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Pensieve header: A unified verification notebook for the PPSA project.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog
Go;

SetOptions [EvaluationNotebook [1,
NotebookEventActions - {
{"MenuCommand"”, "Save"} = (
SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
Get ["MakeVSnips.m"]

)5

PassEventsDown - True

Hs

HL[& ] := Style[&, Background - Yellow];

Initialization

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.

D
$TAD =5; A /: A% /; d> $TAD :=0;
$TeD=2; € /: €’ /; d> $TeD :=0;
SetAttributes[SS, HoldAll];
SS[&_ 1 := Block[{Aa, €},
NormaleSeries[&, {h, O, $TAD}, {e, O, $TeD}] ]
Simp[&_] := Collect[&, _CU| _QU, Expand];

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := Xx; @xx_ = _+%%0 =0;
B[x , x ]1=0; B[x ,y ] t= X*xy -y **X;

(Xx_Plus) #xy_ := (#xxy) &/@x; x_#x (y_Plus) :

(x*x% 17) & /@y;
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QLImplementation

DeclareAlgebra[U_Symbol, opts_ _Rule] := Module[{gp, sr, cp, S, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}s
gp = Alternatives ee gs;
gp =gp | gp_; (* generators pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (* centrals pattern x)
S[&. ] := Collect[s, U, Expand];
Ui [6&]1 := & /. {t:cp»ty, u U > Replace[u, x_ = X;, 1]1};
B[Ue(x_): , Ue(y_): ] :=B[Uex;, Uey;] = U;@eB[Uex, Uey];
BlU@(x_): ,Ue(y ); ] /; i=t=3j := @;
B[Uey , Uex_] :=S[-B[Uex, Uey]];
X_*%U[] :=Xx;5 U[] **Xx_ :=X;
(@_»x_U) #+ (b_»y U) := If[ab === @, 0, S[ab (x**y)]1];
(a_*x_U) »xy_ = S[a (X**Y)]; X_**x (a_*xy U) := S[a (x**xy)];
Ulxx___,x_] *%* U[y_,yy 1 := If[OrderedQ[{x, vV} /. sr],

Ulxx, X, YV, YV], U@xx x* (URy x+x U@Xx + B[U@x, URy]) »*xUeyy];
ve{c . (L:gp)™, r___}/;FreeQ[c, gp] := S[cUeTable[L, {n}] »xU@{r}];
ve{c_.xL:gp,r___} := S[cU[L] *xU@{r}];
ve{c_,r___} /; FreeQ[c, gp] := S[cUu@{r}];

Ue{} =U[];

ve{lL Plus, r___} := S[Ue{#, r}& /e L];

ve{lL ,r___} := Ue{Expand[L], r};

Oy[poly_, specs___] := Module[{sp, null, vs, us},

sp = Replace[{specs}, L_List: (L -null), {1}];
vs = Joinee (First /@ sp);
us = Joinee (sp /. (L_»s) » (L/.x i »x));

S[Total|
CoefficientRules[poly, vs] /. (p_->c_) = cUe(us?)
] ] /e X_pui1l = X
]
pow[& , O] =U[]; pow[& , n_] :=pow[SE, n-1] »* &5
Sy[&_, SS___Rule] := SeTotal[
CoefficientRules[&, First /@ {ss}] /.
(p_ -» c_) =» c NonCommutativeMultiply @@ MapThread[pow, {Last /@ {ss}, p}]11]

DeclareMorphism

QLImplementation
DeclareMorphism[m_, U - V_, ongs List, oncs_List: {}] := (
Replace[ongs, (g_- img_) = (m[U[g]] = img), {1}];
m[U[T] = VI[I;
mlU[g_:_1]1 := Vi[m[Ueg]];
m[U[vs__]1] := NonCommutativeMultiplyee (m/eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_U»m[ull;)
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Implementing sI¥°
Ccu

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[CUe@a, CURyY] = -y CURy; B[CUex, CUea] = -y CU@X;
B[CU@Xx, CUey] = 2e CU@a-tCU[];

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {6,0,0}},
{{6, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, Xx], 23 =CU[y, Yy, a, x]}, {
(rhs = (z1 %% 22) %23 // Simp) // Short,
21 %% (ZZ *% 23) -rhs // Simp // HL
}] // Timing
{0.5625, {(28t*y*+ 116ty € +120° €?) CULY, y, ¥, X, X] +
<«<23> +CULY, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], 0}}

Implementing Uye.n

With g=e™¢, A=e™"?, T=6™2, and [f, g], :=fg - qgf, our algebra is Uy =(t, y, a, X)/ R, where
R=([t, x1=0, [a, YI=-vy, [x, Y, =(1- T?A?)/h, [x, a]l = -yx).
Qu

DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q:=SS[e’"]; T:=5ss[e"*?];

B[QUea, QUey] = -yQUey; B[QUex, QUea] = -yQUex;

B[QUex, QUey] := (q-1) QUe{y, X} + Oq[SS[ (1-e”*2¢?) /n], {a}];
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -> z1 %% z2 -z2 %% z1 // Simp, {z1, bas}, {z2, bas}] ]
{{1Quly], Quly]} » @, {QU[y], QU[a]} - ¥y QU[y],
t2h t?h? t*rd t°rt t6h5]
{QUly], QU[x]} > |t~ + + + + QU[] +
2 6 24 120 720

1 1 1
—2e-2ten-tlen’-—tlenP- —tten*- —t°en°
3 12 60

QU[a] +

262h+2te2h2+t262h3+1t3ezh4+it4e2ﬁ5) QU[a,a]+[—yeﬁ—1yzezh2 QUIY, x]},
3 12 2
{{Qulal, QU[y]l} » -¥QUly]l, {QU[a], QU[a]} » @, {QU[a], QU[X]} » ¥y QU[X]},

t2h t3h? t*hrd? t°h* tohm°
{{QUIx], QUIY]} - |-t- — - - - - ]QU[]+
2 6 24 120 720

1 1 1
26+2teh+t26f12+—t3eh3+—t4eh4+—t56h5)QU[a}+
3 12 60
2 2 22 2 2323 1 3 2324 1 4 235
-2ech-2te‘h"-te“h”-—1t’eh"-—1te‘h
3 12
{QU[x], QU[al} » -¥QU[x], {QU[x], QU[x]} - @}}

QUla, a] +

1
yeh+=y?e?n?| QUly, x],
2

Verifying associativity on triples of generators:

With[{bas = QU /e {y, a, x}},
Table[HL[z1 x% (22 % 23) - (21 %% 22) »+ 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{e, 0,0}, {0,0,0}, {6,0,0}}, {{6,0, 0}, {0,0,0}, {0,0,0}}]

Verifying associativity on a “random” triple (~34 secs @ $ThD=5, $TeD=2):

With[{ZJ- =QU[y, y, a, a, x, x], z2=QU[y, a, x], z3 =QU[y, Yy, a, x]}, {
(rhs = (21 % 22) %23 // Simp) // Short,
HL[Zl *% (22 *% 23) -rhs // Simp ]
}] 7/ Timing

7 1549 2215
{112.234, { 282y + 116t ¥y € +120y0 €2 + «<12> + — t' ¥* A’ + teyPen®+

10 90 12

t5 Y6 62 hS

QUIY, <<3>, X] + «<22>>, 0}}

Verifying that Limp_o QU = CU using a “random” product (~23 secs @ $TAD=5, $TeD=2):
With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, Yy, a, x]}, {

Short[lhs = z1 x» (22 %% 23)],

Short[rhs = (QUeez1) =+ ((QUeez2) x» (QUeez3))],

Expand[Limit[rhs /. {QU-CU, T> e"*2}, A > 0] =1hs] // HL

}] // Timing
{37.4063, {2 (8 t? y4+16ty56> CULY, ¥, ¥V, X, X] +

<«<94>> +CULY, ¥, ¥, ¥, ¥s @ @, @, @, X, X, X, X], <<1>>, True}}
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Implementing 6
theta

DeclareMorphism[Ce, CU - CU, {y -» -CUex, a- -CUea, x » -CUey}, {t--t, T>T}];
DeclareMorphism[Qe, QU » QU, {y » O [SS[-T*e"?x], {a, x}],
a--QUea, x-0g[SS[-T*e"%y], {a, y}]|}, {t>-t, T>T7}]

Verifying involutivity on CU:
With[{bas = CU /e {y, a, x}},
Table[z » Co[z] » HL[Co[CO[Z2]]], {z, bas}] ]
{CU[y] » -CQU[x] » CQU[y], CU[a] » -CU[a] »CU[a], CU[x] » -CU[y] »CU[x]}

Verifying that 8 is a multiplicative homomorphism on CU:
With[{bas = CU /e {y, a, x}},

Table[CO[z1l % z2] -CO[z1] *xCo[z2] // HL, {z1, bas}, {z2, bas}] ]
{{e, 0,0}, {0, 0,0}, {0,0,0}}
Verifying involutivity on QU:
With[{bas = QU /e {y, a, x}},

Table[z » Q6[z] » HL[QEO[QO[Zz]]], {z, bas}] ]

th t2r? t3n3 t'a* toR°

{QU[y]e(—1+— + + ]QU[X]+
2 8 48 384 3840

1 1 1 1
—eh+—ten?-—t?en®+ —t}en*- —tten’
2

QU[a, x] +
8 48 384

——62h2+lt62h3—it262h4+lt362h5] QU[a, a, x] - QU[y], QU[a] » -QU[a] » QU[a],

2 4 16 96
th t2p2 1 1 t3n 1 1
QU[X] = |-1+ — +vyeh- - Ttyent- —y?etn?+ +—t2yend+s —ty?ern -
2 8 2 2 48 8 4
ttrt 1 1 s 1 1
- —tyent- —t2y?e?nts +—thtyen®s — 32?28 | QU] +
384 48 16 3840 384 96

1 1 1 1 1
—€f1+*t€f’12+)f€2f12—*tZGhB—*tY€2ﬁ3+7t3€ﬁ4+*tzyezfﬁ—
2 8 2 48 8

1 1
—tten - —t3ye?n’| QUly, a] +
384 48

1 1 1 1
(—*62ﬁ2+*tezhs—ft262ﬁ4+ft362h5 QU[y, a, a] - QU[x]}
2 4 16 96

Verifying that 8 is a multiplicative homomorphism on QU:
With[ {bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[QO[z1l »* z2] -QO6[z1] **Q0[Z2]]], {z1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}
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The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

_ 2
A1D$f=1eh(;"(a*")e) Cosh|[n (ae+7—6_3)]_Cosh[ﬁ (t Ye] rew | /
h 2 2 2

(Sinh[ﬂ] (a2e+a7e—at—w)) 3
2

SS[AD$f]
t t? 7a?2 13a 2 7at 7t w
1+(*+(—a—}()e h+(+ + Y+L e+e |- - Y+ ]h2+
2 6 12 12 2 12 12 12
(t3 ( 5at? 5t’y tw ,(3a%t 17aty ty* aw yw 3
— +€ |- - + — | +€ +— + -—-—1|| A+
24 24 24 24 8 24 3 12 12
(t“ 13at® 13t3y t?o ) 101a%t> 4 ) 91t?y? 2atw 1ltyw w?
+€ |- - + +e° | —+ —aty+ - - + —
120 240 240 80 720 15 720 45 240 360
a*+
t° at* t4 t3w 3a2t3 1e3atd 49 t3 y? 1 7 t w?
( ve |- 22X, +62( + LA L -—at?u- —t’yuw+ n®
720 90 90 360 80 1440 1440 72 480 720

Scaling behaviour of AD$f:

Simpli'Fy[A]D$'F = ((A]D$'F /. 7-)1) /. {e—»we, ao»yla, way'lw})]

True

FullSimplify [

AD$f = ((AD$f /. ¥y-1) /. {h > ¥’h,ene/¥, a»a/y, t->y?t, w->vy3w})]
True

ADeq
AD$w = ¥ CU[y, x] +eCU[a, a] - (t-ye) CU[a];

ADeq

DeclareMorphism[AD, QU - CU,
{a > CU@a, x » CU@X, Yy - Scy[SS[AD$f], a » CU[a], w » AD$w] ** CU@Y} ]

Verifying that the asymmetric dequantizator is a homomorphism:
With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[Simp[AD [z1 % z2] - AD [z1] ** AD[z2]]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} - @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{QuU(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}
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The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

SDeq

5113$g=\/([cosh[§\/t2+xzez+4ew]—Cosh[;—l(t—(2a+7)e)]]/

(sinh[%] (t (2a+¥y) -2a(a+y) e+2w)f1/(27)]);

Cosh[h(%+ea)] Cosh[hﬂl : +<—:w]
3

nsinh[=2] (w-ea’+ (t-€)a+t/2)

Simplify [SD$P == (SD$P /. {a—>-a-1, t--t})] // HL,

PowerExpand@Simplify[ (SD$P /. {a » ¥’ h, e »e /¥, a»a/y, t->y72t, woy>w}) =
SD$g (SD$g /. {a~»-a-vy, t--t})] // HL,

SD$Q = Simplify[sD$P /. {a-»>c-1/2}],

Simplify[SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

Simplify [SD$g = FullSimplify |
VSD$Q /. c»a+1/2/.{h > ¥¥*h,ese/y, anal/y, toy2t, woy>a}]] // H

Csch[ezh}}/

{S]D$P =

a€+1 (—t+€)

Cosh|
2

{- h]—Cosh[\/i(t2+ez)+ewh]

, True, True,

((E+a(t—€)—a26+wJ fz]

((4

Cosh[l (t—ZCe)h] —Cosh[lx/t2+ez+4ew h]) Csch[ﬂ}]/
2
((4ct+e—4cze+4w) h)), True, True}

2 2

FullSimpli'Fy[S]D$g /. {h > y’h,e»e/y, anal/y, toy2t, m->7'3w}]

W

cosn[ (¢- (23+v) ) 0] +Cosh[ 2 @7 T eaen ]| csen[ 27| /

(2a+y) -2a(a+y) e+2w) h)]

SS[SD$g]
( t2 [ a a’) , t at w )
1+ |—+|—+—|€“+€ _7_7+7) he+
48 24 24 48 24 24
( t4 t3 at3 t2w ) t2 at? a% t? tw atw ng ] 4
+€ |- - + +€e° |- + + + + + h
23040 11520 5760 5760 4608 1440 1440 5760 2880 1920
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SDeq

SD$f = FullSimplify[e” (*/2® (sp$g /. {a-> -a, t->-t})];

SS[SD$f]
t 7 t2 a 13a%) , t 13at o 5
1+(*7a€ h+ + -+ e“+e | — - +7} h®+
2 48 24 24 48 24 24
[t3 ,( at 5a’t aw (tz at? tw) 3 (121t4
— +e‘|-—+ -— | +e|—- + — || A7+ +
32 24 16 24 96 6 48 23040
31t3 211at® 31t?w ) ( t? 47 at®> 287 a%t? tw 59atw w? 4
€ - + +€e° |- - + - - + ht+
11520 5760 5760 4608 2880 2880 5760 2880 1920
( 11t° 11t4 143at* 11t3w 5 t3 at? a’t? t? o 1 2 t o? 5
+€ - + +€e° |- - + - -—at'w+
15360 23040 23040 11520 9216 256 45 11520 192 3840

SDeq
SD$w = ¥ CU[y, x] +e CU[a, a] - (t-ye) CU[a] -ty CU[] /2;

SDeq

DeclareMorphism[SD, QU -» CU, {a -» CUea,
X - Scy[SS[SD$f], a » CU[a], w » SD$w] ** CU@X,
Yy > Scu[SS[SD$g] , a » CU[a], w » SD$w] ** CUey
}

Verifying the 8-symmetry:
Table[HL@Simplify[CO[SD[z]] == SD[Q0[z]]], {z, QU/@{y, a, x}}]
{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},

Table[{z1, z2} -» HL@Simp[SD [zl x* z2] - SD [z1] **SD [z2]], {zl1, bas}, {z2, bas}] ]
{{{QU[y], QU[y]} - @, {QU[y], QU[a]} - @, {QU[y], QU[x]} - @},

{{Qula], QU[y]} - @, {QU[a], QU[a]} - @, {QU[a], QU[X]} - @},

{{QU[x], QU[y]} - @, {QU[x], QU[a]} - @, {QU[x], QU[x]} > @}}
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