Pensieve Header: The Polyak Algebrawith the HTC relation, extended also to tangles. Joint with Peter Lee.

Program and Testing

Drawing Arrow Diagrams

1= SetAttributes [Diag, Orderless];
Draw[expr __] := expr /. diag_Diag :» Draw[diag]l;
Draw[di ag_Diag] : = Mdul e[
{n = Length[diag]},
Graphics[{
Line[{{0, 0}, {2n+1, 0}}1,
(List eediag) /. {
A, 1 » o
Bezi er Curve [{
{i, 0}, {(i+j)/2, Absli-jl} {j, 0}
I3
Line[{{j -0.2+0.2Sign[i -j1, 0.4}, {j, 0}, { +0.2+0.2Sign[i -j], 0.4}}]
b
Cut [i_1 =» Line[{{i, 0.3}, {i, -0.3}}]
}
}
]
K

ina)= Draw[Di ag [Ar [3, 1], Ar[2, 4]1]]

out[4]=

Generating Arrow Diagrams

5= Place[{Ar}, {i_, j_}] := {Diag[Ar[i, j1], Diag[Ar[j, i11}
Place[{Ar, objs__3}, {i_, rest__}] := Flatten[Table[
Quter [Joi n,

Place[{Ar}, {i, {rest}[[KI]}],
Pl ace[{objs}, Delete[{rest}, KkI]
1,
{k, Length[{rest}]1}
11
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in7= Di agrams [spec_] := Flatten]

Pl ace[
H,
Range [

spec /. {Ar » 2, CQut » 1, HTIC » 3, R3b » 3, TC » 3, R2c » 2, Rla- 1, Rld » 1}]

] & /@ Pernutations [Flatten[
{spec} /. Plus - List /. k_Integer »s_Synmbol :» Table[s, {k}]
1]

]

ing:= Di agrams [2 Ar ]

ourgl= {Diag[Ar [1, 2], Ar[3, 4]], Diag[Ar [1, 2], Ar[4, 3]], Diag[Ar[2, 1], Ar [3, 4]],
Diag[Ar[2, 1], Ar[4, 3]], Diag[Ar [1, 3], Ar[2, 4]], Diag[Ar [1, 3], Ar[4, 2]],
Diag[Ar[2, 4], Ar[3, 1], Diag[Ar [3, 1], Ar (4, 2]], Diag[Ar [1, 4], Ar[2, 3]],
Diag[Ar[1, 4], Ar[3, 2]], Diag[Ar [2, 3], Ar[4, 1]], Diag[Ar [3, 2], Ar[4, 117}

injo):= Draw[Di agrams [2 Ar ]]

out[9]= {
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o= Place[{Cut}, {i_}] := {Diag[Cut [i]]1};
rest__

Place[{Cut, objs__ 3}, {i_,
CQut er [Joi n,
Place[{Cut}, {i}],

Pl ace[{obj s}, {rest}]
1
1

R

Flatten[

PolyakAlgebraWithHTC.nb |5
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in[12):= Di agrams [Cut +1 Ar] // Draw

Out[12]= {

)

D

D

DL




The "Round" Case

n13:= Di agranRot atelLeft [d_Diag] : = Modul e[
{l abel s = Uni on ee (Li st @@ Appl y [List, d, {1}1)},
d /. Thread [Rul e[l abel s, RotatelLeft [| abel s]]]
1
Di agr anRot at eToM ni mal [expr_]1 :=expr /. d_Diag = Mddul e[
{bd =d, rd = Di agranRot ateLeft [d]},
Wiilelrd =1=d,
bd = First [Sort [{bd, rd}]];
rd = Di agranRot ateLeft [rd]];
bd
1

in[15):= Uni on [Di agr anRot at eToM ni mal [Di agranms [2 Ar]]]

oupis= {Diag[Ar[1, 2], Ar[3, 4]], Diag[Ar[1, 2], Ar[4, 3]],
Diag[Ar[1, 3], Ar[2, 4]], Diag[Ar [1, 4], Ar[3, 2]]}

PolyakAlgebraWithHTC.nb |7
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in[16):= Draw[Uni on [Di agr anRot at eToM ni nal [Di agrams [2 Ar]1]1]1]

/N /N

out[16]= {

/N N

/N




PolyakAlgebrawithHTC.nb |9

Generating Relators

inzo)= Place[{r: (HTC| TC| R3b), objs__3}, {i_, rest__}] := Flatten[Table[
Qut er [Join,
Place[{r}, {i, {rest}[[j1], {rest}[[k1I}],
Place[{objs}, Deletef[{rest}, {{j}, {k}}1]
1,
{k, 2, Length[{rest}1}, {j, 1, k-1}
11

Place[{R3b}, {i_, j_, k_}] :=
Permutations[{i, j, k}] /. {il_,j1_, k1_} =» Diag[R3b[il, j1, k1]];

Place[{TC}, {i_, j_, k_}] := Diag /e {TC[i, j, k1, TCIj, k, i1, TC[k, i, j1};
Di agrams [TC] : = Place[{TC}, {1, 2, 3}1I;

Place[{HTC}, {i_, j_, k_}] :=
Permutations [{i, j, k}] /. {il_, jl1_, k1_} = Diag[HTCIi1, j1, k111;

Place[{R2c}, {i_, j_}] := {Diag[R2c[i, j11, Diag[R2c[j, i11};
Place[{r: (R2c), objs__3}, {i_, rest__}] := Flatten[Table[
Quter [Joi n,
Place[{r}, {i, {rest}[[j11}],
Pl ace[{objs}, Delete[{rest}, j1]
1.
{i, 1, Length[{rest}]}
113

Place [{Rld}, {i_}] := {Diag[RLd[i]1};
Place[{Rla}, {i_}] := {Diag[Rla[i]1};
Place[{r : (Rld | Rla), objs__3}, {i_, rest__3}] := Flatten[
Qut er [Joi n,
Place[{r}, ({i}l,
Pl ace[{obj s}, {rest}]
11;

in3o;:= Take[Di agrams [R3b +1 Ar], 5]

outzo)= {Diag[Ar [1, 2], R3b[3, 4, 5]], Diag[Ar [1, 2], R3b[3, 5, 4]],
Diag[Ar[1, 2], R3b[4, 3, 5]], Diag[Ar [1, 2]

3
o
»
o
ot
)}
o
Q

Ar[l, 2], R3b[5, 3, 411}
in311:= Take[Di agrams [HTC+1 Ar], 5]

ouz)= {Diag[Ar [1, 2], HTC[3, 4, 5]], Diag[Ar [1, 2], HTC[3, 5, 4]],
Diag [Ar [1, 2], HTC[4, 3, 5]], Diag[Ar [1, 2], HTC[4, 5, 3]], Diag[Ar [1, 2], HTC[5, 3, 4]]}

nz2;= {Di agrans [R1d + Ar], Diagrans[Rla+Ar]}

ouzzl= {{Di ag

[Ar [1, 2], R1d[3]], Diag[Ar [2, 1], R1d[3]], Diag[Ar [1, 3], R1d[2]],
Diag[Ar[3, 1], RId[2]], Diag[Ar [2, 3], R1d[1]], Diag[Ar [3, 2], R1d[1]]},
{Diag[Ar [1, 2], Rla[3]], Diag[Ar [2, 1], Rla[3]], Diag[Ar[1, 3], Rla[2]],
Diag[Ar[3, 1], Rla[2]], Diag[Ar [2, 3], Rla[1]], Diag[Ar [3, 2], Rla[l]]}}
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in[36):= Take [Di agrams [Cut + Ar + HTC], 5]

outzel= {Di ag [Ar [1, 2], Cut [3], HTC[4, 5, 6]],
Diag [Ar [1, 2], Cut [3], HTC[4, 6, 5]], Diag[Ar [1, 2], Cut [
Diag [Ar [1, 2], Cut [3], HTC[5, 6, 4]], Diag[Ar [1, 2], Cut [
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Generating Relations

in371:= Normal i zeDi ag [di ag_Di ag] : = Mdul e[
{indices = Unionee (List ee diag /. Ar |Cut - List)},
diag /. Thread[indices -» Range[Length[indices]]]
1
RiDiag[lft___ , R3b[i_, j_, k_1, rgt___ 11 := (
(* RHS of (9) *)
Normal i zeDiag[Diag[lft, Arf[i, j], Ar[i +0.5, k], Ar[j +0.5, k+0.5], rgt]]
+NormalizeDiag [Diag[lft, Ar[i, j1, Ar[i +0.5, k], rgt]]
+NormalizeDiag [Diag[lft, Ar[i, j1, Ar[j +0.5, kI, rgt]]
+NormalizeDiag [Diag[lft, Ar[i, k], Ar[j, k+0.5], rgt]]
(» LHS of (9) %)
-NormalizeDiag[Diag[lft, Ar[j, k], Ar[i, k+0.5], Ar[i +0.5, j +0.5], rgt1l]
-NormalizeDiag[Diag[lft, Arf[i, k], Ar[i +0.5, j1, rogt]]
-NormalizeDiag[Diag[lft, Ar[i, j +0.51, Ar[j, kI, rgtl]
-NormalizeDiag[Diag[lft, Ar[i, k+0.51, Ar[j, kI, rgtl]
)
RWongl[Diag[lft___, R3b[i_, j_, k_1, rgt___ 11 := (
(* RHS of (9) =)
Norrmel i zeDiag[Diag[lft, Arf[i, j], Ar[i +0.5, k], Ar[j +0.5, k+0.5], rgt]]
+NormalizeDiag [Diag[lft, Ar[i, j1, Ar[i +0.5, kI, rgtl]
+NormalizeDiag [Diag[lft, Ar[i, j1, Ar[j +0.5, kI, rgt]]
+Normal i zeDiag [Diag[lft, Arf[i, k], Ar[j, k+0.5], rgt]]
(* LHS of (9) =)
+Normal i zeDi ag [Diag[lft, Ar[j, k], Ar[i, k+0.5], Ar[i +0.5, j +0.5], rgtl]
- NormalizeDiag[Diag[lft, Arf[i, k], Ar[i +0.5, j1, rotl]
- NormalizeDiag[Diag[lft, Ar[i, j +0.51, Ar[j, kI, rotl]
- NormalizeDiag[Diag[lft, Ar[i, k+0.5]1, Ar[j, kI, rotl]
)
RWong2[Diag[lft__
(* RHS of (9) =)
Normal i zeDiag[Diag[lft, Arf[i, j], Ar[i +0.5, k], Ar[j +0.5, k+0.5], rgt]]
+NormalizeDiag [Diag[lft, Ar[i, j1, Ar[i +0.5, k], rgt]]
+NormalizeDiag [Diag[lft, Ar[i, j1, Ar[j +0.5, k], rgt]]
-NormalizeDiag[Diag[lft, Ar[i, k], Ar[j, k+0.5], rgt]]
(» LHS of (9) =)
-NormalizeDiag[Diag[lft, Ar[j, k], Ar[i, k+0.5], Ar[i +0.5, j +0.5], rgti]
-NormalizeDiag[Diag[lft, Arf[i, k], Ar[i +0.5, j1, rogt]]
-NormalizeDiag[Diag[lft, Ar[i, j +0.51, Ar[j, kI, rgtl]
-NormalizeDiag[Diag[lft, Ar[i, k+0.51, Ar[j, kI, rgt]]

R3bp[i _, j_, k.1, rgt___ 11 := (
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RMnus[n_, Diag[lft__ , R3b[i_, j_, k_ 1, rgt___ 11 := Mdulel[
{Expand2, Expand3, n1},
nl =n-Length[{lft, rgt}];
Expand2[Diag[Ar [il_, j1_1, Ar[i2_, j2_111 := Sum[
(-1)" (k1 +k2) = NornmlizeDi ag[Flatten[Di ag[
Ift,
Diagee Table[Ar [i1+0.01qg, j1+0.01q]1, {qg, k1}1,
Diagee Table[Ar [i2+0.01qg, j2+0.01q]1, {9, k2}1,
rgt
111,
{k1, nl-13}, {k2, nl-k1}
1
Expand3[Diag[Ar[il , j1_1, Ar[i2_,j2_1, Ar[i3_,j3_111 := Sum[
(-1)" (k1 +k2 +k3) = NormalizeDi ag [Flatten[D ag][
Ift,
DiageeTable[Ar[i1+0.01q, j1+0.01q], {g, k1}],
DiageeTable[Ar[i2+0.01q, j2+0.01q], {g, k2}],
DiageeTable[Ar [i3+0.01q, j3+0.01q], {g, k3}1,
rgt
111,
{k1, n1-23}, {k2, nl-k1-13}, ({k3, nl1-kl-k2}
1
Expand [Pl us [
(
Diag[Ar[i, j], Ar[i +0.5, k]1+
Diag[Ar[i, j], Ar[j +0.5, k1] +D aglArT[i, k1, Ar[j, k+0.57]]
-Diag[Ar[i, k], Ar[i +0.5, j11-D ag[Ar[i, j +0.51, Ar[j, ki]-
Diag[Ar[i, k+0.5], Ar[j, ki11]
) /. d_Diag =» Expand2[d],
(Diag[Ar[i, jl, Ar[i +0.5, k], Ar[j +0.5, k+0.5]] -
Diag[Ar[j, k], Ar[i, k+0.5], Ar[i +0.5, j +0.511) /. d_Diag » Expand3[d]

11
1
Rin_, Diag[lft___, Rc[i_, j_1, rogt__ 11 := Mdulel[
{nl},
nl =n-Length[{lft, rgt}];
Sum(
Expand[(-1)"k = s % NornalizeDi ag [Flatten[D ag[
Ift,
Diagee Table[Ar [i +0.01q, j +s*0.01q1, {9, k}I,
rgt

1111,
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{k, 2, n1}, {s, -1, 1, 2}

1
1
R[n_, Diag[lft___ , Rld[i_]1, rgt__ 11 := Mdulel
{nl},
nl=n-Length[{lft, rgt}];
Sum[
Expand[(-1) "k %= NormalizeDi ag [Fl atten[Di ag[
Ift,
DiageeTable[Ar [i +0.01qg, i +0.5+0.01q], {q, k}1,
r gt
1111,
{k, 2, nl1}
1
I
R[n_, Diag[lft__ , Rla[i_], rgt___ 11 := Mdule[
{nl},
nl =n-Length[{lft, rgt}];
Sum(
Expand[(-1) "k %= NormalizeD ag[Flatten[Di ag[
Ift,
Diagee Table[Ar [i +0.5+0.01q, i +0.01q], {q, k}1I,
rgt
1111,
{k, 2, nl}
1
1
R[Diagf[lft__ , TCLi_, j_, k_1, rogt___ 11 := (

+Normal i zeDiag [Diag[lft, Ar[k, i1, Ar[k+0.5 j1, rot]]
- NormalizeDiag [Diag[lft, Ar[k+0.5, i], Ar[k, j1, rgtl]
)
R[Diag[lft___, HIC[i_, j_, k_1, rgt___ 11 := (
+Normal i zeDiag [Diag[lft, Ar[i, k], Ar[k+0.5, j1, rgt]]
-NormalizeDiag[Diag[lft, Ar[i, k+0.51, Ar[k, j1, rotl]
)s
Cont ai nsShort Arrow[di ag_Di ag] : = ( = Mn[List eediag /. Ar[i_, j_1 = AbsJi -j]]);
Descendi ngQ[di ag_Diag] := And ee (OrderedQ /e diag);

ino)= Draw[R /@ Take [Di agrans [R3b +1 Ar], 21]]



14| PolyakAlgebraWithHTC.nb

~ /70N
SN\
A LK




RN

/N /N YN

/N /[ /N




16 | PolyakAlgebraWithHTC.nb

A Lo\
7N
A

ins4):= Draw[R /@ Take [Di agrans [HTC+1 Ar], 2]]
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ins71:= Draw[R /@ Take [Di agrans [HTC+ Cut ], -5]]
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Producing "Quotient Spaces"
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in[e4]:= Options [PSpace] = {Debug -» False, G - False, ReduceEquival ences - True};
PSpace[m_ ] /; m< 2 := QuotientSpace [Di agrans [mAr], {}1;
PSpace[m_, reltypes_List, opts__ 1 /; m=22 := Mdul e[
{
debug = Debug /. {opts} /. Options|[PSpace],
gr = G /. {opts} /. Options[PSpace],
reduceequi val ences = ReduceEqui val ences /. {opts} /. Options[PSpace],
diags, rels, i, filter, equalities, equivclasses, pos, redrule
1
| f [debug, Print [Date[], ": Starting work..."11;
di ags = Joi nee Tabl e [Di agrans [k Ar], {k, If[gr, m 1], m];
filter =ldentity;
reltypes /. {
"R1" o (
di ags = Sel ect [di ags, ! ContainsShortArrow[#] &]
),
"Descendi ng" = (
filter = Select [#, Descendi ngQ] &;
di ags = Sel ect [di ags, Descendi ngQ]
)

3
| f [debug, Print [Date[], ": Conputed ", Length[diags], " diagrans..."]1;
rels = Joinee (reltypes /. {

"RL" > {3,
"Descendi ng" - {},
"Round” :» (diags /.
d_Diag =» (NormalizeDiag[d /. {1 - 2Length[d], i_Integer :=» i -1}] -d)
"R3b" (
(R /@ JoineeTabl e[Di agrans [R3b+k Ar] // filter, {k, If[gr, m-2, 0], m-2}]) /.
diag_Diag /; Length[diag] >m:» O
"RWongl" = (
(RWongl /@ JoineeTabl e[D agranms [R3b +k Ar], {k, If[gr, m-2, 0], m-2}]) /.
diag_Diag /; Length[diag] >m:» O
"RWong2" = (
(RWong2 /e JoineeTabl e[D agranms [R3b +k Ar], {k, If[gr, m-2, 0], m-2}]) /.
diag_Diag /; Length[diag] >m = 0O

"R3bM nus" = (
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RM nus[m #] & /@

JoineeTabl e[Di agrans [R3b +k Ar] // filter, ({k, If[gr, m-2, 0],

).
"R2C" = (
R[m #] & /@

Joinee Tabl e [Di agrans [R2c +k Ar] // filter, ({k, If[gr, m-2, 0],

)
"RLd" = (
R[m #] & /e

JoineeTabl e[Di agrans [Rld +k Ar] // filter, {k, If[gr, m-2, 0],

)
"Rla" = (
R[m #] & /e

JoineeTabl e[Di agrans [Rla+k Ar] // filter, ({k, If[gr, m-2, 0],

)
"TC' = (

R /@ Joinee Tabl e[Di agrans [TC+k Ar], {k, If[gr, m-2, 0],

).
"HTC' = (

R /@ Joi nee Tabl e [Di agrans [HTC+k Ar], ({k, If[gr, m-2, O],

)
reltypes /. {
"R1" = (
rels = DeleteCases[rels /. {d_Diag /; ContainsShortArrow[d]

| f [debug, Print [Date[], ": Conputed ", Length[rels], " relations..."

| f [reduceequi val ences,
equalities = Cases[rels, dl_Diag-d2_Diag =» {dl1, d2}7;
equi vcl asses = Fold][
(
pos = First /@Position[#l, #2];
Append [Del et e [#1, List /@pos], Unionee (#1[[pos]])]
) &
equalities,
Unioneeequal ities
I
redrule = Dispatch[Flatten[Tabl e[
cl ass = equi vcl asses [[i 11;
(# » First [class]) & /e Rest [cl ass],
{i, Length[equivclasses]}

m-2}]

m-2}]

> 03}, 0]

11

m-2}]

m-2}]

m-2}]

m-2}]
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1115
diags = Union[diags /. redrulel];
rels = Union[rels /. redrule];
1;
Quot i ent Space [di ags, rels]

in[72)= PSpace[m_, 2] /; m< 2 := QuotientSpace[Di agrans [mAr], {}1;
PSpace[m_, 2, reltypes_List, opts__ 1 /; mz22 := I\/bdule[
{

debug = Debug /. {opts} /. Options[PSpace],

gr = G /. {opts} /. Options[PSpace],

reduceequi val ences = ReduceEqui val ences /. {opts} /. Options[PSpace],

diags, rels, i, filter, equalities, equivclasses, pos, redrule
b
| f [debug, Print [Date[], ": Starting work..."11;
di ags = Joi nee Tabl e [Di agrans [Cut +k Ar], {k, If[gr, m 11, m}];
filter =ldentity;
reltypes /. {
"R1" = (
di ags = Sel ect [di ags, ! ContainsShortArrow[#] &]
),
"Descendi ng" = (
filter = Select [#, Descendi ngQ] &
di ags = Sel ect [di ags, Descendi ngQ]
)
Y
| f [debug, Print [Date[], ": Conputed ", Length[diags], " diagrans..."]1;
rels = Joinee (reltypes /. {
"RL" > (),
"Descendi ng" - {},
"Round” :» (diags /.
d_Diag » (NormalizeDiag[d /. {1 - 2Length[d], i_Integer :» i -1}] -d)
)
"R3b" (

(R /@ JoineeTabl e[Di agrans [Cut + RBb +k Ar] // filter,

{k, Ifrgr, m-2, 0], m-23}]) /. diag_Diag /; Length[diag] >m+1 = O

"RWongl" = (

(RWongl /e JoineeTabl e [Di agrans [Cut + R3b +k Ar], (K,
diag_Diag /; Length[diag] >m+1 = O

),

If[gr, m-2, 0], m-23}1) /.
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"RWong2" = (

(RWong2 /e JoineeTabl e[Di agrans [Cut + R3b +k Ar], (k, If[gr, m-2, 0], m-2}]) /.
diag_Diag /; Length[diag] >m+1 = O
).
"R3bM nus" = (
RM nus[m #] & /e
JoineeTabl e [Di agranms [Cut + RBb +k Ar] // filter, (k, If[gr, m-2, 0], m-2}]
)
"R2c" = (
R[m #] & /@
Joinee Tabl e [Di agranms [Cut + R2c + kK Ar] // filter, (k, If[gr, m-2, 0], m-2}]
)
"R1d" = (
R[m #] & /@
JoineeTabl e [Di agranms [Cut + Rld +k Ar] // filter, {k, If[gr, m-2, 0], m-2}]
)
"Rla" = (
R[m #] & /@
JoineeTabl e [Di agranms [Cut + Rla+k Ar] // filter, (k, If[gr, m-2, 0], m-2}]
)
"TC' = (
R /@ Joinee Tabl e [Di agrans [Cut + TC+k Ar], {k, If[gr, m-2, 0], m-2}]
)
"HTC' = (
R /@ Joinee Tabl e [Di agrans [Cut + HTC+ Kk Ar], ({k, If[gr, m-2, 0], m-2}]
)
)
reltypes /. {
"R1" > (
rels = DeleteCases[rels /. {d_Diag /; ContainsShortArrow[d] = 0}, 0]
)
b
| f [debug, Print [Date[], ": Conputed ", Length[rels], " relations..."]1;

| f [reduceequi val ences,
equalities = Cases[rels,
equi vcl asses = Fold][
(
pos = First /@Position[#l, #2];
Append [Del et e [#1, List /@pos], Unionee (#1[[pos]])]
) &
equalities,
Unioneeequal ities

dl Diag -d2_Diag = {dl, d23}];



I
redrule = Dispatch[Flatten[Tabl e[
cl ass = equi vcl asses [[i 11;
(# » First [class]) & /e Rest [cl ass],
{i, Length[equivclasses]}
1115
diags = Union[diags /. redrulel;
rels = Union[rels /. redrule];
1;
Quot i ent Space [di ags, rels]

]

671~ Draw[PSpace[2, {"R3b", "R2c"}]]

oufe7]= Quoti ent Space H

/N /N

/N VN

)

)
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in[es):= Dr aw[PSpace [2,

{"R3b", "R2c", "HIC'}1]
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outlegl= Quot i ent Space H ’
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in741:= Draw[PSpace[2, 2, {"R3b"}]]
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out[74]= Quot i ent Space H /N
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Computing Dimensions
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in[7s):= Options[Dim = {Debug - Fal se, UseLinBox - False};
Di m[Quot i ent Space [diags_List, rels_List], opts___] := Mdule[
{
debug = Debug /. {opts} /. Options[D m],
usel i nbox = UselLinBox /. {opts} /. Options[D m],
di agt oi ndex, mat, rel, matfile, rank

h

di agt oi ndex = Dispatch[Thread[Rul e[di ags, Range[Length[diags]]]111;

| f [usel i nbox,
matfile = QpenWite["matfile.matrix"7;

WiteString[matfile, Length[rels], " ", Length[diags], " S\n"J;

Do[

rel =rels[[i]];

WiteString[matfile, StringJoin ee Flatten[{
ToString[Count [{rel}, _Diag, Infinityl], " ",

{
ToString[ (# /. diagtoindex)-1], " ",
ToString[Coefficient [rel, #]], " "
} & /@ Cases[{rel }, diag_Diag, Infinity],
"\ e
1,
{i, Length[rels]}

1
matfile = Close[matfile];
rank = RunThrough[". /ConputeRank " <>matfile, Random[]][[2]];
Lengt h[di ags] -rank,
(» else x) mat = SparseArray [
Join ee Tabl e[
rel =rels[[i]l];
{i, # /. diagtoindex} - Coefficient [rel, #] & /@
Cases[{rel }, diag_D ag, Infinity],
{i, Length[rels]}
1
{Length[rels], Length[diags]}
I
| f [debug, Print [Date[], ": Conputed mat..."117;
Lengt h[di ags] - Matri xRank [rmat ]
]
1
DinP[m, reltypes_List, opts___ 1 := Dim[PSpace[m reltypes, opts],

opts]
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Analysis
ins3):= Anal yze[m Integer, reltypes_List, opts___Rule] := Mdul e[
{gs},
Tabl e[
{
gs = PSpace[n, reltypes, G - True, opts];
(Length /@ gs) -» Dim[gs, opts],
gs = PSpace[n, reltypes, G - False, opts];
(Length /@ gs) -» Dim[gs, opts]
1,
{n, 2, m}
1
1
Anal yze[rel types_List, opts___ Rule] := Analyze[4, reltypes, opts];
Anal yze[m Integer, 2, reltypes_List, opts__ Rule] := Mdule[
{gs},
Tabl e[
{
gs = PSpace[n, 2, reltypes, G - True, opts];
(Length /@ gs) -» Dim[gs, opts],
gs = PSpace[n, 2, reltypes, G - False, opts];
(Length /@ gs) -» Dim[gs, opts]
1,
{n, 2, m}
1
1
Anal yze[2, reltypes_List, opts__ _Rule] := Analyze[4, 2, reltypes, opts];
Runs

Runs as in the paper

Anal yze [{"R3b", "R2c", "R1", "Round"}] // MatrixForm

Quoti ent Space [1, 3] -0 Quoti ent Space [1, 3] -0
Quoti ent Space [12, 29] > 1 Quoti ent Space [12, 31] > 1
Quot i ent Space [107, 297] - 4 Quotient Space [118, 336] - 5

Anal yze [{"R3b", "R2c", "R1"}1 // MatrixForm

Quoti ent Space [4, 4] - 2 Quot i ent Space [4, 4] - 2
Quot i ent Space [32, 37] > 7 Quot i ent Space [34, 39] -9
Quot i ent Space [460, 749] — 42 Quoti ent Space [500, 829] - 51

Anal yze [{"R3b", "R2c", "R1", "Descending"}] // MatrixForm

Quoti ent Space [1, 1] -0 Quoti ent Space [1, 1] -0
Quoti ent Space [3, 3] » 1 Quoti ent Space [3, 4] - 1
Quot i ent Space [22, 23] - 6 Quotient Space [27, 33] > 7




82| PolyakAlgebrawithHTC.nb

Anal yze [{"R3b", "R2c", "Round"}] // MatrixForm

Quoti ent Space [3, 3] -1 Quot i ent Space [4, 3] - 2
Quot i ent Space [16, 21] - 2 Quoti ent Space [21, 24] - 4
Quot i ent Space [160, 329] - 7 Quoti ent Space [187, 362] - 11

Anal yze [{"R3b", "R2c"}]1 // MatrixForm

Quot i ent Space [10, 7] - 5 Quoti ent Space [12, 7] - 7
Quot i ent Space [96, 121] - 15 Quot i ent Space [110, 129] - 22
Quot i ent Space [1332, 2401] - 67 Quoti ent Space [1466, 2553] - 89

Anal yze [{"R3b", "R2c", "Descending"}] // MatrixForm

Quoti ent Space [2, 2] > 1 Quot i ent Space [3, 2] » 2
Quoti ent Space [9, 11] -2 QuotientSpace[13, 13] - 4
Quot i ent Space [63, 96] -~ 8 Quotient Space [82, 114] —» 12

Anal yze[{"R3b", "R1", "R1ld", "Rla", "Round"}] // MatrixForm

Quoti ent Space [1, 3] -0 Quot i ent Space [1, 3] -0
Quoti ent Space [12, 29] - 1 Quoti ent Space [12, 31] - 1
Quot i ent Space [107, 297] - 4 Quoti ent Space [118, 334] -5

Anal yze [{"R3b", "Rld", "Rla", "R1"}] // MatrixForm

Quoti ent Space [4, 4] - 2 Quoti ent Space [4, 4] > 2
Quoti ent Space [32, 37] - 7 Quoti ent Space [34, 39] - 9
Quot i ent Space [460, 749] - 42 Quoti ent Space [500, 821] - 51

Anal yze [{"R3b", "Rld", "R1", "Descending"}] // MatrixForm

Quoti ent Space [1, 1] -0 Quoti ent Space [1, 1] -0
Quoti ent Space [3, 3] > 1 Quoti ent Space [3, 4] - 1
Quot i ent Space [22, 23] -» 6 Quotient Space [27, 31] » 7

Anal yze [{"R3b", "Round"}] // MatrixForm

Quot i ent Space [4, 3] - 2 Quot i ent Space [5, 3] - 3
Quoti ent Space [22, 21] -5 Quot i ent Space [27, 23] > 8
Quot i ent Space [218, 353] -» 19 Quoti ent Space [245, 379] - 27

Anal yze [{"R3b"}] // MatrixForm

Quot i ent Space [12, 6] - 7 Quoti ent Space [14, 6] - 9
Quot i ent Space [120, 120] - 27 Quot i ent Space [134, 126] - 36
Quot i ent Space [1680, 2520] —» 139 Quoti ent Space [1814, 2646] —» 175

Anal yze [{"R3b", "Descending"}] // MatrixForm

Quoti ent Space [3, 1] - 2 Quoti ent Space [4, 1] - 3
Quot i ent Space [15, 10] - 6 Quoti ent Space [19, 11] - 9
Quot i ent Space [105, 105] -» 24 Quoti ent Space [124, 116] - 33

Anal yze [{"R2c", "R1l", "Round"}] // MatrixForm

Quoti ent Space [1, 2] -0 Quoti ent Space [1, 2] -0
Quoti ent Space [12, 13] - 4 Quoti ent Space [12, 13] - 4
Quoti ent Space [107, 75] - 44 Quoti ent Space [118, 82] - 48
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Anal yze [{"R2c", "R1"}] // MatrixForm

Quoti ent Space [4, 2] » 2 Quot i ent Space [4, 2] » 2
Quot i ent Space [32, 5] - 28 Quot i ent Space [34, 5] - 30
Quot i ent Space [460, 41] - 420 Quoti ent Space [500, 51] - 450

Anal yze[{"R2c", "Rl", "Descending"}] // MatrixForm

Quoti ent Space [1, 1] -0 Quoti ent Space [1, 1] - 0
Quoti ent Space [3, 2] » 2 Quoti ent Space [3, 2] » 2
Quoti ent Space [22, 5] - 18 Quoti ent Space [27, 8] - 20

Anal yze [{"R2c", "Round"}] // MatrixForm

Quoti ent Space [3, 1] » 3 Quoti ent Space [4, 1] - 4
Quot i ent Space [16, 1] - 16 Quot i ent Space [21, 2] - 20
Quot i ent Space [160, 1] - 160 Quoti ent Space [187, 8] - 180

Anal yze [{"R2c"}] // MatrixForm

Quot i ent Space [10, 1] - 10 Quoti ent Space [12, 1] » 12
Quot i ent Space [96, 1] - 96 Quot i ent Space (110, 3] - 108
Quot i ent Space [1332, 1] » 1332 Quoti ent Space [1466, 27] — 1440

Anal yze [{"R2c", "Descending"}] // MatrixForm

Quoti ent Space [2, 1] » 2 Quoti ent Space [3, 1] - 3
Quotient Space [9, 1] -9 Quotient Space [13, 2] - 12
Quot i ent Space [63, 1] - 63 Quoti ent Space [82, 8] - 75

Other runs

Anal yze[{"R3b", "TC', "R1"}] // MatrixForm

Quoti ent Space [4, 5] » 1 Quoti ent Space [4, 5] » 1
Quoti ent Space [26, 51] - 1 Quoti ent Space [30, 60] - 2
Quot i ent Space [267, 777] —» 2 Quoti ent Space [297, 844] - 4

Anal yze [{"R3b", "TC'}] // MatrixForm

Quoti ent Space [9, 7] - 4 Quoti ent Space [11, 7] - 6
Quot i ent Space [64, 97] - 7 Quot i ent Space [75, 103] - 13
Quot i ent Space [625, 1501] - 12 Quoti ent Space [700, 1603] - 25

Anal yze [{"R3b", "TC', "RL", "Round"}] // MatrixForm

Quoti ent Space [1, 3] -0 Quoti ent Space [1, 3] -0
Quot i ent Space [8, 29] - 0 Quot i ent Space [9, 34] - 0
Quot i ent Space [54, 253] - 0 Quotient Space [63, 298] - 0

Anal yze [{"R3b", "TC', "Round"}] // MatrixForm

Quoti ent Space [3, 3] - 1 Quoti ent Space [4, 3] » 2
Quoti ent Space [11, 15] -1 Quotient Space [15, 17] - 3
Quot i ent Space [70, 185] - 1 Quoti ent Space [85, 205] - 4

Anal yze [{"R3b", "R1l", "Round"}] // MatrixForm

Quoti ent Space [1, 3] -0 Quot i ent Space [1, 3] -0
Quoti ent Space [12, 29] - 1 Quoti ent Space [13, 33] -1
Quot i ent Space [107, 297] - 4 Quoti ent Space [122, 345] - 5
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Anal yze [{"R3b", "R1"3}] // MatrixForm

Quoti ent Space [4, 4] - 2 Quot i ent Space [4, 4] » 2
Quot i ent Space [32, 37] > 7 Quot i ent Space [36, 43] > 9
Quot i ent Space [460, 749] - 42 Quoti ent Space [504, 827] - 51

Anal yze [{"R3b", "Rl", "Descending"}] // MatrixForm

Quoti ent Space [1, 1] -0 Quoti ent Space [1, 1] - 0
Quoti ent Space [3, 3] > 1 Quoti ent Space [4, 4] - 1
Quot i ent Space [22, 23] - 6 Quotient Space [28, 30] » 7

Anal yze [{"R3b", "HTC', "R1"}1 // MatrixForm

Quoti ent Space (4, 8] -0 Quoti ent Space [4, 8] -0
Quot i ent Space [10, 37] - 0 Quotient Space [14, 47] -0
Quot i ent Space [75, 485] - 0 Quotient Space [97, 587] - 0

Anal yze [{"R3b", "HTC'}] // MatrixForm

Quoti ent Space [7, 7] » 3 Quoti ent Space [9, 7] - 5
Quot i ent Space [34, 79] - 4 Quot i ent Space [43, 85] - 9
Quot i ent Space [209, 877] - 5 Quoti ent Space [252, 961] - 14

Anal yze [{"R3b", "HTC', "R1", "Round"}] // MatrixForm

Quoti ent Space [1, 3] -0 Quoti ent Space [1, 3] -0
Quoti ent Space [3, 13] - 0 Quotient Space [4, 19] -0
Quoti ent Space [7, 66] - 0 Quoti ent Space [13, 113] -0

Anal yze [{"R3b", "HTC', "Round"}] // MatrixForm

Quoti ent Space [2, 3] > 1 Quot i ent Space [3, 3] » 2
Quoti ent Space [5, 11] -1 Quotient Space [8, 13] - 3
Quoti ent Space [20, 95] - 1 Quoti ent Space [28, 111] » 4

ne7;= Analyze[2, {"R3b", "HTC'}] // MatrixForm

Out[87]//MatrixForm=
Quot i ent Space [39, 25] — 22 Quot i ent Space [45, 25] - 28
Quot i ent Space [292, 505] —» 62 Quot i ent Space [337, 529] - 90
Quot i ent Space [2505, 8161] —» 148 Quoti ent Space [2842, 8689] — 238




