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Pensieve header: A unified verification notebook for the PPSA project.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog

Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
NotebookOpen [wdir <> "\\MakeVSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
TD

$TAD = 2; & /: A% /; d> $TAD := 0;

$TeD=1; € /: €% /; d> $TeD := 0;
SetAttributes [SS, HoldAll];
SS[&_] := Block[{h, €}, (* Shielded Series )

Collect[NormaleSeries[s /. {T; -» e""/%, T e"%?}, {h, 0, $THD}], h, Together] ]
Simp[&_] := Collect[&, _CU| _QU, Expand];

Differential polynomials (DP):
Utils
DPOL-)DX,)/JL-’DL [P_] [/2_] o=
Total [CoefficientRules[P, {a, B}] /. ({m_, n_} »c_) =»cD[A, {x, m}, {y, n}]]

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[x_, Vv , z ] = (X**Y) **2Z;

Oxx _=_*%x0=0;

(x_PLus) xxy_ i= (7%xy) &/@x; X_xx (y_Plus) i= (x*x 1) &/@Y;
B[x , x ]1=0; B[x ,y ] t= X**xy -y **X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts_ _Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}s
gp = Alternatives ee gs;
gp =gp | gp_; (* generators pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (* centrals pattern x)
CE[& ] := Collect[s, U, Expand];
Ui [6&]1 := & /. {t:cp»ty, u U > Replace[u, x_ = X;, 1]1};
Ui [NCM[]] :=U[];
B[Ue(x_): , Ue(y_): ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlU@(x_):,Ue(y_); ] /5 i=t=3 := 0;
B[Uey , Uex ] :=CE[-B[Uex, Uey]];
X_%%U[] :=Xx;5 U[] **Xx_ :=X;
(a_»x_U) #* (b_xy_U) := If[ab === @, @, CE[ab (x**y)]];
(@_*x_U) #xy_ := CE[a (X**y)]; X_**% (a_*xy U) := CE[a (x**Yy)];
Ulxx___,x_] %% U[y_,yy 1 := If[OrderedQ[{x, v} /. sr],
Ulxx, x, YV, YY1, U@xx x* (URy x+x U@x + B[U@x, URy]) »*xUeyy];
ve{c_.x (L:gp)™, r___} /; FreeQ[c, gp] := CE[cU@Table[L, {n}] x»xUe{r}l;
ve{c_.xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c_,r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{} =U[];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL_,r___} := Ue{Expand[L], r};
U[ &_NonCommutativeMultiply] := U /@ &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List > L 11, {1}];
vs = Joinee (First /@ sp);
us = Joinee (Sp /o Ls = (l. [+ X_i_ xs));
CE[Total|
CoefficientRules[poly, vs] /. (p_->c_) = cUe(us?)

] ] /e X_pu11 > X
]
pow[& , O] =U[]; pow[& , n_] :=pow[SE, n-1] »% &5
Syl& , ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;] #*
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]];
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DeclareMorphism

QLImplementation
DeclareMorphism[m_, U - V_, ongs List, oncs_List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}];
m[UL1] = V[];
m[U[g_: 1] := Vi[m[Ueg]];
m[U[vs__]] := NCMee (m/@eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_U:wsmlull;)

Meta-Operations

QLImplementation

Si [& Plus] := Simp[S; /@ &];

. 73
Implementing sl

cu

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[CU@a, CURy] = -y CUey; B[CU@x, CU@a] = -y CUex;
B[CUex, CUey] = 2e CU@Ra-tCU[];

(secuey = -CUey; SeCUea = -CUea; SeCUex = -CUex;)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0, 0}, {0, 0, 0}, {0,0,0}},
{{0, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, ¥y, a, x]}, {
(rhs = (z1 % 22) %% 23 // Simp) // Short,
21 (22%%23) -rhs // Simp // HL
}] // Timing
{0.703125, { (281t y* + 116ty € +120v°€?) CULY, y, ¥, X, X] +
<«<23> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], 0}}

S1[CU[y1, a1, X1]]
-2€eCU[a1, a1] + 2y CU[y1, x1] -CU[y1, a1, Xa] -y CU[] t1+CU[a1] (2ve+1t)

Verifying that S is an anti-homomorphism on CU:

http://drorbn.net/AcademicPensieve/Projects/PPSA/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: PPSA: Archive: Verification-180206.nb 2018-02-06 19:34:39

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp [S; [zl % z2] - S1[Zz2] *% S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{e, 0, 0}, {0,0,0}, {6,0,0}}

Verifying the involutivity of S on products of triples:

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp[z1 x* z2 *%x 23 - S1 @S, [Z1 x* 22 x* z3] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
{{{e, 0,0}, {0,0,0}, {0,0,0}},
{{0, 0,0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Representing sl}*

e 3 2)s one (8 3]s sen

7+1/e 7] . _ 0 0).
(%) —7+1/e]’ py_(eY 0)’

{pa.px - px.pa = ¥ PX, Pa.py-py.pa = -y Py, PX.py -pYy.pX = 2€pa-pt} // Simplify
{True, True, True}

Crho
ey, e, oo = ((2 8], (3 2)- (9 1))

Cols] =6/ {t>vye, CUlu__]w Dot[(; 2), Sequence ee (Cp /@ {u})]}

Verifying that Cp represents CU:

With[{bas = CU /e {y, a, x}},

Table[Co[zl % z2] == Co[z1].Cp[22] // Simplify // HL,
{z1, bas}, {z2, bas} ] ]

{{True, True, True}, {True, True, True}, {True, True, True}}

MatrixForm /@ {Cpey, Co@a, Co@x}

(26 (o) (ool
Implementing Uye.n

With g=e™¢, A=e™"?, T =¢"2, and [f, g], :=fg - qgf, our algebra is U,cn=(t, y, a, X)/R, where
R=([t, x1=0, [a, YI=-vy, [x, ¥, =(1- T?A?)/h, [x, a] = -yx).
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QU

DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q=SS[e"°"]; (+T=SS[e® /2] ;)
B[QU@a, QUey] = -y QUey; B[QUe@x, QUea] = -yQuUex;
B[QUex, QUey] = (q-1) QUe{y, x} +O0q[SS[(1-T>e?°??) /&a], {a}];
(seQuey = oq[sS[-T*e"*?y], {a, y}];

SeQuea = -QUea; SeQuex = O [SS[-e"*?x], {a, x}];)
S: [QU, Centrals] = {t; » -t;, T; > Ti'};

With[{bas = QU /@ {y, a, x}}, Table[{zl, z2} - Simp[zl ** z2 - 22 x* z1], {z1, bas}, {z2, bas}] ]
{{1Quly], Quly]} » @, {QU[y], QU[al} -» ¥ QU[y], {QU[y], QU[x]} -

t2hr t3h? t*h® thrt 1 1
(t+ + + + JQU[]+ “2e-2ten-t?en’-—ten*- —tten*| Qula] +
2 6 24 120 3 12
2€2h+2t62f12+t262h3+1t3€2h4) QU[a, a]+(—yeh—lyzezh2J QUly, x]},
3 2
{{QUfa], QU[y]} » -vQU[y], {QU[a], QU[a]} > @, {QU[a], QU[X]} » v QU[X]},
{{QUIx], QUly]} -
t2n t3hn? t*hd toat 1 1
(—t——— - - ]QU[1+ 2e+2ten+t?en?+ —tPen®+ —tlen*| QUla] +
2 6 24 120 3 12

1
—2e?n-2te?n?-t?e?nd-=t3e?nt| QUla, al +
3

yehs 2y ezhz) Iy, x],
2
{QUx], QU[a]l} > -¥QU[x], {QU[x], QU[x]} - @}}
Verifying associativity on triples of generators:

With[{bas = QU/e{y, a, x}},
Table [HL[21 %% (22 % 23) - (21 %% 22) »% 23] // Simp,
{z1, bas}, {22, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{0, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs @ $ThD=5, $TeD=2):

With[{z1 = QU[y, y, a, a, X, x], 22 =QU[y, a, x], 23 =QU[y, ¥, a, x]}, {
(rhs = (z1 %% 22) %23 // Simp) // Short,
HL[z1 %% (22 %% 23) -rhs // Simp ]
}] 77 Timing
{66.7031,
1785

Py’ ent+

757
{ 28 t2y* + 116t y? € +120yP €2 + «<10>> +

t' e nt| QULy, v, ¥, X, x] +
15

<«<21>> + «<1>>, 0}}

Verifying that S is an anti-homomorphism on QU:
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With[{bas = QU /@ {y1, a1, X1}},
Table[{z1, z2} » HL@Simp[S;[z1 *% z2] - S1[Zz2] ** S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{{QU[y1], QU[y1]} » @, {QU[y1], QU[a1]} - @, {QU[y1], QU[x1]} — @},
{{QU[a1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[x1], QU[y1]} - @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} - @}}

Verifying that Limp_0 QU = CU using a “random” product (~23 secs @ $TAD=5, $TeD=2):

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, x], 23 =CU[y, Yy, a, x]}, {
Shor‘t[lhs = z1 %% (22 *% 23) ] R
Short[rhs = (QUeez1) «* ((QUeez2) »» (QUeez3))],
Expand[Limit[rhs /. {QU-)CU, T- eﬁm}, ﬁ-)O] -1hs] // HL
}] // Timing
{51.0313,
{2 (8t2y*+16ty’€e) CULY, ¥, ¥, X, X] + <<107>> + CULY, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X],

28

2 8ty e?n+ 12ty e?n? s — 30t n? 45t yf et | QUIY, Y, Y, X, X] +
3
<<566>> + (<<1>>> «<1>, 0}}

Representing U e.n

Qrho

ey, wom aen - {(2 2). (3 8): (S =557 )b

QIl5]:=c/. {t>ve, Qlu___] :-)Dot[(; 2), Sequence @e (Qo /@ {u})]}

Verifying that Cp represents CU:

With[{bas = QU /e {y, a, x}},
Table[Qo[z1 *% 2z2] == Qo[z1].Qo[z2] // Simplify // HL,
{z1, bas}, {z2, bas} ] ]

{{True, True, True}, {True, True, True}, {True, True, True}}

MatrixForm /@ {Qo@y, Qo@a, Qo@x}
) ¥y 0 0 Y—%Y2€f1+§7362f’12

{ ( 0 ) ? ( 0 0 ) ? }
€ 0 0

Implementing 6
theta

DeclareMorphism[Ce, CU » CU, {y - -CUex, a- -CUea, x » -CUey}, {t--t, T>T'}];
DeclareMorphism[Qe, QU - QU, {y - Oq[SS[-T*e"*?x], {a, x}],
a--Quea, x-0q[SS[-T*e"%y], {a, y}]}, {t>-t, T>T7}]

Verifying involutivity on CU:
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With[{bas = CU /e {y, a, x}},
Table[z -» Co[z] » HL[CO[CO[Z]]], {Z, bas}] ]

{CU[y] » -CU[x] »CQU[y], CU[a] »-CU[a] »CU[a], CU[x] » -CU[y] »CU[x]}

Verifying that 8 is a multiplicative homomorphism on CU:
With[{bas = CU /e {y, a, x}},

Table[CO[z1l x% z2] - CO[z1] **x Co[z2] // HL, {z1, bas}, {z2, bas}] ]
{{0, 0,0}, {0,0,0}, {0,0,0}}

Verifying involutivity on QU:
With[{bas = QU /e {y, a, x}},
Table[z » Q6[z] - HL[QO[Qe[z]]1], {z, bas}] ]

{QU[y]%
[ th t2h? t3n3 t*rt

-1+ — - +

1 1 1
—eh+—ten?-=t?en’+ —t3en*| QUla, x] +
2 8 48 384

2 8 48

QU[x] +

1 1 1
(—762ﬁ2+7t62h3—ft262ﬁ4) QU[a, a, x] > QU[y],
2 4 16
t2h?

ta > 1 5 50,
- - - B - |-1+ —+vyeh- -—Tye - — Y€ +
QU[a] QU[a] - QU[a], QU[X] 1 h t h h
2 8 2 2
t3hd 1 1 t* nt 1 1
+ft2yeh3+ftyzezh3—7—ft3yeh4—ft2yzezh4
48 8 4 384 48 16

Qly] +

1 1 1 1 1
—eh+*teh2+yezﬁ2—*tzehs—*tyezh3+ft3eﬁ4+*‘tzyezf’l“) QU[y, a] +
2 8 2 48 8

1 1 1
[—*€2h2+*‘t62h3—ft2€2h4 QU[y, a, a] > QU[x]}
2 4 16

Verifying that 0 is a multiplicative homomorphism on QU:
With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[QO[z1l »* z2] - QO [z1l] **QO[Z2]]1], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} - @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{QuU(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

2 2

t - 2
A]D$f=1eh(2'(a”)e) Cosh|[a (ae+ﬁ_£)]_Cosh[h\/(t Ye] rew | /
h

(Sinh[ﬂ] (a2e+a7e—at—w)) 5
2
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SS[AD$f] // Simplify
1 2 2 2 2
—— (720+360 (t-2 (a+y)e)h+60 (2t°-7t (a+y) e+e (7a’e+13aye+6y’c+w)) h’+
720
30 (tB'—S‘c2 (a+y)e-2(a+Yy) 62w+t6(9a26+17ay6+8y26+w>)h3+
(6t*-39t3 (a+y)e-t (32a+33y) c*w+2e’w’ +t?e (101a°ec +192aye+91y* e +9w)) h?)

Scaling behaviour of AD$f:

Simplify[A]D$-F == ((A]D$-F /. 7—>1) /. {e—»xe, a»y?la, w—»y‘lw})]

True
FullSimplify [
AD$f == ((AD$F /. ¥y-1) /. {B > ¥’h,ese/¥, a»a/y, t->¥72t, w->y>w})]
True
ADeq
AD$w = ¥ CU[y, X] +€ CU[a, a] - (t-ye) CU[a];
ADeq

DeclareMorphism[AD, QU - CU,
{a » CU@a, x » CU@X, y - Scy[SS[AD$Ff], a » CU[a], w » AD$w] ** CU@RY}]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} - HL[Simp[AD [z1 »* z2] -AD[z1] *»* AD[z2]]], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} -8, {QU[x], QU[x]} - @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

SDeq

51D$g=\/([Cosh[g'\/t2+xzez+4ew] —Cosh[i—l (t- (2a+7) e)]]/

(sinh[%] (t (2a+¥y) -2a(a+y) e+2w)f1/(27)));
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Cosh[h(%+ea)] Cosh[ﬁﬂl : +em]
3

nsinh[=<2] (s-ea’+ (t-€e)a+t/2)

{S]D$P =

Simplify [SD$P = (SD$P /. {a—»-a-1, t>-t})] // HL,

Power‘Expand@Simplify[ (S]D$P /. {ﬁ > y’h,e»e/y, analy, toy?t, woy? w}) =
Sp$g (SD$g /. {a-»-a-y, t>-t})] // HL,

SD$Q = Simplify[sD$P /. {a»>c-1/2}],

Simplify [SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

Simplify [SD$g = FullSimplify [
\Vsp$Q /. c»a+1/2/.{n » ¥’h,ese/y, analy, t->y2t, wayw}]] // H

h] Cosh[\/ Csch[ezh}}/
((E+a (t-e) —aze+wJ h]

_[(4

cOsh[1 (t-2ce) n] —Cosh[lx/t2+ez+4ew h]] cSch[ﬂ}]/
2
((4ct+e-4c’e+4n) h)), True, True}

a€+1<—t+€) <t2+€2)+€wh]

Cosh[
2

FNQUN

{,

, True, True,

2 2

Fu115imp1ify[S]D$g /. {h > y’h,e»e/y, analy, to>y?t, m—){g'm}]

W

~Cosh| ( (2a++?) e)h]+Cosh[1\/t2+y4ez+4ew h}]Csch[lyzeﬁ]
2 2

/

(t (2a+32) -2a (a+3?) € +20) h))

SS[SD$g]
1 2 2 2 2 2 1
1+—<t -2ate-tye+2a‘e“+2aye +26w>h+
48 23040
(t*-4at’e-2tPye+16a’t’e?+16at’ye’ -5t y? e’ +4t?cu+8ate’w+4tyelw+ 12’ 0?)

h4
SDeq

SD$f = FullSimplify[e” (/2 (sp$g /. {a~»-a, t>-t})];
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SS[SD$F]

1 1
1+=(t-2ae)h+— (7t?-26ate+tye+26a’e’-2aye*+2ew) h?+
2 48

1
— (t—2ae) (3t2—10ate+tye+1@a262—2ay62+26w) a3+
96

(121t4—844at36+62t3>{e+2296a2t262—
23040

376 at>ye? -5t2y?e?+124t’cw-472ate’w-4tyelw+ 12’ w?) At
SDeq

SD$w = y CU[y, x] +e CU[a, a] - (t-ye) CU[a] -tyCU[] /2;

SDeq

DeclareMorphism[SD, QU -» CU, {a -» CUea,
X - Scy[SS[SD$f], a » CU[a], w » SD$w] ** CU@X,
y > Scu[SS[SD$g] , a» CU[a], w -» SD$w] *»* CURY
1

Verifying the 8-symmetry:

Table [HL@Simplify[CO[SD[z]] == SD[Q6[z]]1], {z, QU/@{y, a, X}}]

{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:
With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL@Simp[SD [zl x* z2] - SD [z1] **SD [z2]], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} - @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} —» @}}

R in QU.

Quesne’s formula:
Quesne
o, (1-9)"
eg ,n [x ] 1= Exp[ ) —————x*];5 e [x_] = eg,s1en[X]
Z‘ k (1-g%)
Table[Together@SeriesCoefficient[e, s[x], {Xx, @, n}], {n, @, 5}]
1 1 1

1, 1
{ T 1+p, (1+,o) (1+,o+pz)) (1+p)2(1+pz> (1+p+,02>,

1/((1+,o>2 (1+pz> <1+p+p2> (1+p+pz+p3+p4))}

Table[HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[X], {Xx, @, n}]], {n, @, 5}]
{1,1,1,1,1, 1}
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QUIR; ,; ]
QU[R:*; ]

O[SS[e"™* eq[hy1X2] /. by >yt (ea1-ti)], {y1, a}is {32, X2}5];
S;j@QU[Ri ;15

QU[R3,4] // Short

ehQU[as, a Bty 1
QU[] + MJr <<39>> + QU[Y3, Y3, A1, Xa, Xa] |- 2+ Zentts
Y 2y 4

Verifying R2 (~2 secs @ $ThD=4, $TeD=2):

QU[Ry,> **Ri%] // Simp // HL // Timing

{2.95313, QU[]}

Verifying R3 (~156 secs @ $ThD=4, $TeD=2):

{Short[1lhs = QU[Ry,» ** Ry,3 ** Ry,3]], HL@Simp[lhs - QU[R; 3 #* Ry 3 **Ry211} // Timing

{230.938, {QU[] + w+ <«<1240>> + QU[Yy1, a3, X3] ,0}}

Y

n3t3 +h4t§
Y 2y

CO and Swaps

Swaps from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.

CdsO
CUeCO[E[w , L ,Q ,P_], specs___] := Ow[SS[we® *@ P], specs]
CUGCO[E[1, tiay, ti* (€™ -1) y1Xy, 1+eX1ya], {Y1, Xa1}1, {X25 @2, Y2}2] // Short
1
CU[] + <«<42> +CU[y1, X1] |-veh?ty+efyeh?t+ «<8>» + —eryPenttit,
6
HL [MatrixExp[§ Co[CU[Xx]]] .-MatrixExp[a Co[CU[a]]] ==
MatrixExp[a Co[CU[a]]].MatrixExp[e™¥*§Co[CU[X]]]]
True
SwW

SWy, ,a, [CO[E[w , L_, Q ,P_1, specs___]]1 := CO[
With[{q = e Ex; + aaj},
E[w, L, B7' e Ex;+ (/. %X »>0), e9DPy_p a0, [P1[e?]] /. {a>80aL, §>00}
|, Sequenceee ({specs} /. {L___, xi, aj, r___}» {L, aj, Xi, r'})]

co=CO[E[1, t1ay, t7* (€™ -1) y1Xy, 1+ €X1Y2], {Y1, Xa}1, {X25 32, ¥2}2]

(—1+(Et1) X2 Y1
co[E[1, a; ty, . 1+exiya], (Y15 Xa}1, (X2, 32, Y2}2]
1
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SWy,,a, [CO ]

eVt (L14eh) Xy

co {]E[l, a; ti, »yl+exg yz}; {Y1, X131, {32, X2, YZ}Z}

t1
With[{co = CO[E[1, t1a,, t7* (e -1) y1 Xz, 1+eXaY2]5 {Y1s Xa}1s {X25 325 V2}2]}>
HL[CU[co] == CU[co // SWy,,a,11]

True

With [ {C® = CO []E [w, lptiar+ Loty ay+ Loy toas + 1oo tr @z, w11 Xa Y1 + w12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 Y2,

l1+e (lyar+1pa+P1aXa Y1+ P12 Xa Y2+ Par Xa Y1+ P22 X2 ¥2) |5 V15 315 Xa}1s {X2, 325 Y2}2]}s
{CU[co] // Short, HL[CU[co] = CU[co // Shy,,a,]11}

]

{CU [a1, a1, a1]

1 2 2 42 2 1 2 2 42
—ewh® 111t +ewh 111131t ty+ —ewh® 1y 15; t5| + <75> + CU[] (<<1>>),
2 2

True}

Stitching Direct

MatrixExp[n; Co[CU@Y]] .MatrixExp[a; Co[CU@a]].
MatrixExp[&1 Co[CU@Xx] ] .MatrixExp[n, Co[CU@y]] .MatrixExp[a, Co[CU@a]].
MatrixExp[&, Co[CU@x]] // Simplify // MatrixForm
e (1va2) (14 yen,; &) ey (e &+ & (Lre’™yen&,))
e’®e (m+e’™n (leyemér)) 1+e¥@yemé&+e’@ye (m+e™m (Lyemé)) &

eqn = MatrixExp[n; Co[CU@y]] .MatrixExp[a; Co[CU@a]] .MatrixExp[&; Co[CU@X]] .
MatrixExp[n, Co[CU@Y] ] .MatrixExp[a; Co[CU@a]].MatrixExp[&§, Co[CU@X]] ==
@™ €Y MatrixExp [n@ Co[CU@Y]] .MatrixExp[a@ Co[CU@a]].MatrixExp [£0 Co[CU@X] ]
{{e" (e +e’™yen &), ey & +e @y (e™+re’™yen &) &),
{e7% (e en+emn (L+e’yemé)),
lve’@yemé+e’@y (eMem+en (1+e'®yvemé)) &}} =
{{eaeyﬂ/etOJ ea@t{ﬂ(eteyge}, {eaeyﬂ(ete end, e’ (1 £ e yene §@> }}
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sol = Block[{e}, Solve[Thread[Flatten /@eqn], {9, n@, a9, £§0}]11]1[1]
E]Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is =
Log[ey(zx0+s ro)} _ Log[eV“f’ (eySubscht[«Z»] + glimes[«2>] vem & )] ==0.
E]Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solutior|]
information.
E]Solve: Equations may not give solutions for all "solve" variables. =
{t@ - * (— Log[eo‘eY] + Log[e”‘””‘2 +e’ 12 yen, 51] ) ,
Y €

1 1 1 1 1
ne - e’ [* Pt yema s Dty e & Teltyeny £ v S er y2etmna &6 -

2

1
2 \/ ( (F1-eyemé& e yen &H-e"yen & -y el n, &1 &) +
e @Y mR ye (LM E - - M yen - S -e' PN, & -

27N yemny E1 & -’ yen; &1 & - eyl ] & &) ) ] ]/

1 a
+—e’Mn &1+

(ve (G1+e"™ & +e’2yenm &l &)), €0
2ye 2

eﬂ/ Qaz (

1 1 1
—erMt %) &+ ; e’ &+ g e’ yeni Ny 18-

1

, (\/ ( (-1-e"yemé& - yen &R yen & -e" YRy eln N, & &)+
YE

-0 y+y a1+ o a; a 2 Qp+Yy
4 e 0ryaror e (-eY Tméi-mé-e®yemnéi-e’ny

Er-€ My & -2 2 yen Ny E18 -2 yen] £ - eV ®

72e277177%§%§2>)>]]/ (evra1771+772+e7fa1)/€771772§1)}

eqn = MatrixExp[n; Co[CU@y]] .MatrixExp[a; Co[CU@a]] .MatrixExp[&; Co[CU@X]].
MatrixExp[n; Co[CU@Y]] .MatrixExp[a; Co[CU@a]] .MatrixExp[&§; Co[CU@X]] ==
TO MatrixExp[n@ Co[CU@y]] .MatrixExp[a@ Co[CU@a]].MatrixExp[£0 Co[CU@X] ]

{{ev® (e + e yen &), e y&+e’@y (e +e’™yen &) &),
{ev@ (e em+en (1+e’yemér)),
lee’yemé+e’®y (eMen+en (lre’™yemé)) &)} =
[{e™®”Te, e ' Toy 0}, {®¥TOcnO, TO (1+e™®Y yecnoco)}}

sol = Block[{e}, Solve[Thread[Flatten /@eqn], {TO, n0, a0, £0}]11M11
E]Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solutior]

information.
1 +e v +Y € &
{T@e L, 10 o 1 2 11 7]2 1’
liyenés liyené
Log[eYOll*YO(Z (1+7{€ N2 §1>2]
, 0 >

Y lyvyemé

e’ g +SHr+vemélén
o0 - }
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E[w, L, Q, P] means we™*? P, where w is a scalar, L is linear in the a’s, Q is a combination of x; y,
and P is a perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1};, ...] (with some
default for direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, -..]. In themselves, CO and QO
should have an interpretation in CU/QU by casting.
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