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Pensieve header: A unified verification notebook for the PPSA project.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog

Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
NotebookOpen [wdir <> "\\MakeVSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
TD

$TaD =4; n /: n% /; d> $TAD := 0;
$TeD=2; € /: €’ /; d> $TeD :=0;
SetAttributes [SS, HoldAll];
SS[&_] := Block[{h, €}, (* Shielded Series )
Collect[NormaleSeries[s /. {T; -» e""/%, T e"%?}, {h, 0, $THD}], h, Together] ]
Simp[&_] := Collect[&, _CU| _QU, Expand];

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[x_,y , Z ] = (X*%)Y) *%xZ;

Oxx _=_x%x0=0;

(x_Plus) #xy_i= (#Z%xy) &/@x; x_#x (v _Plus) := (x**7) &/@y;
B[x , x ] =0; B[x_,y ] t= X*%%xY -V %%X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts_ _Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}
gp = Alternatives ee gs;
gp = gp | 8p_; (» generators pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (* centrals pattern x)
CE[& ] := Collect[s, U, Expand];
Ui [&]1 := & /. {t:cpw>t;, u U > Replace[u, x
Ui [NCM[]] :=U[];
B[Ue(x_): , Ue(y_): ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlU@(x_):,Ue(y_); ] /5 i=t=3 := 0;
B[Uey , Uex ] :=CE[-B[Uex, Uey]];
X_%%U[] :=Xx;5 U[] **Xx_ :=X;
(a_»x_U) #* (b_xy_U) := If[ab === @, @, CE[ab (x**y)]];
(@_*x_U) #xy_ := CE[a (X**y)]; X_**% (a_*xy U) := CE[a (x**Yy)];
Ulxx___,x_] %% U[y_,yy 1 := If[OrderedQ[{x, v} /. sr],
Ulxx, x, YV, YY1, U@xx x* (URy x+x U@x + B[U@x, URy]) »*xUeyy];
ve{c_.x (L:gp)™, r___} /; FreeQ[c, gp] := CE[cU@Table[L, {n}] x»xUe{r}l;
ve{c_.xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c_,r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{} =U[];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL_,r___} := Ue{Expand[L], r};
U[ &_NonCommutativeMultiply] := U /@ &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L_List: (L-null), {1}];
Joinee (First /e sp);
us = Joinee (sp /. (L_—»s_) » (L/.x_ i »xs));
CE[Total|
CoefficientRules[poly, vs] /. (p_->c_ ) = cUe(us?)

] ] /e X_puil > X
B
pow[&_, O] =U[]; pow[&_, n_] :=pow[S&, n-1] % &5
Syl&_, ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ -» c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;]
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]];

= Xi, 11};

VS
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DeclareMorphism

QLImplementation

DeclareMorphism[m_, U - V_, ongs List, oncs_List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}];
m[UL1] = V[];

m[U[g_: 1] := Vi[m[Ueg]];
m[U[vs__]] := NCMee (m/@eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_U:wsmlull;)

Meta-Operations

QLImplementation

cu

Si [& Plus] := Simp[S; /@ &];

. 73
Implementing sl

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[CU@a, CURy] = -y CUey; B[CU@x, CU@a] = -y CUex;
B[CUex, CUey] = 2e CU@Ra-tCU[];

(secuey = -CUey; SeCUea = -CUea; SeCUex = -CUex;)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0, 0}, {0, 0, 0}, {0,0,0}},
{{0, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, ¥y, a, x]}, {
(rhs = (z1 % 22) %% 23 // Simp) // Short,
21 (22%%23) -rhs // Simp // HL
}] // Timing
{0.625, { (2812 y*+116ty° e +120v°€?) CULY, ¥, ¥, X, X] +
<«<23> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], 0}}

S1[CU[y1, a1, X1]]
-2€eCU[a1, a1] + 2y CU[y1, x1] -CU[y1, a1, Xa] -y CU[] t1+CU[a1] (2ve+1t)

Verifying that S is an anti-homomorphism on CU:
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With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp [S; [zl % z2] - S1[Zz2] *% S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{e, 0, 0}, {0,0,0}, {6,0,0}}

Verifying the involutivity of S on products of triples:

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp[z1 x* z2 *%x 23 - S1 @S, [Z1 x* 22 x* z3] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
{{{e, 0,0}, {0,0,0}, {0,0,0}},
{{0, 0,0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Implementing Uye.n

With g=e™¢, A=e™"2, T=e™2 and [f, ], :="fg - qgf, our algebra is Uyen =(t, ¥, a, X)/R, where
R=([t, x1=0, [a, I=-yy, [x, ¥lg=(1- T2 A?)/h, [x, a] = —yx).
Qu
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals - {t, T}];
q= SS[eYGb]; (~kT=SS[eh t/z] 3%)
B[QUea, QUey] = -y QUey; B[QUex, QUea] = -y Quex;
B[QUex, QUey] = (q = 1) Que{y, x} + OQU[SS[ (1 T2 e—Zeaﬁ) /ﬁ] , {a}];
(sequey = oqu[ss[-T7"**y], (2, )];
SeQuea = -QUea; SeQuex = Oy [SS[-e”*?x], {a, x}];)
S: [QU, Centrals] = {ti > -ty, Ty~ T;l};

With[{bas = QU /e {y, a, x}}, Table[{zl, z2} -» Simp[zl ** z2 - z2 »% z1], {z1, bas}, {z2, bas}] ]

{{1Quly], QUly]} > @, {QU[y], QU[a]} - ¥y QU[y],

t2h t3n? t*hd t°p* t°h°
{QUly], QU[x]} > |t+ + + + + QU[] +
2 6 24 120 720

1 1 1
—2e-2ten-tlen’-—tlenP- —tten*- —t°en°
3 12 60

QU[a] +

2ezh+2tezh2+tzezh3+1t3ezh4+it4ezh5J QU[a,a]+[-yeﬁ-1yzezh2 Iy, x]},
3 12 2
{{Qu[a], QU[y]} » -¥QUly]l, {QU[a], QU[a]} » @, {QU[a], QU[X]} » ¥y QU[X]},
t2h t3h? t*hrd t°h* tohm°
{{QUIx], QUIy]} > |-t-— - - - ]QU[]+
2 6 24 120 720

1 1 1
2e+2ten+t?en?+ —t3en® s —tlen*+ —t°en’
3 12 60

QUla] +

-Zezh-ztezhz-tzezh3-1t3ezh4—it4ezh5
3 12
{QU[x], QU[al} » -¥QU[x], {QU[x], QU[x]} - @}}

QUla, a] +

1
yeh+ —y?e’n?| QULy, x],
2

Verifying associativity on triples of generators:
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With[{bas = QU /e {y, a, x}},
Table[HL[z1 x» (22 %% 23) - (21 %% 22) »% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} ] ]
{{{e, 0,0}, {0,0,0}, {6,0,0}},
{{0,0,0}, {0,0,0}, {06,0,0}}, ({6,0,0}, {0,0,0}, {(0,0,0}}]}

Verifying associativity on a “random” triple (~34 secs @ $ThD=5, $TeD=2):

With[{ZJ- =QU[y, y, a, a, x, x], z2=QU[y, a, x], z3 =QU[y, Yy, a, x]}, {
(rhs = (z1 %% 22) »x23 // Simp) // Short,
HL[Zl *% (22 *% 23) -rhs // Simp ]
}] // Timing
7 1549 2215
{50.7031, {|28t*y*+ 116ty € +120y% €’ + «<12>> + —t/y*h’ + toy2en’+
10 90 12

tS YG 62 hs
QU[Y, <<3>>, X] + «<22>, 0}}
Verifying that S is an anti-homomorphism on QU:

S1[QUex;]

-QU[x;] -~ehQUlar, X1] - Lerpe QU[az, a1, X1]
2

Si[QUey;]
1, 1 5.5 1 5 40 1 5 5.3
QU[yl, ai, al} - —€e“h“+ —€“h tl—_G h t1+_€ h tl +QU[y1, a1]
2 2 4 12
232 2 223 1 3,0 1 2,402 1 4.3 1 2,5,3 1 544
-—eh+ye*h"+eh"t1-ye'h’ty - —eh’ti+ —yvye h"ti+ —eh"ti- —vye " R’ti- —eh’t]| +
2 2 6 6 24
1., .. 2 1.5 5.5 1.,., 1 342
QU[y1] |-1+veh- — vy e"h"+hti-vyeh"t1+ =y e Pt - —h°t{+ —veh’t]-
2 2

1 1 1 1 1 1
77{2€2h4t%+7h3ti—776h4ti+7Y2€2h5ti—7h4t§+7Y€h5t§+7h5ti)
4 6 6 12 24 24 120

{z1, z2} = {QU[x1], QU[y1l}; z1l**2z2

QU[y1, X1] +

1 2 232
Y€h+;)’€ A% QULY1, X1] +

QU [al.v al]

1 1
—2€2h—262h2t1—62h3t%——ezh“ti——ezhst‘l‘] +
3 12

1 1 1
Qa:] 2€+2€T’lt1+eh2t§+—eh3ti+—€h4t‘1‘+_€hsti]+
3 12 60
ht? 1 1 1 1
QULJ (‘tl— 1——hzti——h%‘l‘——h“ti——hstg]
2 6 24 120 720
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S1[z1 ** 22]

QU[y1, a1, a1, X1]

1
2€2h2—2€2h3t1+ezh4t%—;ezhsti +QU[Y1, a1, X1]

1 1 1
Zeh—Zyezhz—2eh2‘t1+2yezh3t1+eh3t%—yezh4t%——eh4ti+—yezhstiJr—(—:hst‘l‘] +
3 3 12

1 1 1 1
QU(y1, X1] |1-yeh+—y?*e?n?-hnty+yven?ti- —y?e?n®ty+ —n?t2- —yen®t?+
2 2 2 2
1 1 1 1 1 1 1
—yzezh“t%——h3ti+—yeh“ti——yzezhstiJr—h4t‘1‘——yeh5t‘1‘——h5ti)
4 6 6 12 24 24 120

S;@eQue {xi, y1}

1
QU[y1, a1, a1, Xi] (2 e?n?-2e?ndt v et - ;esz 3] +QUly1, a1, X1]

1 1 1
26ﬁ—27{62h2—26h2t1+2Y62h3t1+€ﬁ3t%—y62ﬁ4t%—*61”14‘ti+*Yezﬁsti+f€ﬁ5t‘1‘] +
3 3 12

QU[y1, X1]

1 1 1 1
1—7(62”7+*}/Zezhz—ht1+yeh2t1—*y262ﬁ3t1+*h2t%—*yeh3t%+
2 2 2 2

1 1 1 1 1 1
*yzezh“t%—*ﬁ3ti+7yeh4ti—f72€2h5t§+fﬁ“t‘l‘—fyehst‘l‘—fﬁsti)
4 6 6 12 24 24 120

S1@QU[yi1, X1]

QU[y1, a1, a1, X1]

1
262h2—262h3t1+ezh4t§-;esz’ti) +QU[y1, a1, X1]

1 2 1
2€h—4yezﬁ2-26ﬁ2t1+4yezh3t1+eh3t§-2yezh4t§-—eh4ti+—yezh5t2+—ehSt‘l‘] +

3 12

1 1
Ulag, a1] |2€?n-2e?2n’t+e?2nPt2-—e2n*td+ —e?2n td| +
1 1 1
3 12
1
QU[Y1, X1] |1-2yvehn+2¥y?e?n?-—nti+2yeh?t;-2y2e?nt,+ —R?t2-yehnt2+
y 5 1 1

1 1 1 1 1 1
yzezh4t§——h3ti+—yeh“ti——y262h5t§+—h4t‘1‘——yef15t‘l‘——ffti] +
6 3 3 24 12 120

1
QU[a1] [2e-2yelh-2ehty+2ve?nPty+en*t2-vye?nPti-—ecn®td+
1 1 1 1
—yernttds —entt}- —vyetniti- —en®t3y| +
3 12 12 60
1 at? 1 1 1 1
QU[] —t1+7(€ﬁt1—*)/262ﬁ2t1+ 1—*}(eﬁzt%+*yzezh3t%—*ﬁzti+*yeh3ti—
2 2 2 4 6
1 1 1 1 1
—yrelnttl s — Rt - —vyenttis — 2 etn - — At yen t3+ n° t8
12 24 24 48 120 120 720

With[{bas =QU /@ {y1, a1, X1}},
Table[{z1, z2} -» HL@Simp[S;[Zz1 x» z2] - S1[22] **S;[21]],
{z1, bas}, {z2, bas} ] ]

{{{QU[y1], QU[y1]} » @, {QU[y1], QU[a1]} > @, {QU[y1], QU[x1]} — @},
{{QU[a1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[x1], QU[y1]} —» @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} - @}}
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Verifying that Limp_0 QU = CU using a “random” product (~23 secs @ $TAD=5, $TeD=2):

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, Xx], 23 =CU[y, Yy, a, x]}, {
Shor‘t[lhs = z1 %% (22 *% 23) ] B

Short[rhs = (QUeez1) «+ ((QUeez2) »» (QUeez3))],
Expand[Limit[r‘hs /. {QU-)CU, T- e“’z}, ﬁ-)O] -1hs] // HL
}] // Timing

{32.75, {2 (8t2y*+ 16ty e) CULY, ¥, ¥, X, X] +
<«<107>> + CULY, ¥, ¥, Y5 ¥ @, @, @, @, X5 X, X, X], <<1>>, 0}}

Implementing 6

theta

DeclareMorphism[Ce, CU » CU, {y -» -CUex, a- -CUea, x » -CUey}, {t--t, T>T'}];
DeclareMorphism[Qe, QU - QU, {y - Oq[SS[-T*e"*?x], {a, x}],
a->-QUea, x-0q[SS[-T*e"*?y], {a, y}]}, {t->-t, T>T*}]
Verifying involutivity on CU:

With[{bas = CU /e {y, a, X}},
Table[z » CO[z] » HL[CO[CO[Z]]], {z, bas}] ]

{CU[y] » -CU[x] - CU[y], CU[a] » -CU[a] »CU[a], CU[x] » -CU[y] » CU[x]}

Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU /@ {y, a, X}},
Table[CO[z1 % z2] - CO[z1] »*x CO[22] // HL, {z1, bas}, {z2, bas}] ]
{{e, 0,0}, {0, 0,0}, {0,0,0}}

Verifying involutivity on QU:
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With[{bas = QU /e {y, a, x}},
Table[z » Qo[z] - HL[Qe[Qe[z]]], {z, bas}] ]

th t?h? t3r? t*h* t°r°
{QU[y]e -1+ — - + + QU[X] +
2 8 48 384 3840
1 1 1 1
—eh+—ten?-=t?ends —tien*- —tten’| QUla, x] +
2 8 48 384
1 2 22 1 223 1 2 234 1 3,235
-—€e“h“+ —te"h”-—te"h™"+ —t’€ h]QU[a, a, x] >QU[y], QU[a] » -QU[a] - QU[a],
2 4 16 96
th t2n? 1 1 t3r 1 1
QU[X] » |-1+ —+yeh- —*tyeﬁz—*yzezﬁ2+ +*t276f13+*t7{2€2f’13—
8 2 2 48 8 4
tat 1 1 t° A° 1 1
- —t3yent- —t2y?e?aty + —thyen®+s —t3y2e?n%| QU] +
384 48 16 3840 384 96
1 1 1 1 1
—eh+—ten?+ye?lnt-—t2enP-“tye?nds —tlents “t2ye?nt-
2 8 2 48 8
1
—tten - —t3ye?n’| QUly, a] +
384 48
1 2 22 1 223 2 234 1 3 235
[f—e he+ —teh’- —te“h”+ —t°e“h’| QUly, a, a] eQU[x]}
2 4 16 96

Verifying that 6 is a multiplicative homomorphism on QU:
With[{bas = QU /e {y, a, x}},

Table[{z1, z2} - HL[Simp[Q6o[z1l »x z2] -Q6[z1] **Q6[22]]], {z1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[x]} - @},
{{QUfa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QuU(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

t - 2
AD$f = L & (3@ ) Cosh & (ae+ﬁ_3)]_Cosh[h (t 76] rew | /
h 2 2

2

(Sinh[ﬂ] (a2e+a7e—at—w)] ;
2

SS[AD$f] // Simplify

—— (14404720 (t-2 (a+y) €) h+120 (2t*-7t (a+y) e+e (7a*e+13aye+6yec+w)) h®+
1440

60 (t>-5t> (a+y)e-2(a+y) cw+te (9a’e+17ayec+8y’ec+w)) h’+
2(6t"-39t2 (a+y)e-t(32a+33y) fw+2e’w?+t?e (101a°ec+192aye+91y*e+9w)) h*+
t (2t4—16t3 (a+y)e-t (20a+21y> e2w+2e?w?+t?e (54a26+103aye+49y26+4w>)hs)
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Scaling behaviour of AD$f:

Simpli‘Fy[A1D$'F == ((A]D$'F /. 7-)1) /. {e—»ye, a-yla, waw'lw})]

True
Fullsimplify [
AD$F -- ((A]D$'F /. 7-)1) /. {h > y’h,e»e/y, anal/y, to>y?t, w->7'3w})]
True
ADeq
AD$w = ¥ CU[y, x] +€CU[a, a] - (t-ye) CU[a];
ADeq

DeclareMorphism[AD, QU - CU,
{a » CU@a, x » CU@x, Yy -» Sy[SS[AD$f], a » CU[a], w -» AD$w] »* CURY} ]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[Simp[AD [z1 *% z2] - AD [z1] ** AD[z2]]], {z1, bas}, {z2, bas}] ]

{{{QuUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[x]} - @},
{{QUfa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QuU(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

SDeq

S]D$g=\/([Cosh[g'\/tz+72€2+4ew] —Cosh[% (t- (2a+7) e)]]/

(Sinh[%] (t (2a+¥) -2a (a+¥) e+2w)f1/(27)));
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Cosh[h(%+ea)] Cosh[ﬁﬂl : +em]
3

nsinh[=<2] (s-ea’+ (t-€e)a+t/2)

{S]D$P =

Simplify [SD$P = (SD$P /. {a—»-a-1, t>-t})] // HL,

Power‘Expand@Simplify[ (S]D$P /. {ﬁ > y’h,e»e/y, analy, toy?t, woy? w}) =
Sp$g (SD$g /. {a-»-a-y, t>-t})] // HL,

SD$Q = Simplify[sD$P /. {a»>c-1/2}],

Simplify [SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

Simplify [SD$g = FullSimplify [
\Vsp$Q /. c»a+1/2/.{n » ¥’h,ese/y, analy, t->y2t, wayw}]] // H

h] Cosh[\/ Csch[ezh}}/
((E+a (t-e) —aze+wJ h]

_[(4

cOsh[1 (t-2ce) n] —Cosh[lx/t2+ez+4ew h]] cSch[ﬂ}]/
2
((4ct+e-4c’e+4n) h)), True, True}

a€+1<—t+€) <t2+€2)+€wh]

Cosh[
2

FNQUN

{,

, True, True,

2 2

Fu115imp1ify[S]D$g /. {h > y’h,e»e/y, analy, to>y?t, m—){g'm}]

W

~Cosh| ( (2a++?) e)h]+Cosh[1\/t2+y4ez+4ew h}]Csch[lyzeﬁ]
2 2

/

(t (2a+32) -2a (a+3?) € +20) h))

SS[SD$g]
1 2 2 2 2 2 1
1+—<t -2ate-tye+2a‘e“+2aye +26w>h+
48 23040
(t*-4at’e-2tPye+16a’t’e?+16at’ye’ -5t y? e’ +4t?cu+8ate’w+4tyelw+ 12’ 0?)

h4
SDeq

SD$f = FullSimplify[e” (/2 (sp$g /. {a~»-a, t>-t})];
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SS[SD$F]

1 1
1+=(t-2ae)h+— (7t?-26ate+tye+26a’e’-2aye*+2ew) h?+
2 48

1
——(t—Zae)(3t2—10at6+tye+1@a262—2ay62+26w)h3+
96

(121t4—844at36+62t3ye+2296a2t262—
23040

376 at>ye?-5t2y?e?+124t?cw-472ate’w-4tyelw+ 12’ ?) At +

(t—2ae)(BJH—220at3e+22t3y6+584aLﬁez—136at2y62—
46080

5t?y*e’+44t?ew-152ate’w-4tye’w+12e’w’) 1
SDeq

SD$w = ¥ CU[y, X] +e CU[a, a] - (t-ye) CU[a] -ty CU[] /2;

SDeq

DeclareMorphism[SD, QU - CU, {a -» CUea,
X - Scy[SS[SD$f], a » CU[a], w » SD$w] ** CU@X,
Yy > Scu[SS[SD$g] , a » CU[a], w » SD$w] ** CUey
}

Verifying the 6-symmetry:
Table[HL@Simplify[CO[SD[z]] == SD[Q6[z]]1], {z, QU/e {y, a, x}}]

{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL@Simp[SD [zl x* z2] - SD [z1] **SD [z2]], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

R in QU.

Quesne’s formula:
Quesne
o, (1-9)"
eg ,n [x ] 1= Exp[ ) ————x*];5 e [x_] = eq,s1en[X]
Z;k(l—qﬂ
Table[Together@SeriesCoefficient[e, s [x], {Xx, @, n}], {n, @, 5}]
1 1 1

1, 1
{ * 1+p, (1+,o) (1+p+pz)) (1+p)2(1+pz> (1+p+,02>,

1/((1+p>2 (1+pz> <1+p+pz> (1+p+pz+p3+p4))}
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Table [HL@FunctionExpand [QFactorial [n, p] SeriesCoefficient[e,,s[x], {X, @, n}]], {n, @, 5}]
{1,1,1,1,1, 1}

QUIR; ,; ]
QU[R?; ]

Oqu[SS[e™ ™ eq[hy1X;] /. by » ¥t (€ar-ti)], {y1, a1} » i, {32, X2} > J];
S;j@QU[Ri ;15

QU[R3,4] // Short

e hQU[as, az]
QU[] + ————"—"+ <<59>> + QU[Yy3, Y3, A4, 31, Xa, Xa]
Y

'ty en t3

4 y? 8y

Verifying R2 (~2 secs @ $ThD=4, $TeD=2):
QU[Ry,2 *% Ri%] /7 Simp // HL // Timing
{1.9375, QU[]}

Verifying R3 (~156 secs @ $ThD=4, $TeD=2):

{Short[lhs = QU[Ry,2 ** Ry,3 **R3,3]1], HL@Simp[lhs - QU[R,,3 ** Ry,3 **Ry,211} // Timing
ehQU[a;, a
{2.39063, {QU[] + chla, &l - .,
Y

1
QUy1, a2, X3] (2en*+2eh’ty) +QU[y1, X3] |-h*tp - ;fﬁ t3], 0}}

E[w, L, Q, P] means we-*? P, where w is a scalar, L is linear in the a’s, Q is a combination of x; y;, and
P is a perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1};, -..] (with some default
for direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, -..]. In themselves, CO and QO should
have an interpretation in CU/QU by casting.
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