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Pensieve header: A unified verification notebook for the PPSA project.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog

Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
NotebookOpen [wdir <> "\\MakeVSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
TD

$TaD =4; n /: n% /; d> $TAD := 0;

$TeD = 2; (» Can't be » at least because of Quesne. Can't be <
1 at least because of the explicit e? in SD$g. =)

e /: €~ /; d>$TeD := 0;

SetAttributes [SS, HoldAll];

SS[&.] := Block[{h, €}, (* Shielded Series )
Collect[NormaleSeries[& /. {T; -» e""/2, T e"%?}, {(h, 0, $THD}], h, Together] ]

Simp[&_ ] := Collect[&, _CU| _QU, Expand];

Differential polynomials (DP):
Utils

DPQL-’DX,:ﬁf-’Dy, [Pi] [ﬂi] o=
Total [CoefficientRules[P, {a, 5}] /. ({m_, n_} »c_) =»cD[A, {x, m}, {y, n}]]

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[x_, V. , Zz ] = (X**Y) *%Z;

Oxx _=_*%x0=0;

(x_PLus) xxy_ 1= (7%xy) &/@x; X_xx (y_Plus) := (x*x 1) &/@y;
B[x , x ]1=0; B[x ,y ] t= X**xyY -y **X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts_ _Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}s
gp = Alternatives ee gs;
gp =gp | gp_; (* generators pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (* centrals pattern x)
CE[& ] := Collect[s, U, Expand];
Ui [6&]1 := & /. {t:cp»ty, u U > Replace[u, x_ = X;, 1]1};
Ui [NCM[]] :=U[];
B[Ue(x_): , Ue(y_): ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlU@(x_):,Ue(y_); ] /5 i=t=3 := 0;
B[Uey , Uex ] :=CE[-B[Uex, Uey]];
X_%%U[] :=Xx;5 U[] **Xx_ :=X;
(a_»x_U) #* (b_xy_U) := If[ab === @, @, CE[ab (x**y)]];
(@_*x_U) #xy_ := CE[a (X**y)]; X_**% (a_*xy U) := CE[a (x**Yy)];
Ulxx___,x_] %% U[y_,yy 1 := If[OrderedQ[{x, v} /. sr],
Ulxx, x, YV, YY1, U@xx x* (URy x+x U@x + B[U@x, URy]) »*xUeyy];
ve{c_.x (L:gp)™, r___} /; FreeQ[c, gp] := CE[cU@Table[L, {n}] x»xUe{r}l;
ve{c_.xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c_,r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{} =U[];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL_,r___} := Ue{Expand[L], r};
U[ &_NonCommutativeMultiply] := U /@ &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List > L 11, {1}];
vs = Joinee (First /@ sp);
us = Joinee (Sp /o Ls = (l. [+ X_i_ xs));
CE[Total|
CoefficientRules[poly, vs] /. (p_->c_) = cUe(us?)

] ] /e X_pu11 > X
]
pow[& , O] =U[]; pow[& , n_] :=pow[SE, n-1] »% &5
Syl& , ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;] #*
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]];
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DeclareMorphism

QLImplementation
DeclareMorphism[m_, U - V_, ongs List, oncs_List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}];
m[UL1] = V[];
m[U[g_: 1] := Vi[m[Ueg]];
m[U[vs__]] := NCMee (m/@eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_U:wsmlull;)

Meta-Operations

QLImplementation

Si [& Plus] := Simp[S; /@ &];

Implementing sI5©
cu

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[CU@a, CURy] = -y CUey; B[CU@x, CU@a] = -y CUex;
B[CUex, CUey] = 2e CU@Ra-tCU[];

(secuey = -CUey; SeCUea = -CUea; SeCUex = -CUex;)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0, 0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, ¥y, a, x]}, {
(rhs = (z1 % 22) %% 23 // Simp) // Short,
21 (22%%23) -rhs // Simp // HL
}] // Timing
{0.640625, { (281t%y* + 116ty € +120v°€?) CULY, y, ¥, X, X] +
<«<23> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], 0}}

Verifying that S is an anti-homomorphism on CU:

With[{bas = CU /@ {y1, a1, X1}},
Table[HL@Simp [S;[z1 #* z2] - S1[z2] ** S;[z1]],
{z1, bas}, {z2, bas} ] ]

{{0, 0,0}, {6,0,0}, {6,0,0}}
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Verifying the involutivity of S on products of triples:

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp [zl x* z2 *%x 23 - S1 @S, [Z1 x* 22 x* z3] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
{{{e, 0,0}, {0,0,0}, {0,0,0}},
{{0, 0,0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Representing sl}*
Crho

ooy, coon, oo - (2 8, (3 5)- (8 3))s
Co[e”] :=MatrixExp[Co[&]];
10

ols]:=6/. {t>ye, CUu___] :->|)ot[(0 :

), Sequence ee (Cp /@ {u})]}

Verifying that Cp represents CU:

With[{bas = CU /e {y, a, Xx}},
Table[Co[z1 x* 2z2] == Co[21] .Cp[22] // Simplify // HL,
{z1, bas}, {z2, bas} ] ]

{{True, True, True}, {True, True, True}, {True, True, True}}

Implementing Uye.n

With g=e™¢, A=e ", T =e™?, and [f, g], :=fg - qgf, our algebra is Uyen=(t, y, a, X)/ R, where
R=([t, x1=0, [a, yI=-vy, [x, ¥Ylg=(1- T>A%)/h, [x, a] = -yx).
Qu
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q=SS[e"*"]; (+T=SS[e® /2] ;)
B[QU@a, QUey] = -y QUey; B[QUe@x, QUea] = -y QUex;
B[QUex, QUey] = (q-1) QUe{y, x} +Oq[SS[(1-T?e2¢?%) /n], {a}];
(seQuey = 0qu[SS[-T?e"“?y], {a, y}];
SeQuea = -QUea; SeQuex = O [SS[-e"*?x], {a, x}];)
S: [QU, Centrals] = {t; » -t;, T; > Ti'};
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With[{bas = QU /e {y, a, x}}, Table[{zl, z2} - Simp[zl % z2 - z2 xx z1], {zl1, bas}, {z2, bas}] ]
{{1Quly], Quly]} - @, {QU[y], QU[a]} - ¥y QU[y],

t?h tn? t'n’ , o, 1.
{QU[y],QU[x]}»[tJr 5 + - + ” JQU[]+(2€2teht ehn 7;t en?®lQuial +
(262h+2t62h2+t262h3>QU[a, a1+(-yeh-3yzezﬁ2J QUIy, x]},
2
{{QUfa], QU[y]} » -vQU[y], {QU[a], QU[a]} > @, {QU[a], QU[X]} » ¥ QU[X]},
2 3 %2 4 23
{{QU[X],QU[y]}e[—t—%—t: -tzj ]QUH+ 2e+2teh+t26h2+§t3eh3 QU[a] +

(-2e*n-2te’*n*-t?e*n’) Qla, al +

yehs 1y ezhz) Iy, x],
2
{QU[x], QU[al} » -¥QU[x], {QU[x], QU[x]} - @}}
Verifying associativity on triples of generators:

With[{bas = QU /e {y, a, x}},
Table [HL[21 x% (22 % 23) - (21 %% 22) »% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{0, 0,0}, {0,0,0}, {6,0,0}}, {{6, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs @ $ThD=5, $TeD=2):

With[{Z]- =QUIy, y, a, a, X, x], z2=QU[y, a, x], z3=QU[y, Yy, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
HL[z1 %% (22 %% 23) -rhs // Simp ]
}] 77 Timing
{46.0313,
361 2495
{ 282y + 116ty € +120%0 €2+ 2813y A+ «<5> + 7P ¥R+ —t*yPend s ——t3y5e?n
3 3
QU[Y, <<3>>, X] + <<22>>, G}}

Verifying that S is an anti-homomorphism on QU:

With[{baS = QU /e {Y1, a1, X1}},
Table[{z1, z2} -» HL@Simp[S; [zl x% z2] - S1[22] ** S1[z1]],
{z1, bas}, {z2, bas} ] 1]

{{{QU[y1], QUly1]} » @, {QU[y1], QU[a1]} > @, {QU[y1], QU[x1]} — @},
{{QUla1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[xa], QU[y1]} - @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} —> @} }

Verifying that Limp_o QU = CU using a “random” product (~23 secs @ $TAD=5, $TeD=2):
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With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, Yy, a, x]}, {
Short[lhs =21 %% (22 *% 23) ] R

Short|[rhs = (QUeez1) + ((QUeez2) »+ (QUeez3))],
Expand [Limit[rhs /. {QU-CU, T e"*?}, B> @] -1hs] // HL
}] // Timing

{27.8594, {2 (8t2y*+16t €] CULY, y, ¥, X, X] +
(8ty e +16%°€?) CULY, ¥, ¥, X, X] + <<186>> +CULY, ¥, ¥, ¥, ¥, @, @, @, 3, X, X, X, X],

28
2 [8ty6€2ﬁ+12t27{6€2f12+ —t3y% 2R3 | QULY, ¥, ¥, X, X] + <<566>> +
3

15 2 232
(YeﬁJr?Ye nt |l QULY, ¥, ¥, <<7>, X, X, X], @}}

Representing Uyen

Qrho

1-e¥e2
{eoey, Qea, pex} = {(2 21, (¥ 2], (z SS@aeh ]};

Q[&]:=6/. {toye, QUu__] :»Dot[(; 2), Sequence ee (Qo /@ {u})]}

Verifying that Cp represents CU:

With[{bas = QU /e {y, a, x}},

Table[Qo [zl % z2] == Qo[z1].Qo[z2] // Simplify // HL,
{z1, bas}, {z2, bas} ] ]

{{True, True, True}, {True, True, True}, {True, True, True}}

Implementing 6
theta

DeclareMorphism[Ce, CU - CU, {y -» -CUex, a- -CUea, x » -CUey}, {t--t, T>T'}];
DeclareMorphism[Qe, QU » QU, {y » Oq[SS[-T*e"?x], {a, x}],
a--QUea, x-0g[SS[-T*e"%y], {a, y}]|}, {t>-t, T>T7}]
Verifying involutivity on CU:

With[{bas = CU /e {y, a, x}},
Table[z » Co[z] » HL[CO[CO[Z2]]], {z, bas}] ]

{CU[y] » -CU[x] » CQU[y], CU[a] » -CU[a] »CU[a], CU[x] » -CU[y] »CU[x]}

Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[CO[zl *% z2] -CO[z1] *xCo[z2] // HL, {z1, bas}, {z2, bas}] ]
{{0, 0,0}, {0,0,0}, {0,0,0}}

Verifying involutivity on QU:
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With[{bas = QU /e {y, a, x}},
Table[z » Qo[z] - HL[Qe[Qe[z]]], {z, bas}] ]
1 th vn ©n’

2 8 48

{Quiy] -

]QU[X] +

—eh+1teh2—ltzeh3 QUla, X] +
2 8

—lezh%ltezﬁ] QUra, a, x] > QUIY], QU[a] > -QU[a] - QU[a],

2 4

t2h? 1 1 t3ad 1

1
QU[x] - - Styen?-—yretn?s +—t2yent+ —ty?e?nd QU[yY] +
2 2 48 8 4

-1+ —+vyeh-

1 1 1
—eh+—ten?+ye?n?-—t?en® - —tye?n®| QUly, a] +
2 8 2
1 1
(——62h2+ —t62h3] QU[y, a, a] - QU[x]}
2 4
Verifying that 6 is a multiplicative homomorphism on QU:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[Q6[z1l »* z2] - Q6 [z1l] **QO[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq
. _ 2
ADS$F = I@”(T“*"”) Cosh|[a (aeq.Y—G_E)] _Cosh[ﬁ\/ (t xe] rew | /
h 2 2 2
Y€Eh
(Sinh[—] (aze+axe—at-w)] 3
2
Scaling behaviour of AD$f:
HL@Simpli'Fy[A]D$ = ((A]D$'F /. y->1) /. {e-»ye, aoyla, wax'lw})]
True
HL@FullSimplify [
AD$f == ((AD$f /. y>1) /. {8 > ¥’h,e>e/¥, a»a/y, to>y72t, w>y>w})]
True
ADeq

AD$w = ¥ CU[y, x] +€CU[a, a] - (t-ye) CU[a];
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ADeq

DeclareMorphism[AD, QU - CU,
{a » CU@a, x » CU@X, Yy - Scy[SS[AD$Ff], a » CU[a], w » AD$w] ** CU@Y}]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[AD [z1 »* z2] - AD[z1] *»* AD[z2]]], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} -8, {QU[x], QU[x]} —» @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

SDeq

SID$g=\/([Cosh[§\/t2+xzez+4ew] —Cosh[i—l (t- (2a+7) e)]]/
(sinh[%] (t (2a+¥y) -2a(a+y) e+2w)f1/(27)]);

Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequant1.pdf:

Cosh[a (%H—:a)] —Cosh[ﬁﬂltzz—ezu-:m]
3

{spsp =
nsinh[=<2] (s-ea’+ (t-€)a+t/2)

Simplify [SD$P == (SD$P /. {a—>-a-1, t>-t})] // HL,

Power‘Expand@Simplify[(S]D$P /. {ﬁ > y’h,e»e/y, analy, toy?t, woy? w}) =
Sp$g (Sp$g /. {a--a-y, t>-t})] // HL,

SD$Q = Simplify[sD$P /. {a-»c-1/2}],

Simplify [SD$Q == (SD$Q /. {c > -c, t->-t})] // HL,

Simplify [SD$g = FullSimplify |
\Vsp$Q /. c»a+1/2/.{n > ¥’h,ese/y, anal/y, t->y2t, way>w}]] // H

ae+l (—t+€)

{- Cosh| 5

h]Cosh[\/1<t2+ez)+ew n] Csch[ﬂ}/

4 2

t 2
((—+a (t-€)-a e+w) h] , True, True,

_[(4

((4ct+e-4c’e+4n) h)), True, True}

cOsh[1 (t-2ce)n] —Cosh[lx/t2+ez+4ew ﬁ]] cSch[ﬂ}]/

2 2 2
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SDeq
SD$f = FullSimplify[e” (*/2® (sp$g /. {a-> -a, t->-t})];
SDeq
SD$w = ¥ CU[y, x] +e CU[a, a] - (t-ye) CU[a] -ty CU[] /2;
SDeq
DeclareMorphism[SD, QU - CU, {a -» CUe@a,
X - Scy[SS[SD$Ff], a » CU[a], w » SD$w] *x CU@X,
Yy > Scu[SS[SD$g] , a » CU[a], w » SD$w] »* CU@yY
1
Verifying the 8-symmetry:
Table[HL@Simplify[CO[SD[z]] == SD[Q0[z]]], {z, QU/e{y, a, x}}]
{True, True, True}
Verifying that the symmetric dequantizator is a homomorphism:
With[{bas = QU /e {y, a, x}},
Table[{zl, z2} -» HL@Simp[SD [zl x* z2] - SD [z1] **SD [z2]], {zl1, bas}, {z2, bas}] ]
{{{QU[y], QU[y]} » @, {QU[y], QU[a]} - @, {QU[y], QU[xX]} - @},
{{QUu[a], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[xX]} - @},
{{QU[x], QU[y]} —» @0, {QU[x], QU[a]} » @, {QU[X], QU[X]} = @}}
R in QU.
Quesne’s formula:
Quesne

o, (1-9)°
a [x_] := Ex —_— X |3 X_] 1= eq,¢1en [X
€qn [x] p[ék(l_qk) 15 eq [x.] := eqsren ]

Table[Together@SeriesCoefficient[e,,s[x], {X, @, n}], {n, @, 5}]
1 1 1
{1) 1: k) )
1+o (1+p) (1+p+0?) (1+p)% (1+0%) (1+p+0?)

1/((1+p>2 (1+pz) (1+p+pz) (1+p+pz+p3+p4))}

)

Table[HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[x], {X, @, n}]1], {n, @, 5}]
{1, 1,1,1,1, 1}

QUIR; ,; ]
QIR |

Oqu[SS[e™ ™ eq[hy1X;] /. by » ¥ (ear-ti)], {y1, a1}is {32, X2};];
S;@QU[Ri,;];
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QU[R3,4] // Short

hQU[a d ﬁ3 U a a X ‘t2 ﬁ3 Ula a a t3
QU[] + EQ[—BJA]+EQU[y3, X41 4 <«<20>> 4+ Q [y3) 45 d4, 4] 3 B Q [ 4 A4, 41 3

Y 2y? 63

Verifying R2 (~2 secs @ $ThD=4, $TeD=2):
QU[Ry,2 **Ri%] 7/ Simp // HL // Timing
{0.328125, QU[]}

Verifying R3 (~156 secs @ $ThD=4, $TeD=2):

{ShOI"t[th = QU[R]_,Z * % R1,3 * % R2’3]], HL@Simp[th—QU[R2,3 *%* R1,3 ** R1,2]]} // Timing

€ehQU[aq, a
{2.45313, {QU[] + M + <<347>> +
Y

1
QUy1, a2, X3] (2eh*+2eh’t;) +QUly1, X3] |-h*ts - ;h3 t3|, e}}

The Classical Logos CA

Lemma 3C. To degree K,

Qey(eM+4X#0YX | xy) = Quy(v e emny+xoy) CA(e, v, y, a, x, n, &, ) | y ax), with
v=_1 +t6)‘1 and where CAk(€, v, v, a, x, n, &, O) is a fixed polynomial of degree at most 4 k in
Y, \/;, x, n, &, with scalar coefficients.

Comment. Even better, log(C/\) is of degree at most 2 k + 2 in said variables.

eqn = Co[e* V] .Co[e" VY] = Co[e? V] .Co[e (tVU -2eWea ] cp[e”Vex]

{({levené& v&}, {en, 11} = {{e ¥, be " v}, {de ¥ e, e’ +bde ¥ ye}}

sol = Solve[Thread[Flatten /@eqn], {d, b, c}]1[1] /. C[1] » ©

n £ Log[——|

l+yené
, b—> , C>
l+yené l+yené Y€

{de

Proof of Lemma 3C. We know that Qsy(e2**Y | xy) = Qy(e®!*ay-2€ca+bx | y ax), with

_n 4 Log[1+yené] . .
{d—) Teyenc’ b- yene €T e } Expanding in € we get

Qou(e** " | xy) = Qou(Ae(é, )M+~ 151 | yax) = Qu(A<(dy, 8y) €7 *5*~ 14! | yax) and so
Qu(eny+EX+6yx | xy): (D(/\E(ax, o)) %90 ghy+&x-nét | yax) = o(,\e(ax, dy) v e/ (-tEmny+Ex+6y x) | yax).
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Logos

SS.[&.]1 := Block[{e}, Collect[Normal@Series[&, {c, @, $TeD}], €, Together]];

(* Shielded e-Series =x)

Calt ,y ,a ,%x_, &1, 71, 5] i=Module|
{egn, d, b, c, sol, A, q, v, &, n},
eqn = cp[e§CU@x] .cp[enCU@y] " cp[edCU@y] .Cp[ec (tcur] -ZeCU@a)] .cp[ebCU@x];
sol = Solve[Thread[Flatten /@eqn], {d, b, c}]1[1] /. C[1] » O;
A = Simplify[e7V-¢X et gs [et+dy-2ecarbx / so1]];
qs= e’ (-t§n+ny+§x+6yx);
Collect[q ™ DPcyp,, up, [21[A] /. v > (1+15) e, simplify] /. {&- &1, n- 71}

];
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CA[t, y, a, X, §, nn, 6]
1,
24 (1+t5)®
e? (48a2 (1+t5)4(252 (1+t6)%+46 (1+t8) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) -
24ay(1+t6)4(252 (1+t6)2+46 (1+t6) (x6+1m) (yo6+&) + (x6+n)? (y6+§)2) -
48ayy (1+t6)° (x5+n)
(662 (1+t6)2+66 (1+t68) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) +24yy? (1+t06)°
(X5 +1) (662 (1+té>2+66 (1+t6) (x6+1m) (yo6+&) + (x6+1)? (y6+§)2) —48axy
(1+t6)3 (Y& +&) (652 (1+t6)2+66(1+t6) (XE5+1M) (YE+E) + (XxE+1n)2 (y6+§)2) +
2ax7? (1+106)° (y6+6) (667 (1+16)2+66 (1+t6) (x6+m) (y5+8) +
(x6+m)? (y6+8)2] +12y2 ¥ (1+16)% (x641)?
(1252 (1+t6)2+86 (1+t8) (x6+7m) (Y6+&) + (xE5+m)? (yo+&)2] +12x* 2
(1+t6)2(y6+§)2(1262 (1+t5)2+86<1+t5) (XE+M) (YE+E) + (xE+m)2 (y&+&)?
24aty (1+t6)? (653 (1+t6)°+186% (1+t6)% (x5+n) (Yo +&) +
96 (1+t68) (xE+m2 (yo+&)2+ (x5+1)3 (y6+§)3) -
8t (v+tyo)? (663 (1+t6)°+186% (1+t6)% (x65+n) (Yyo+&) +
96 (1+t6) (x6+m2 (yo+&)2+ (x6+n)3(y6+§)3)+
24xy(y+ty6)2(663 (1+t6)°+186% (1+t6)% (x5+n) (yo+&) +
96 (1+t6) (x6+m)?* (yo+&)%+ (x6+1)° (yo+¢) )

2(x6+n) (YyS+E) +

12tyy? (1+t6) (x6+7) (2453 (1+t6)%+3606% (1+1t5)
126 (1+t6) (x6+m2 (yo+&)2+ (x6+m)> (yo+8)?) -
R2txy? (1+t6) (y6+¢) (2453 (1+t6) +366% (1+ té)z (X5+1) (Y6+E&) +
126 (1+t8) (x6+m)2(yo+&)2+ (x6+n)> (y6+&) )+
31242 (2454 (1+t6)*+966% (1+t6)° (x5+n) (yo+&) +726% (1+t6)?
(x5+m)2 (y6+£)2+166 (1+t5) (x6+m)> (yo+6)%+ (x6+n)4(yé+§)4)) .
;e<4a(1+t5)2<(t+xy> &24nE+s (Leynexe))+
2 (1+t6)*
y(2t?6*+4t2 8% (6-xy&*+ng) -2 (yn (o (2+y77>+77§)+x 5 (2y*6°+3y6E6+E%) +
x (3y? 62r]+4y6(6+n§>+§(26+r]§>)) t(3x*y*6*-46nE-n* &+
4xy&® (3+yn+xe) + 62 (-2+y*n*+axE+x2 e ray (exno)))))
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{short[1lhs = Ocy[SS[e” (¢**7Y*&>*N ], {x, y}]|, 5], HL[1lhs ==
Ocy[SS[v el (EXxmy+oxy-thém cAlt, y, a, X, hE, AN, B8] /. v » (L+ht 6)‘1], {y, a, x}]]}

{|1-tsh+t?*n*+tyslen’-tnen’ -’ n’ -3t2y&en’-2ty? &2 e*n’+
2t26neEnd+2tysencnP+tretntr6t3ystent+11t2y2 54?2t -3t3 82 nent-

1 1
9t?yslenéEnt-6ty?sle?neEnt+ —2n?&nts “tyen?&2at| QU] +
2 2

1
<«<48> + — &*n* CULy, ¥, ¥, ¥5 X, X, X, X], True}
24

CO and Swaps

Swaps from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.

CdsO
SetAttributes [CO, Orderless];
CuecCo[specs___, E[w_, L _,Q ,P_1] := Ow[SS[we® :*? P], specs]
CUGCO[E[1, tiay, ti* (™ -1) y1Xy, 1+eXaYa]s {Y1, Xa}1s {X25 32, Y2}2] // Short
CU[] + <<27> +
) " ) €h <«<1> <1l> 1 , 3 1 ., 3
CU[y1, X1] |-vyeh“ty+etyeh ty+ - +—yenrtit,-—ety eh’ty t,
t, <«<1>> 2 2
HL [cp[e§CU@x] .cp[eaCU@a] = Cp [eaCU@a] .cp[ee""fCU@x] ]
True
sSwW

wa17,aj7 [CO[{Lh___, Xi ,a; ,rh___}s ,more___,E[w ,L ,Q ,P_11]
Co[{Lh, aj, X, rh}s, more,
With[{q = e * Ex; +aaj},

E[w, L, 87' e Ex;+ (0 /. X »0), e9DPy _p,,a50,[P1[e?]] /. {a>h0a L, §-080}]]

co = CO [IE [1J t1 az, til (‘e‘t1 - 1) Y1X2, 1+€eXx; Y2] s {Y1s Xa}1, {X2, a2, y2}2]

(—1+ €t1> X2 Y1

CO[{y1, X1}1, {X2, 32, Y2}2, E[1, Az ty, » 1+exiys] ]

t

SWy,,a, [CO ]

@7Yht1 (—1+ @tl) X2 Y1

CO[{y1, X1}1, {2, X2, Y2}2, E[1, Az ty, » 1+exiys] ]

t:

With[{co = CO[{Y1: X1}1, {Xa2, A2, ¥Y2}2, ]E[l) tiap, t7 (“"tl ‘1) YiXz, 1+ex yz]]}’
HL[CU[co] = CU[co // SWy,,a,11]

True
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With[{co = CO[{y1, a1, Xa}1, (X2 32, ¥Y2}2,
E[w, liatya;+ 1oty ay + 1og tran + 1ot @5, w11 Xa Y1 + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 Y2,
l+e (1131+12az+P11X1Y1+P12X1YZ+P21XZY1+P22X2Y2)]]}:
{CU[co] // Short, HL[CU[co] == CU[co // SWy, 2,11}

]

1 3 3 03 1 3 2 2 1 1 3 3 43
{CU[al, a1, a1, 1] |—ewh’ 11159+ —ewh® 1111 1 tito+ — <7> «<1> + —ewh’ 1715, t5| +

6 2 2 6
<<180>> + <<1>>, Tr‘ue}

Stitching Direct

MatrixExp[n; Co[CU@yY]] .MatrixExp[a; Co[CU@a]].
MatrixExp[&; Co[CU@Xx] ] .MatrixExp[n, Co[CU@y]] .MatrixExp[a, Co[CU@a]].
MatrixExp[&, Co[CU@x]] // Simplify // MatrixForm
e (1va2) (14 yen,; &) ey (e &+ & (Lre'™yen&,))
e’®e (m+e’™n (leyemér)) 1+e¥@yemé&+e’@ye (m+e™m (Lyemé)) &

eqn = MatrixExp[n; Co[CU@y]] .MatrixExp[a; Co[CU@a]] .MatrixExp[&; Co[CU@X]] .
MatrixExp[n, Co[CU@Y] ] .MatrixExp[a; Co[CU@a]].MatrixExp[&§, Co[CU@X]] ==
@™ €Y MatrixExp [n@ Co[CU@Y]] .MatrixExp[a@ Co[CU@a]].MatrixExp [£0 Co[CU@X] ]

{{e" (e +e’™yen &), ey & +e @y (e™+re’™yen &) &),
{e¥® (e¥Meni+en (1+e’™yen &)),
lve’@yemé+e’@y (eMem+en (1+e'®yvemé)) &}} =
{{eaeyﬂfetej ea@t{ﬂ(eteyge}) {e“eY*YﬂeenO, evETo (1+ea0m,€ ne g@)}}
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sol = Block[{e}, Solve[Thread[Flatten /@eqn], {9, n@, a9, £§0}]11]1[1]
E]Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is =
Log[ey(a0+5 TO)} _ Log[eym (eySubscht[«Z»] + eTlmes[<<2>>] YEN ‘51 )] ==0.

E]Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solutior|]

information.
E]Solve: Equations may not give solutions for all "solve" variables. =
1 0 1
{8 > —(-Log[e™®”| + Log[e ™™ 4+ 12 yen, &), n0
ye ve (f1+e" ™ &+ e’ yen; &1 &)

-y o 1 E Yo 1 Yoty o 1 Y o 1 Yoty ay 2 -2 _
e 2+2@ Y€771§1+2<E Y€U1§2+2@ Y€772§2+2@ Y e MmN2é1 s

i\/ ( (-1-eyemé& - Ryen - yen e’ TRy el nin, £ &) +

e @ ye (LM E-mEi-e My en - e e, &, -
27 TR yemmE - yen; 1 & -ty ) &l &) ) ) ,

1

1 1
£0 - e + e Er e S 4
e’ +mre’yeninaés 2ye 2

1 1
—e’%n, &+ ; eV yeniny &1 & -

1

; (\/ ( (F1-eyem&-e Ty en G- yen & - e Ry el &6) 0+
=

-0 a a 2
e @rvaye (—e'Mn E-mEi-e My en -’ R & -e? Ry & -

2" yemny &1 & - R yen; &1 & -y ety ng £ &) ) ) ] )

eqgn = MatrixExp[n; Co[CU@y]] .MatrixExp[a; Co[CU@a]] .MatrixExp[&; Co[CU@X]] .
MatrixExp[n, Co[CU@yY]].MatrixExp[a; Co[CU@a]].MatrixExp[&§, Co[CU@X]] ==
TO MatrixExp[n@ Co[CU@y]] .MatrixExp[a@ Co[CU@a]] .MatrixExp[£0 Co[CU@X] ]
{{e" (e +e’™yen &), ey & +e @y (eMre’ M yen &) &),
{er? (e¥en+eny (L+e™yen &),
lie?™yen & +e¥®y ((BYO(1€T71+€T72 <1+<EW1Y€ 1 51)) §2}} =
{{e®7Te, e Toy c0}, {®¥TOenO, TO (1+e™¥yen0co)}}

sol = Block[{e}, Solve[Thread[Flatten /@eqn], {TO, n0, a0, £0}]1]1M1]
E]Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solutior]

information.

1 +e T +veE
{TO» RETIN N1 N2+Y€EN1N2 §1’
l+yené l+yenmé

Log[er ™ % (1+yen; &)2]
a0 - , £0 >
Y lyyemé

e VR & +EHr+ven & §2}
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E[w, L, Q, P] means we™*Q P, where w is a scalar, L is linear in the a’s, Q is a combination of x; y,
and P is a perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1};, ...] (with some
default for direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, -..]. In themselves, CO and QO
should have an interpretation in CU/QU by casting.
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