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POLY-TIME KNOT POLYNOMIALS VIA SOLVABLE
APPROXIMATIONS

DROR BAR-NATAN AND ROLAND VAN DER VEEN

ABSTRACT. Following Rozansky [Rol, Ro2, Ro3] and Overbay [Ov], we construct the first
poly-time-computable knot polynomials since Alexander’s [Al, 1928]. We use some new
commutator-calculus techniques and a family of Lie algebra slfk which are solvable yet at
the same time they make progressively better approximations of the simple Lie algebra sls.
The resulting invariants are the strongest genuinely-computable knot invariants presently
available and they seem to contain information about some classical topologically-defined
knot invariants.

Electronic version, links, and related files at weB/:=http://drorbn.net/PPSA/.

CONTENTS

1. Introduction

1.1.  From Algebras to Invariants

1.2.  Formulas and Meta-Algebras

1.3.  Solvable Approximations

1.4.  Section Summaries

1.5.  Acknowledgement

2. The First Example: Only the Algorithm, Only for Knots
Rotational Virtual Tangles

The Zeroth Example in Detail

The Lie Algebra sly  and its Quantization

The General sl5* Invariant

Bulk Stitching

Behaviour under strand reversal and strand doubling
9. Complexity

10. Experimental Results

11.  Odds and Ends

12.  Tables

References

XN O w
CUOUT T U1 O U OOt OT OO B W NN

Date: First edition Not Yet, 2017, this edition Jul. 4, 2017.
2010 Mathematics Subject Classification. 57M25.
Key words and phrases. knots, tangles, knot polynomials, Lie algebras, Lie bialgebras, quantization, 2-
parameter quantum groups, Drinfel’d double.
This work was partially supported by NSERC grant RGPIN 262178.
1


http://drorbn.net/PPSA/
http://drorbn.net/PPSA/

DRAFT! See http://drorbn.net/PPSA/

2 DROR BAR-NATAN AND ROLAND VAN DER VEEN

Like elsewhere, for us a ‘“tangle” K is a part of a (multi- p
component, oriented, framed) knot in a part P of a plane in
which an “up” direction is declared. Unlike elsewhere, we do
not insist that P would be a disk; it may be a union of disks

’ t P
with a few sub-disks removed. We do insist, however, that the
ends of K would lie within the boundary 0P of P and would be

up-going there. We also insist that the components (“strands”) ~
of K would be intervals (i.e., not circles), and that they would not P
be placed in a bijection with some finite set S of “strand la-

bels”. N

In Section 3 we replace this provisional definition with ‘“rota-
tional virtual tangles” in the spirit of [Ka].

ASIDE 1.1. Provisionally, what we mean by a “tangle”.

Draw K in the plane so that at each crossing the two

crossing strands are pointed up. /\
Put a copy of R = >} a; ®b; on every positive crossing //\ Ok, a

of K with the “a” side on the over-strand and the “b”

side on the under-strand, labeling these a’s and b’s b a
with distinct indices i, j, k, . .. (similarly put copies of \
R™' = Y a. ® V. on the negative crossings; these are \

absent in our example). Put a copy of C*! on every b; a;
cuap where the tangent to the knot is pointing to the A
right (meaning, a C on every such cup and a C~! on

every such cap). ¢

If K is a (long) knot, form an expression z(K) in U

by multiplying all the a, b, C' letters as they are seen  2(K) = Z bia;b.Ca;bjay,
when traveling along K and then summing over all 0.5,k

the indices, as shown.

When K is a tangle with S strands, carry out the multiplications along each strand
separately in a different tensor-copy of U, to get z(K) e U®%.

If R and C' satisfy some conditions dictated by the standard Reidemeister moves
of knot theory, the resulting z(K) is a knot / tangle invariant.

ASIDE 1.2. The standard methodology on an example knot.

1. INTRODUCTION

1.1. From Algebras to Invariants. There is a standard “quantum algebra” methodology
that associates a framed knot / tangle invariant to certain triples (U, R, C'), where U is a
unital algebra and R € U ® U and C € U are invertible (see e.g. [Oh, Section 4.2]). In
Aside 1.1 we provisionally explain what we mean by “tangle”, and the “quantum algebra”
methodology is recalled in Aside 1.2.

The best algebras with which to apply this methodology, at least as of 2017, are the
universal enveloping algebras U(g) of semi-simple Lie algebras g (or certain completions
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thereof, or their quantizations). But these algebras are infinite dimensional, and the sums
in Aside 1.2 are infinite and not immediately computable.

The dogma solution is to pick a finite dimensional representation of g and use it to represent
all the elements appearing in Aside 1.2, effectively replacing the algebra by the algebra of
endomorphisms of some finite dimensional vector space. This turns the sums finite; yet if
the knot K has n crossings, our sum becomes a sum over n indices i, ...,%,. Thus there
are exponentially-many summands to consider and it takes an exponential amount of time
to compute z(K), limiting its computation only to relatively small knots."* In addition, by
choosing a specific representation of g, one looses the good behaviour of z under strand-
doubling. In Section 8 we explain why such good behaviour is a desirable property.

Alternatively, one may extract finite-type [BN1, CDM] information out of z by reducing
modulo appropriate filtrations of U and its tensor powers. Invariants of type d are com-
putable in time less than or equal to O(n¢) [BN2], and thus for small d, they are effectively
computable. But there are only very few invariants of sufficiently small type d, they are not
very powerful, and there are some no-go theorems that limit the power of any finite number
of finite-type invariants to resolve certain topological questions [Ng, St].

1.2. Formulas and Meta-Algebras. Our approach to the computation of z(K) is differ-
ent. Instead of working directly in U® our invariant Z(K) takes values in spaces F(S)
of “formulas for elements of U®5” that have an “value map” V: F(S) — U®9, taking a
formula in F(9) to its value in U®?, for which z = ZJ/V.* We make sure that the following
five properties hold:

(1) There are simple and easy to compute (constant time) formulas for the invariants of
a crossing and of a cuap.

(2) There are operations on JF(S) that mirror standard operations on the space U®% and
on the space K(.S) of S-component tangles, so that a diagram of the following nature

commutes:
my AL S my AL S mp AL
Q z Q ! U®s
(K (5)) =~ (P ————— (1)
z
my: “stitching” my: “meta-multiplication” my: “multiplication”

The most important of these operations is the operation mzj, defined whenever
i # 7€ Sand k¢ S\{7,j}. On tangles, it is “stitching”: the operation K(S) —
K((S\{7,7})u{k}) that takes the head of component i in a tangle K and stitches it to

l“Divide and conquer” methods often improve the computation time to O(ec\/ﬁ ) for some constant ¢. Utiliz-
ing this, the simplest of these “quantum invariants”, the Jones, HOMFLY-PT and Kauffman polynomials,
corresponding to sls, sly and soy in their defining representations, can be computed for surprisingly large
knots even though ultimately e“V" grows more rapidly than any polynomial.

’Note that almost any time the phrases “braided monoidal category” or “TQFT” are used within low
dimensional topology, some tensor powers of some vector spaces need to be considered at some point, and
dimensions grow exponentially. Thus our criticism applies in these cases too [BN3].

3We use properly ordered compositions! f//g means “do f then ¢”, often obfuscated using “go f”.
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2 3 4
m3
FIGURE 1.1. Stitching. ! A

the tail of component j, renaming the resulting single component k&, as in Figure 1.1%
Clearly from the construction in Aside 1.2, the corresponding operation on {U®%} is
“multiply tensor factor 7 with tensor factor j, storing the result in tensor factor k.
We have a “meta-multiplication” operation m;: F(S) — F((S\{7,7}) v {k}) which
takes “the formula for an element ¢ in U®5” to “the formula for mY(¢)”, and which
likewise intertwines Z. Namely, we have V/m} = m" )V and m | Z = Z}/m’.

(3) Similarly, if S; NSy = &, there is a “disjoint union” operation *: K(S57) x K(S3) —
K(S; U S3).° The corresponding operation on {4/} is the tensor product operation
x = ®: UD%1 x U®%2 - UB51952)  We ensure that there is a compatible =: F(S;) x
.F(SQ) — .F(Sl U SQ)

(4) V is injective. A formula is determined its value.

(5) The rank of F(S) (over some ring R of Laurent polynomials which we will specify
later) grows polynomially in the size |S| of S, and all the operations on F(S) are
computable using a polynomial number of ring operations.

These five properties taken together are almost enough for what we want. If K is an n-
crossing tangle, it be presented as some stitching of a disjoint union of n individual crossings
floating indepedently. Hence by using (1)—(3), a formula Z(K) for the invariant z(K) can
be computed using O(n) stitchings and unions. By (4), that formula is in itself an invariant.
Finally, by (5), Z(K) can be computed using a polynomial number of ring operations (and
some combinatorial overhead which amounts to much less).

To show that the computation of Z is poly-time it remains to bound the complexity of the
ring elements that we encounter, and hence the complexity of ring operations among them.
This is done in Section 77.
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°As in footnote 4, there is a minor placement issue here. It is resolved in Section 3.
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