fe,1,2[n] = O,
n (-£+12¢€)

2,0[n] >2e = TPné& (T’né&-h), fe,2,1(n] >0,

e n Y202§<_3n2§2+211—2772§2_

1 n(-£+12¢)

2,2[N] =0, f2,1,8,0[N] = -
241
45T4772§2+27T6r;2§2—1977§h+68T2r;§h—82T4r]§h—6h2+30T2ﬁ2),
1 _nlere
0,1[N] » —e = yzng(277252—16T2r72§2+12T4772§2+5r7§h—21T2r7§h+2h2),
4

n (-&+T2¢)

1
o.2[n] > -"e ¥?n& (-ng+3Tn&-h)n,

_n(-&+T12¢)

1eln] > -e  + TPyn*c(-n€+3T°n&-3h),

_n (e
Lilnl »2e & T yn?&in, f2,1,1,20n] 20, fa,1,2,0(n] >0, f2,1,2,1[1] > 0,
1 _nlery
e0[nl > —e = Y¥nPE(3nE-18T*ng+27T' nE+4n-28T%1),
24
1 n (-€+12¢)

0,1(7] e—;e’ VPP E(-nE+3T nE-h) A,

A S R
o2[N] > Ze it ER f2,2,1,0(1] >0, f2,2,1,1[n] >0, f2,2,2,6[n] >0}}

Union@Cases[sol, e-, o]

{e’

n (-&+T%¢)
h
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FF = Collect[F /. sol /. {e- » 1, QU > Times}, e, Simplify]

1+ien§ (8aT2h+ (—1+3T2) ¥Yn ((—1+T2) §—2yh) +2Xyh (§—3T2§+2yh>) +
4n

e’n¢ (576a2T2 (Tzryg—h) n?+144aT?yh (6x§h2+
288 n?
(—1+3T2) n? & ((—1+T2) §—2yh) +2nh ((X—BTZX) §2+3yh+§(2—3T2+2xyh))> +

¥? (9 (1—3T2)2r73§ (§—T2§+2yh)2+24xh3 (2 (1—7T2) XE2+6yh+& (3—15T2+6xyh)) +
12 n h? (3 (1—3T2>2x2§3+6yh (1-5T>+2xyn) +
36(1+5T*+18xyh+4x*y*h*-6T? (1+7xyh)) +
2x&% (5+41T*+6xyh-2T (17+9xyh>)) _4n?n (9 (1-372)% (-1+T%) x &+
12 (-1+7T?) y*’h®+6yEh (-5-41T -6xyn+2T? (17+9xyh)) +
262 (-5+41T5-18xyh-3T* (25+36xyh) + T2 (39+9exyh)))))

{short[1hs = simpT@oq[SS[e” ¢**"V ], {x, y}], 5],
HL[1hs = SimpT@Oq [SS[e” (£x1y+(1-T) €7) (FF /. (£ >n &, n>anh)], {y, a, x}]]}

1
{|1-tnen’-=t*nen’| QU[]l + (2ench*+2tencn®) QUia] +
2

(€n+ (~tn&-yen&®)P’) QUIx]+ (nh+ (-tn*E-yen’&) n’) QUly] -

1
2e?nen®QUia, al+2en&?nQUla, x] + —E2R%2QUIX, x] +2en?ER3QU[yY, a] +
2
2 3 1 2 22 1 3 23
(nen*+yenen®) ULy, x] + =n*0*QULY, y] + — & 1> QUxX, X, X] +
2 6
1 2 23 1 2 3 1 323
—n&nQly, x, x] + —n*En’QILy, y, x] + = n’ B> QUly, y, y], True}
2 2 6

Logos
QA[T_,y1 ,a1 ,x1_, ¢l , 71, &_] :=Module[
{adx, G, F, f, unowns, bas, eqns, sol, A, q, v, &, n, t},
adx[&_ ] := Simp[QUexX xx & - & *x QUex];
G = Simp[NestList[adx, QU@y, $TeD+1].Table[&" /k!, {k, @, $TeD+1}]];
F = Sum[fl,i,j,k[n] el QU@{yi: aj: Xk})
{1, @, $TeD}, {i, @, 1}, {j, @, 1}, {k, @, Min[1, 21-i-3]}];
unowns = Cases[F, f [n], o];
bas = Unionee Table[e' Cases[Coefficient[F, e, 1], _QU, »], {1, @, $TeD}];
eqns = Flatten[{ (Coefficient[F-QU[], #] /.7 >0) =0,
Expand [Coefficient [Simp[F x G- QU[y] xxF-0,F], #]] = @} & /@ bas];
{sol} = DSolve[eqns, unowns, n];
A = Collect([F /. sol /. {e-»1, QU - Times}, e, Simplify];
q=-e’ (—t§n+ny+§X+6yX);
Collect[v g™ DPsyp,,up, [A1[9] /. v > (14t 5)‘1 /. t> (1*-1) /n, e, Simplify] /.
{y»>yl,a-»al, Xx-»>x1, &> <l, n-» 771}

|E
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QA[T, y, a, X, &, 1, 6]

"

(—1+T2> 65+h
1

+

€ h? (8aT2 ((-1+717) 5+h)2 (nE€n+6 (1+yn+x&) h+6* (-1+T>+xyh)) +
4((-1+72) 5+n)°
y(né‘hz ((—1+3T2) n ((—1+T2) §—2yh) +2Xxh (5—3T2§+2yh)> +
(-1+7%) 6% (-2+6T-x*y*n*-2T* (7+4xyh) +T> (18 +8xyh-5x>y*h?)) -
46°n (1-3T0+x?y?n?+T* (7+2xy (3+yn) h+2xy&n) +
T2 (-5-2xy (3+yn)h+x?yh (-2&+yh))) +
26n0% ((1-3T) y*n*h+2n (E+3T*E-4T>¢ (1+xyh) +yh (1-3T>+xyh)) +
xh ((x-3T*x) &+2yh+&(2-6T*+2xyhn))) -
Ph((1-4T2+3T4 y*n?h+h (-2+3T (-2+4XE+X7E) +4X (E+yh) +
X2 (§2+2y§h—4y2h2> -2T? (—4+x (8§—6yh) +x2§(2§—5yh))) +2n
(-2 (-1+T?) £ (1+3T*-2T? (2+xyh)) +yh (2+6T*+xyh+T? (—8+5xyh))>)>)

{short[1lhs = SimpT@Oq,[SS[e” (¢**7V**V |, {x, y}], 5],

rhs = SimpT@Oq [SS|
eV (Exmy+6xy-(T2-1) £n) QA[T, Yy, a, X, hE, Aan, A dé] /. v » (1+ (Tz—l) 5)_1], {y, a, X}];
HL [Simplify[lhs == rhs] ]}

1 1
{|1-ton+ = (-t?P6+2t26%+2tyd*e-2tng) i’ + = (-P6+6t7 6% -6t 6%+ 12ty 6% e -
2 6

18ty &le+6ty?c?e?-12ty* 2’ -3t2ng+12t%6nE+12tydeng) b’

QU]+ (26eh-2 (-toe+2tse+ydie’-eng) n’+
(tPoe-6t?6°c+6t?8’c-8tys e’ +12tyo e’ +2teng-8tdené-4yoe’ng) n?)

1 1
QU[a] + <25 + — &2 n AP QULY, ¥, ¥, X, X] + — &> h*QULY, ¥, ¥, X, X, x], True}
2 6

Stitching Direct

MatrixExp[ni p[CU@Y]].MatrixExp[a; p[CU@a]].MatrixExp[&§; p[CU@X]] .MatrixExp[n,; p[CU@Y]].
MatrixExp[a; p[CU@a]] .MatrixExp[&, p[CU@x]] // Simplify // MatrixForm
e (092) (1+yen; &) ey (e &+ & (Lve’2yen&,))
e®e (m+e™n (leyenél)) lveyemé+e’@ye (m+e’®@n (L+yenél)) &

eqn = MatrixExp[n; p[CU@y]] .MatrixExp[a; p[CU@a]].MatrixExp[&; p[CU@X]].
MatrixExp[n; p[CU@Y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]] ==
e™°Y MatrixExp[n0 p[CU@Y]].MatrixExp[a@ p[CU@a]].MatrixExp[£0 p[CU@X] ]

{{ev2 (™ +e™yen &), ey & +e’ @y (e e’ yen; &) &),
{e”‘z (e”‘ler]1+er]2 (1+<e”‘1>(€ N1 §1>),
lee™yemée+e @y (e"™en+en (Lre'™yemé)) &}} =
[{er@rivere guvivetay cp) [em@1 Ve e ng e c™ (14 e%7yenoco) )]
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sol = Block[{e}, Solve[Thread[Flatten /@ eqn], {9, n9, a9, £0}]1]1[1]

Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is

Log[ey(a0+e rO)} _ Log[eyaw (@ySubs(r\pt[«Z»] + glimes[«<2>] Ve & )] -=0.

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

Solve: Equations may not give solutions for all "solve" variables.

1

{t@ - x (—Log[e“eY] + Log[ceW“”a2 + eV R yen,; §1] ) , N0 -
ye ve (f1+e" ™ &+ e yen; £ &)

-y o 1 l Yo l Y oat+y o 1 Y 02 1 Youtyop 2 -2 _
e 2+2@ Y€771§1+2® Y€ﬁ1§2+ze Y€772§2+2® Y ermnaéi1 &

i\/ ( (-1-eyen & - R yen & - yen - e" T2l nin, & &)+

e @V ye (LM E - Ei-eMyen i - e S -e" M &, -
22y emm &S -e’Ryen;&1& - YRy el i n} & &) ) ) ,

1

1 1
£0 - e v + e S e & 4
e’ mrm+re’ryenmné 2ye 2

1 1
; e’y &+ ; ey en Ny 18 -

1

; (\/ ( (F1-eMyem&-e T yen S -e R yen & - ey el N, £16) 0+
YE

—00 y+y o +Y o a a 2 oty a a;
e T ye (—e¥n & -mE-e M yenn i@ & e, &6, -

2Ry e 1 & - yeni & eVt Ryl nla? §z) ) ) ] }

egn = MatrixExp[ni p[CU@y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&1 p[CU@X]].
MatrixExp[n, o[CU@y]] .MatrixExp[a, p[CU@a]] .MatrixExp[&; p[CU@X]] ==
TOMatrixExp[n@ p[CU@Y]] .MatrixExp[a@ p[CU@a]] .MatrixExp[£0 p[CU@X]]
{{ev® (e™+e’yen &), e y&i+e’@y (e +e’™yen &) &),
{ev® (e"™em+en (L+e@yemé&)),
lreyemé+e’y (eMen+en (lre’™yemél)) &)} =
{{e™®¥To, e ' TOy 0}, {™®¥TOen0, TO (1+e™ " yenoco)}}

sol = Block[{e}, Solve[Thread[Flatten /@eqn], {T0, n0, a0, £0}]1]1M11

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution
information.
1 +e v, +ye 2 €
{TO» ,ryeenl n NM172 61
leyen & liyené

o Log[e @ (1+yen, §1)2] L0 e’ +EHryeEMmE 52}

Y livyené

)

E

E[L, Q, P] means e"“*Q P, where L is linear in the a’s, Q is a combination of x;y;, and Pis a
perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1};, ...] (with some default for
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direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, ...]. In themselves, CO and QO should have
an interpretation in CU/QU by casting.
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