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Pensieve header: A unified verification notebook for the PPSA project.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog
Go;

SetOptions [EvaluationNotebook [1,
NotebookEventActions - {
{"MenuCommand"”, "Save"} = (

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
Get ["MakeVSnips.m"]

)

PassEventsDown - True

Hs

Initialization

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
TD

$TAD = 5; $TeD=2; € /: € /; d > $TeD := 0;
Simp[&_] := Collect[s, _CU| _QU, Expand];

DeclareAlgebra

QLImplementation

A /: n' /; d>$TAD :=0;
Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x_] := X; @*x _=_*%0=0;

B[X , X ] =03 B[X ,V ] = X*x*xy -V %%X;
(x_PLus) xxy_ 1= (#7%xy) &/@x; X_xx (y_Plus) i= (x»x 1) &/@y;
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QLImplementation

DeclareAlgebra[U_Symbol, opts_ _Rule] := Module[{gp, sr, cp, S,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}s
gp = Alternatives ee gs;
gp =gp | gp_; (* generators pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (* centrals pattern x)
S[&. ] := Collect[s, U, Expand];
Ui [6&]1 := & /. {t:cp»ty, u U > Replace[u, x_ = X;, 1]1};
B[Ue(x_): , Ue(y_): ] :=B[Uex;, Uey;] = U;@eB[Uex, Uey];
BlU@(x_): ,Ue(y ); ] /; i=t=3j := @;
B[Uey , Uex_] :=S[-B[Uex, Uey]];
X_*%U[] :=Xx;5 U[] **Xx_ :=X;
(@_»x_U) #+ (b_»y U) := If[ab === @, 0, S[ab (x**y)]1];
(a_*x_U) »xy_ = S[a (X**Y)]; X_**x (a_*xy U) := S[a (x**xy)];
Ulxx___,x_] *%* U[y_,yy 1 := If[OrderedQ[{x, vV} /. sr],
Ulxx, X, YV, YV], U@xx x* (URy x+x U@Xx + B[U@x, URy]) »*xUeyy];
ve{c . (L:gp)™, r___}/;FreeQ[c, gp] := S[cUeTable[L, {n}] »xU@{r}];
ve{c_.xL:gp,r___} := S[cU[L] *xU@{r}];
ve{c_,r___} /; FreeQ[c, gp] := S[cUu@{r}];
Ue{} =U[];
ve{lL Plus, r___} := S[Ue{#, r}& /e L];
ve{lL ,r___} := Ue{Expand[L], r};
Oy[poly_, specs___] := Module[{sp, null, vs, us, z},

sp = Replace[{specs}, L_List: (L -null), {1}];
vs = Joinee (First /@ sp);
us = Joinee (sp /. (L_»s) » (L/.x i »x));

S[Total|
CoefficientRules[
NormaleSeries[poly, {h, @, $TAD}], vs] /. (p_->c_ ) = cUe(us?)

]] /. X_null = X

]
]

. ye
Implementing sl;

cu

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[CUe@a, CUey] = -y CUe@y; B[CUex, CU@a] = -y CUex;
B[CUex, CUey] =2eCU@a-tCU[];

Verifying associativity on triples of generators:
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With[{bas = CU/@ {y, a, X}},
Table[z1 % (22 %% 23) - (21 %% 22) %23 // Simp,
{z1, bas}, {z2, bas}, {23, bas} ] ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{0,0,0}, {0,0,0}, {0,0,0}}, {{0,0,0)}, {0,0,0)}, {0,0,0}})

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 =CU[y, a, x], z3 =CU[y, y, a, x]}, {
(rhs = (z1 %% 22) »x23 // Simp) // Short,
Z1 %% (22 *% 23) -rhs // Simp
}] // Timing
{0.46875, {(28t°y* +116t ¥ € +120y°€®) CULY, ¥, ¥, X, X] + (42 v +8t2y? e + 41y’ €?)
CULY, ¥, @, @, @, X] + <<22>> + CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X], O} }

Implementing Uye.n

With g=e™¢, A=e™ ", and [f, 9], :=fg - qdf, our algebra is Uyen=(t, y, a, X)/ R, where
R = ([t, *] = 0, [a, y] =-Vy, [X, y]q = (1 _ T2 AZ)/f], [X, a] - —YX)
Qu

DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q := NormaleSeries[e**", {4, @, $TAD}];

B[QU@a, QUey] = -y QUey; B[QUe@x, QUea] = -yQuUex;

B[QUex, QUey] := (q-1) QUe{y, x} +Oq[ (1-T>e22¢?) /a, {a}];

With[{bas = QU /@ {y, a, x}}, Table[z1l x%x z2 - z2 *xxz1 // Simp, {z1, bas}, {z2, bas}] ]

2

1 7T 1
{{e, yQuiy], [ﬁ+h] QU[] -2T?eQUla] +2T>€*nQU[a, a] + [—yeh—;yzezhz Iy, x]},

{-yQUly], @, yQU[x]},

(2T

QU[] +2T?eQUla] -2T?e%?nQU]a, a] +
n n

YeEh+ EYZGZT’IZJ QUly, x], -y QU[x], 0}}
2

Verifying associativity on triples of generators:

With[{bas = QU /@ {y, a, x}},
Table[z1 % (22 %% 23) - (21 %% 22) »» 23 // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{6, 0,0}, {06,0,0}, {6,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs):

With[{ZJ- =QULy, ¥y, a, a, X, X], z2=QU[y, a, x], z3 =QU[y, Yy, a, x]}, {
(rhs = (21 % 22) %23 // Simp) // Short,
Z1 %% (22 *% Z3) -rhs // Simp
}] 7/ Timing

{34., {«<1>,0}}

http://drorbn.net/AcademicPensieve/Projects/PPSA/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: PPSA: Archive: Verification-180108.nb 2018-01-08 19:28:40

Verifying that Limp0 QU = CU using a “random” product (~23 secs):

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, Xx], 23 =CU[y, Yy, a, x]}, {
Short [lhs = z1 %% (22 *% 23) ] R
Short[rhs = (QUeez1) «+ ((QUeez2) »» (QUeez3))],
Expand[Limit[rhs /. {QU-CU, T> e"*?}, n 0] = lhs]|
}] // Timing

{22.5313, {2 (8t2 ¥+ 16ty c) CULY, y, ¥, X, X] + (8t e +16y°€?) CULY, ¥, ¥, X, X] + <<93> +
CULY, ¥5 Y5 ¥s ¥s @5 @, @, 3, X, X, X, X], (-8T?y°e*+8T*y%€?) QUly, y, ¥y, X, x] +

15 2 232
<«<822> + |yeh+ — 2’ n? | QULY, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X], True}}
2

Implementing 6

theta

6[CUey] -CUex; 6[CUea] = -CUea; ©6[CUex] = -CUey;

theta

e[Quey]

O[-T*e"*?x, {a, x}]; ©[QUea] = -QUea; o[QUex] = Oq[-T ey, {a, y}];

theta
e[(u:cu|Qu)[1] =ull;
of(u:cu|Qu)[v 1] := ui[O[VI];
e[(u:cu| QU) [vs__1] := NonCommutativeMultiplyee (6 /@u /e {vs});
o[s ] := Simp[& /. {to>-t, T>Th, u cU|u QUseo[ul}];

Verifying involutivity on CU:

With[{bas = CU /e {y, a, x}},
Table[{z, 6[z], 6[6[z]]}, {z, bas}] ]

{{CU[y], -CU[x], CU[y]}, {CU[a], -CU[a], CU[a]}, {CU[x], -CU[y], CU[X]}}

Verifying that 6 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[6[z1 *x z2] -©[2z1] **x6[22], {z1, bas}, {z2, bas}] ]

{{0, 0,0}, {0,0,0}, {0,0,0}}
Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z » 6[2] » ©6[6[2]], {Zz, bas}] ]

QU[x] e€hQU[a, x] €?hA%QU[a, a, X]

{uly] > - - - S QUIY], QUa] - -QU[a] - QU[a],
T T 2T
2 2322 2 32 2 32 U
Qix] o | =, XER YED JQU[y I ]Quw,a]E WY, 331 gypx)
T T 2T T T 2T

Verifying that 0 is a multiplicative homomorphism on QU:
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» Simp[6[z1 *x z2] -©6[21] **x©6[22]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[x]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[X]} »@}}

http://drorbn.net/AcademicPensieve/Projects/PPSA/Archive/#MathematicaNotebooks



