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Pensieve header: Profile with encapsulation of inner Zip2 and Zip3. Time to K31@$k=3: 7112.92.

Startup

(Al) In[+]:= Date[]
SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\FullDoPeGDO"] ;
Once[<< KnotTheory  ];
Once[Get@"../Profile/Profile.m"];
$k = 1;
<< Objects.m
<< KT.m

mour - {2021, 1, 3, 9, 53, 30.2035381}

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

Engine

Canonical Forms:

(Alt) In[» ]:= CCF[&_] := PPccr@ExpandDenominator@ExpandNumerator@Together[&£];
(xCoefficient Canonical Form =x)
CF[&. ] := PPce@Module|

{VS =Cases[£, (ylalx|n]|B]| | §)_: °°] Uiy, a, x, n, B, t, §}}:
Total[ (CCF[#[2]] (Times eevs“I*!)) & /e CoefficientRules[s, vs]]

[E
CF[& E] :=CF/@&;
CF[& List] :=CF /@ &;
CF[Es, [&5___1] :=CF/@Eg,[&5];
Variables and their duals:
(Alt) In[ = ]:= {t*, b*, y*: a*, x*, z", t*, B, n*,a", £§,8"Y={t, B, n,a, §, &, t, b, Y, a, X, 2};
(vs_List)* := (v > V*) /@vs;
(u_i )" 2= ()43
Weights:
(Alt) In[+]:= Clear[Wt];
Evaluate[Wt /@ {y, b, t, a, x, n, B, T, a, §}]1 = {1, 0, 0, 2,1, 1, 2, 2,0, 1};
Wt[u_; ]| :=Wt[u];
The maximal weight $n, i.e. the n of gl(n). Initially and for a long while this will not be tested beyond $n==2.

(Al) In[+]:= $n = 2;

Upper to lower and lower to Upper:
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(Al) In[+ ]:= U21[&s ] :=& /. {Bg" > e PP Bl 5 e PRE T?" »ef Bt TP o P BY, 5‘(?" o> eP %, @~ epa};

12U[5 ] :

C_.a; +d_.

. b; o -c/h 0 o - Sty o h 5 0
s1//. {ec_ b; +d_ o5y BiC/ ed, ec_ b+d_ - B c/h ed, ec_ t; +d_ oy Ti/ ed, ec_ t+d_ o5y Tc/h ed,

a+d d

e A e, e " A e
12U[r_Rule] := Module[{U=r[1] /. {b>B, t>T, a > A}}, U-> 12U[U21[U] /. r]l];
AlsoUpper[rs_List] := rs{ (12U /@rs);

x Expande.
, @ > 7P };

Derivatives in the presence of exponentiated variables:

@imp=  Dp[f ] :=0pf-nBOf; Dp, [f_ ] :=0p f-1B;s f;
De[f ] :=0cf+hTOrf; Dy, [f. ] =0 f+hT;0r f;
Doul[f_ ] :=0af +ROaf; Do [f_.] :=0q4 f+Ai04qf;
D, [f_]:=0,f;

E operations:

@ginp= S E[$] 1= Length[&] -1; E [&s___1[$] :=E[&5] [$];
&_E[R_Integer] := S[R+1]; E [&s___][R_Integer] := {&s}[R+11;
E/: &_FE= &2 E :=1Inner[CFe#l == CFe#2 &, &1, &2, And];
Eg1 5r1 [81s___ 1 =Eg; 4r2 [82s___ ] ~i= (d1=d2) A (rl=r2) A (E[&1ls] = E[&25]);
E/: &1 E%&2 E :=EeeTable[CF[&1[kk] + £&2[kk]1, {kk, @, Min[£51[$], £2[$]11}];
Eg1 »r1 [81s___1Egz or2 [825__ 1 "“i= E (q1yd2)-(riyr2) @@ (E[S1s] xE[&25])

@)= By se1 [E1S___1 /1 Baz o2 [£25___]1 :=Module[{is = riNd2, lvs},
lvs = Flatten@Table[{Yseis Dseis tseis Aseis Xsei}s {i, i5}1;
IE (d1Jcomplement [d2,i5]) - (r2JComplement [r1,is]) @@ (Zipl\/sUlvs* [{lvs*.lvs, Times[
E[&ls] /. Table[(v:b |B|t|T|a|Xx|Y)i— Vseir {1, i5}],
E[&2s] /. Table[(v:B|Tt|a|A|E|N)i— Vseir {1, i5}]
1}1)

(Al) In[» ]:= A2E, ,. [4 ] :=Module[{k}, E,, @@ l2U@Table[SeriesCoefficient[4, {e, 0, k}1, {k, @, $k}11;

Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then to the heavy

and light variables.

FJ2 FJ2 .y AF/2
® [ )(Dc/z ® ® { 3@”
part-glue
log Zy= Z
3 E 3 E connected

diagrams
Lemma 1 Lemma 2 Lemma 3

(AIt) In[+]-= Zipvs_ [{F¥, &}] :=
{7, &Yy //Zip1,; // EZip23Se1ect[vs, (o<Wt [#]<$n)&] // ZipzSelect[vs, (Wt[#]=0VIWt[#]=$n)&] //
Zip35e1ect[vs, (Wt [#] ==@VWt [#] =$n)&] // Last;

Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,

<F: &t Zijes G,-jz,-zj> = det(1 - GF)™!/2 <F(1 -GF)™": 8)3
B
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(Alt) In[+ ]:= Zipl{} = Identity;
zipl,. @{7 , E[Q_, P___1} := PPy @Module[{r, F, G, u, v},
I = IdentityMatrixe@lLengthevs;
F = Table [If [Wt[u] +Wt[V] = $n, 8.+ -7, @], {u, vs}, {v, vs}];
G = Table[If[Wt[u] + Wt[V] = $n, 8,,,0, 8], {u, vs}, {v, vs}];
{CF[vs*. (F.Inverse[I -G.F]).vs* /2], E[CF[Q-Log[Det[/ - G.F]] /2-vs.G.vs /2], P]}

]

Getting rid of linear terms.
. Ly Fiyy:
Lemma 2. <F: SeZ'EBy’Z'>B = @2 Zirjen Fipy] <F: 8|ZB—>ZB+F}'B>B'

(Alt) In[+ ]:= Zipz{) = Identity;
Zip2,, e{7 ,E[Q ,P___]} := PPzipz@Module[{F, Y, u, v},
F = Table[If[Wt[u] +Wt[v] = $n, 8,7, @], {u, vs}, {v, vs}];
Y = Table[6,0Q, {v, vs}] /. AlsoUpper@Table[v » 0, {v, vs}];
CF/e ({¥, E[Q-Y.vs+Y.F.Y/2, P]} /. AlsoUpper@Thread[vs - vs + F.Y])

]

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z, := log[AF : e satisfies

and is determined by the following PDE / IVP:

1
Zy=P and 9,Z)=> Z Fij (805,21 + (0,20)0:,2,)) .
i,jeB
Note that the power m of Aisat most k-1 + “2—"2 =2k. We write Z, =3 Z[m] A™.
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@yin-1=  2ip3,s @{F_, & E} := PPzip3@Modu1e[{F, u, v, Z, $k, kk, jj, $m =0, m, n},
$k = Length[&] - 1;
Do[Z[@, kk] = &[kk +1], {kk, @, $k}71;
Flu_, v_] :=F[u, v] = CFeIf[Wt[u] +Wt[v] = $n, 8, ,-7, O]
Z[m_, RR_, u_] :=2Z[m, RR, u] =D, [Z[m, RR] ] ;
Z[m_, RR_, u_,v_] :=2Z[m, RR, u, vl =D,[Z[m, RR, u]];
For-[m =0, ms<2$m, ++m, For[kk = 0, kk < $k, ++kk,

Z[m+1, kk] = CF@Sum[
Flu, v]

I-F[F[u, v] === 9, 0,
2 (m+1)

2021-01-04 08:13:52

(Z[m, kk, u, v] +Sum[Z[n, jj, u] *Z[m-n, kk-3jj, v], {n, @, m}, {jj, O, kk]‘])]:

{u, vs}, {v, VS}]S
If{Z[m+1, kk] =1=0, $m=m+1]
CF /e ({
# -Sum[F[u, v] u*v* /2, {u, vs}, {v, vs}],
E @@ Table[Sum[Z[m, kk], {m, @, $m}], {kk, @, $k}]
} /. AlsoUpper@Table[v » @, {v, vs}])

]

Encapsulation.

(AIt) In[+]-= EZip3vs_@{y’“_, & E} := PPEzipg@Module[

{n&, nF, rc, ps, rr = { (xrelease rulesx)}},
rc = @; né = Total|

CoefficientRules[#, vs] /. (ps_-c_) = (AppendTo[rr, c&[++rc] »c]; c&[rc] (Timeseevs™))

| & /e 55
rc = @; ny = Total[CoefficientRules[#, vs*] /.

(ps_ »c_) = (AppendTo[rr, cF[++rc] » c]; cF[rc] (Timesee (vs*)™))];
CF[Expand [ {n¥, n&} // Zip3,.] /. rr]

]

(AIt) In[+ ]:= EZip23vs_ e{r , & E}

PPEZip3 @Module [

{n&, nF, rc, ps, rr = { (xrelease rulesx)}},
rc = @; ng = Total|

CoefficientRules[#, vs] /. (ps_-c_) = (AppendTo[rr, cE[++rc] »c]; c&[rc] (Times eevs™))

| & /e 55
rc =0; n¥ = Total[Coef-FicientRules[F, vs*] /.

(ps_ »c_) = (AppendTo[rr, cF[++rc] » c]; cF[rc] (Timesee (vs*)™))];
CF[Expand[{n¥, n&} // Zip2,. // Zip3,.] /. rr]

]
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Profiling
an inf-1= BeginProfile[];
(Al)In[~]:= €My 249 // €My 3,1

(A outl-J= E1,2,3}5(1)

2021-01-04 08:13:52

Yina Yinz X1 &1 binsér x1 &
a; (ag+ap+03) +by By +b1 B+ by Bs+yrng+ + + +bimy &+ —— + +b1 M3 &y + X1 &3,
Ax P Ty Ay A3 Az A3
YiBinz YiBins YiBan: XiB28&1 X1B3é yins&r arnsés
- - - - - +apn &y - + -
a Ay Ay Py Ay Ay A3 Ay A3 A Ay
biBanzér 2yimenzér Yiniér xamé& 1 by 2 2 X113 65 binans &
A2 A1 A P A A A3 3 A3 H2
bind&i xuBs3& yind&a 2xams&1& binj&i &y xamsé&s 1 y >
- +a1n3 - - - - - —bin3 &
273 A3 Fq Ao Ay A3 o A3 2
@an inf-1= Timing@Block [ {$k = 1}, Z[Knot[3, 1]]]
KnotTheory: Loading precomputed data in PD4Knots".
1 1 2 22 T T2 2
MWOW]={16JBI3,E”ﬁw>[— —4th4¢pg{(—————+—J | -Log[ |1+ . IE
2 ™ 1207 1-2T+2T?> 1-2T+2T?

a(72h+2T2h) 2h+3TA-2T2h+T3H xy(fzhzszhﬂ

" v [

1-2T+3T2-273+T4 1-T+T?

1-T+T?

i inf-1= PrintProfile[]

i ouf-]= ProfileRoot is root. Profiled time: 16.36
( 1) 0.079/ 15.990 above Z
1) ©0.219/ 0.219 above Boot
) ©0.015/ 0.015 above CF
) 0/ 0.047 above EZip3
) 0/ © above RVK
) 0/ 0.016 above Zipl
) 0/ 0.031 above Zip2
1) ©0.016/ 0.047 above Zip3
CF: called 13144 times, time in 5.962/10.51
84) 0.265/ 0.469 under Z

R R R RN

76) 0.094/ 0.202 under Boot
138) ©0.610/ 2.153 under EZip3
2) ©0.015/ 0.015 under ProfileRoot
92) ©.172/ 0.393 under Zipl
276) ©.577/ 1.809 under Zip2
12476) 4.229/ 5.469 under Zip3
7621) 4.548/ 4.548 above CCF

: called 7621 times, time in 4.548/4.548
7621) 4.548/ 4.548 under CF
3: called 92 times, time in 2.894/8.363
22) 0.879/ 2.999 under Z
23) 1.078/ 2.674 under Boot
46) ©.921/ 2.643 under EZip3
1) 0.016/ 0.047 under ProfileRoot
( 12476) 4.229/ 5.469 above CF
Zipl: called 46 times, time in 1.248/1.641

http://drorbn.net/AcademicPensieve/Projects/FullDoPeGDO/#MathematicaNotebooks




Dror Bar-Natan: Academic Pensieve: Projects: FullDoPeGDO: Profiling-210103-2.nb

( 22) ©
( 23) 0.
( 1)
( 92) o.
Zip2: called
(  22) e.
(  23) o.
( 46) ©
( 1)
( 276) ©
1
( 5) ©
( 18) ©
( 1) ©
( 18) ©
( 76) ©
( 23) ©
( 23) o
( 23) o
( 23) 1.
EZip3: called
( 22) e.
( 23) 0.
( 1)
( 138) 0.
(  46) 0.
(  46) 0.
Z: called 1 t
( 1) o
( 5) ©
( 84) ©
( 22) ©
( 22) ©
( 22) ©
( 22) ©
RVK: called 1
( 1)

o inf-1= Timing@Block [

(Alt) Out]+]= JL52.9531, E{i50} [—
2

Log[ 1+

Log[ 1-

.499/ 0.686 under Z

749/ 0.939 under Boot

0/ 0.016 under ProfileRoot
172/ ©.393 above CF
92 times, time in 1.015/2.824
300/ 1.050 under Z

357/ 0.574 under Boot

.358/ 1.169 under EZip3

0/ 0.031 under ProfileRoot

.577/ 1.809 above CF

24 times, time in ©.314/17.655

.016/ 6.594 under Z

.079/ 10.840 under Boot

.219/ 0.219 under ProfileRoot
.079/ 10.840 above Boot

.094/ 0.202 above CF

.109/ 2.110 above EZip3

.749/ 0.939 above Zipl

.357/ ©.574 above Zip2

078/ 2.674 above Zip3

46 times, time in ©.3/6.265
191/ 4.108 under Z

109/ 2.110 under Boot

0/ 0.047 under ProfileRoot
610/ 2.153 above CF

358/ 1.169 above Zip2

921/ 2.643 above Zip3
imes, time in ©.079/15.985

.079/ 15.990 under ProfileRoot
.016/ 6.594 above Boot

.265/ 0.469 above CF

.191/ 4.108 above EZip3

.499/ 0.686 above Zipl

.300/ 1.050 above Zip2

.879/ 2.999 above Zip3

times, time in @./0.
0/ 0 under ProfileRoot

{$k = 1}, Z[Knot[8, 17]1]]

1

T 2 T2

1 4 6 5
—2th—Log{ B R
™ T 71207

I']-

1-4T+6T?2-5T3+T% 1-4T+6T>-5T3+T4

T 472

1-4T+6T2-5T3+74

+

1-3T+4T?2-4T3+T* 1-3T+4T2-4T3+T4

7T 4T1°

1-3T+4T2-4T3+74

1-

~3n+8Th-8T2h+8T*h-8T°h+3T%h a(-6h+16Th-16T>h+16T*h-16T h+6T°h)

3T+4T2-4T3+T% 1-3T+4T2-4T3+74

+

1-3T+4T2-4T73+T4

1-4T+8T?2-11T3+8T*-4T°+T°
Xy (-6h*+10Th*-6T*h*-6T n*+10T*n*> -6 T> 1?)

+

1-4T+8T2-11T3+8T*-4T°+T°

1-4T+8T2-11T>+8T4-4T°+T°
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aninf-1= PrintProfile[]

1

358/

219/

015/
0/
0/

68.
Q.
Q.
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amour- - ProfileRoot is root. Profiled time: 69.313
( 2) o.
0.
0.

938 above Z
219 above Boot
015 above CF

0.047 above EZip3

@ above RVK

0/ 0.016 above Zipl
0/ ©0.031 above Zip2
1) 0.016/ ©0.047 above Zip3
: called 21248 times, time in 28.875/28.875
21248) 28.875/ 28.875 under CF
CF: called 27375 times, time in 26.763/55.638
298) 1.436/ 3.190 under Z
.094/ 0.249 under Boot
.910/ 20.043 under EZip3
.015/ 0.015 under ProfileRoot
.422/ 1.191 under Zipl
.898/ 10.281 under Zip2
25810) 12.988/ 20.669 under Zip3
21248) 28.875/ 28.875 above CCF
ip3: called 214 times, time in 6.973/27.642
79) 3.535/ 18.683 under Z
27) 1.204/ 2.956 under Boot
107) 2.218/ 5.956 under EZip3

)
)
)
)
)
)

w o oONOe

25810) 12.988/ 20.669 above CF
ipl: called 107 times, time in 2.465/3.656
79) 1.654/ 2.592 under Z
27) 0.811/ 1.048 under Boot
1) @/ 0.016 under ProfileRoot
214) 0.422/ 1.191 above CF
ip2: called 214 times, time in 2.342/12.623
79) 1.127/ 8.661 under Z

27) o.
107) o.

1)

( 642) 3.

EZip3: called

Boot

403/ ©0.683 under

812/
0/
898/

(
(
(
(
(
(
(
(
p
(
(
(
( 1) 0.016/ 0.047 under ProfileRoot
(
p
(
(
(
(
p
(
(
( 3.
(

248 under EZip3

0.031 under ProfileRoot

10.

281 above CF

107 times, time in 1.193/30.44

( 79) 1.084/ 28.001 under Z

Boot: called 28 times, time in ©.344/19.014
( 7
( 20

0.031/ 7.453 under Z
0.094/ 11.342 under Boot

( 27) 0.109/ 2.392 under Boot
( 1) @/ ©0.047 under ProfileRoot
( 321) 7.910/ 20.043 above CF
( 1@7) 0.812/ 3.248 above Zip2
( 107) 2.218/ 5.956 above Zip3
Z: called 2 times, time in ©.358/68.938
( 2) 0.358/ 68.938 under ProfileRoot
( 7) 0.031/ 7.453 above Boot
( 298) 1.436/ 3.190 above CF
( 79) 1.084/ 28.001 above EZip3
( 79) 1.654/ 2.592 above Zipl
( 79) 1.127/ 8.661 above Zip2
( 79) 3.535/ 18.683 above Zip3
1
)
)
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( 1) 0.219/ 0.219 under ProfileRoot
( 20) 0.094/ 11.342 above Boot
( 88) 0.094/ 0.249 above CF
( 27) 0.109/ 2.392 above EZip3
( 27) 0.811/ 1.048 above Zipl
( 27) ©0.403/ 0.683 above Zip2
( 27) 1.204/ 2.956 above Zip3
RVK: called 2 times, time in @./0.
( 2) 0/ 0@ under ProfileRoot

@i inf-1= Timing@Block [ {$k = 2}, Z[Knot [3, 1]]]

T2

—4th—Log[

1
(Alt) Out[ = ]= {164.172, E(}ﬁ(e} [7
2

1 2 2\2 T
———+7J}—Log[1+ -
T3 TZ T

a(—2h+2T2h) 2A+3TA-2T2h+T3H xy(—th—ZTh2> a2(2Th2—8T2h2+2T3hﬂ

1-2T+2T%> 1-2T+2T?

2

+ +

J
1-T+T? 1-2T+3T2-273+T4 1-T+T? 1-2T+3T2-273+ T4

2021-01-04 08:13:52

a(2Tn?-14T2 A2+ 12T 0% - 6T +2T°1?)  TR2 - 11T2H2+16 TP H2 - 12T A2+ 8T 12 -3 T8 12 + T/ 12

+

+

1-3T+6T?>-7T3+6T*-3T7°>+T° 2-8T+20T2-32T3+38T4-32T°+20T%-8T7+2T8

axy (8Tn*-8T*n*-4T’n?) xy (-2n’-2TR’-6T°n*+27°1%) Xy* (n*+5Tn*+T° 0%

+ +

1-2T+372-27+T* 1-3T+6T>-7T2+6T*-3T°+T° 1-2T+372-273+T*

i inf-1= PrintProfile[]

(amouf-]= ProfileRoot is root. Profiled time: 233.484
( 3) 0.578/ 233.110 above Z
1) 0.219/ 0.219 above Boot
) 0.015/ 0.015 above CF
) @/ ©0.047 above EZip3
) 0/ 0@ above RVK
) @/ 0.016 above Zipl
) 0/ ©0.031 above Zip2
1) 0.016/ ©0.047 above Zip3
: called 36901 times, time in 122.686/122.686
36901) 122.690/ 122.690 under CF
CF: called 41349 times, time in 83.328/206.014
( 424) 2.124/ 4.908 under Z
( 202) 0.202/ 0.685 under Boot
( 501) 25.033/ 64.418 under EZip3
( 2) 0.015/ 0.015 under ProfileRoot
( 304) 0.640/ 1.690 under Zipl
( 1002) 8.161/ 21.563 under Zip2
( 38914) 47.153/ 112.740 under Zip3
( 36901) 122.690/ 122.690 above CCF
Zip3: called 304 times, time in 15.672/128.407
(
(
(
(
(
p
(
(
(

PR WRN

101) 6.083/ 77.808 under Z
50) 2.547/ 6.208 under Boot
152) 7.026/ 44.344 under EZip3
1) 0.016/ ©0.047 under ProfileRoot
38914) 47.153/ 112.740 above CF
1: called 152 times, time in 3.922/5.612
101) 2.110/ 3.328 under Z
50) 1.812/ 2.268 under Boot
1) @/ ©0.016 under ProfileRoot
( 304) 0.640/ 1.690 above CF
Zip2: called 304 times, time in 3.654/25.217

Zi
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16.161 under Z

1.448 under Boot

7.577 under EZip3
0.031 under ProfileRoot
8.161/ 21.563 above CF
EZip3: called 152 times, time in 3.177/119.516
113.910 under Z

5.564 under Boot

0.047 under ProfileRoot
64.418 above CF

7.577 above Zip2

44.344 above Zip3
time in 0.578/233.109
233.110 under ProfileRoot
16.421 above Boot

4.908 above CF

113.910 above EZip3

3.328 above Zip1l

16.161 above Zip2

77.808 above Zip3
Boot: called 48 times, time in ©.467/41.996

( 101
(
(

(
( 1002)

)
50)
52)
1)

( 101)
50)
1)
)
152)

152)
Z: calle

(
(
( 501
(
(

424
101
101
101
( 101

o~ o~ o~~~ —~

—

202
0
0
0
0
al

Ul

Ul U

X
<
~ AR o~~~ o~~~ o~ —~
U1

d
3)
12)
)
)
)
)
)
1
12)
35)
1)
35)
)
)
)
)
)
le
3)

1.
0.

1

2.
Q.

25
1
7

534/
716/

.404/

0/

944/
233/
0/

.033/
.404/
.026/

3 times,

Q.

0

AR NDNDNMNO

WNOROOOOOOO®

.578/
.061/
.124/
.944/
.110/
.534/
.083/

.061/
.187/
.219/
.187/
.202/
.233/
.812/
.716/
.547/

16.
25.

Q.
25.
.685
.564
.268
.448
.208

AR N U

421
356
219
356

times, time

0/

under
under
under
above
above
above
above
above
above

Z

Boot
ProfileRoot
Boot

CF

EZip3

Zipl

Zip2

Zip3

in 0./0.
© under ProfileRoot

@i inf-1= Timing@Block [ {$k = 2}, Z[Knot [8, 17]]]
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1 4 6 5)2
—2th—LogH—1——+———+—] } -

1
anour - {1716.23, Ey e B
2 T4 T3 TZ T

T 2 T2 g 2
Log[ 1+ - + },
1-4T+6T2-5T3+T% 1-4T+6T>-5T3+T% 1-4T+6T2-5T3+T*
T 472 773
Log[ 1- + - +
1-3T+4T2-4T3+T* 1-3T+4T?-4T+T% 1-3T+4T2-4T73+T*

774 4Ts T6 2
- +

1-3T+4T2-4T3+T% 1-3T+4T?-4T+T* 1-3T+4T?2-4T73+T4

)

~3n+8Th-8T2h+8T*h-8T°h+3T%h a(-6h+16Th-16T*h+16T*h-16T h+6T°h)
+ +
1-4T+8T?2-11T>+8T*-4T>+T° 1-4T7T+8T2-11T3+8T*-4T1°+T7°

Xy (-6h*+10Th*-6T*h*-6T n*+10T*n*> -6 T> 1?)

)

)

1-4T+8T2-11T3+8T4-4T°+T°
(a (8TH*-64T?1n*+262T°h* - 608 T*1n? + 952 T° h? - 1096 T° 1® + 952 7' 1® - 608 T° 1® + 262 T° 1® - 64 T n? +
8T n%)) /(1-8T+327°-86T>+168T*-248T°+283T°-248T1" +1687T°-867T° +32T° - 8T +T%?) +
(a® (8 Th?-64T?n*+262T° n* - 608 T* n* + 952 T° 1® - 1096 T° h? + 952 T/ h? - 608 T° h? + 262 T° h? - 64 T 1® +
8T 7)) /(1-8T+32T°-86T+1687T*-2487T° +2837°-248T" +168T° 86T +32 T -8 T + T72) +
(4Th?-50T%n® +307T° n® - 1160 T* h? + 3062 T° h* - 6127 T* 1h® + 9760 T' h? - 12754 T 1 + 13916 T° h? -
12754 T n® + 9760 T n? - 6127 T 1® + 3062 T h? - 1160 TV 1® + 307 T 1® - 50 T 1* + 4TV 1) /
(2-247+144T2-5787T°+ 1728 T* - 4056 T° + 7768 T° - 12072 T’ + 15744 T° - 17194 T° +
15744 7' - 12072 T + 7708 T*2 - 4056 T + 1728 T - 578 T + 144 T'¢ - 24 T + 2 T¥¢)
(axy (28Tn*-168T° 1’ +544T° 1’ - 1000 T* 1’ + 1248 T° 1 - 1096 T° 1° +
656 T/ 1’ -216 T8’ -20T° n° +40 T 10 - 12T 1?)) /
(1-8T+327°-86T>+168T*-2487°+2837°-24877 +168T°-86T° +32 T - 8T + 1) +
(xy (-181°+78ThH>-146 T° 0’ + 116 T° n* + 78 T*1* - 274 T° 1’ +
274T°1* - 78 710> - 116 T° 1° + 146 T° 1° - 78 T n* + 18 T %) ) /
(1-8T+327°-86T°+168T*-2487T°+2837°-24877 +168T°-86T° +32 T - 8T + T12) +
(x*y? (30%-37T2n*+153 T2 n* - 261 T*1n* + 325 T°n* - 261 T°1* + 153 T 1n* - 37 T8 1n* + 3T 1%) ) /
(1—8T+32T2—86T3+168T47248T5+283T67248T7+168T8786T9+32T1078T11+T12>H

@an inf-1= PrintProfile[]

o ouy-)= ProfileRoot is root. Profiled time: 1949.72
( 4) 1.439/ 1949.340 above Z

1) 0.016/ 0.047 above Zip3
: called 75053 times, time in 1015.35/1015.35
75053) 1015.350/ 1015.350 under CF
CF: called 57038 times, time in 871.023/1886.37
745) 10.701/ 23.216 under Z
220) 0.233/ 0.780 under Boot
745) 405.395/ 878.573 under EZip3

)

( 1) 0.219/ 0.219 above Boot
( 2) 0.015/ 0.015 above CF

( 1) 0/ 0.047 above EZip3
( 4) 0/ @ above RVK

( 1) 0/ 0.016 above Zipl
( 1) 0/ 0.031 above Zip2
(

F

(

2 0.015/ 0.015 under ProfileRoot

o~~~ —~
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(
(

426) 0.842/ 2.267 under
1490) 51.850/ 118.873 under

( 53410) 401.987/ 862.646 under
( 75053) 1015.350/ 1015.350 abo

Zip3:

(
(
(
(

( 53410

called 426 times, time in 36
158) 18.219/ 763.903 under
54) 2.689/ 6.536 under
213) 16.042/ 129.126 under
1 0.016/ 0.047 under
401.987/ 862.646 above

! Profiling-210103-2.nb

Zipl

Zip2

Zip3
ve CCF
.966/899.612
YA

Boot

EZip3
ProfileRoot
CF

EZip3: called 213 times, time in 13.35/1037.16

ipl:

Ul

4 0.248/ 5.892 under

1 0/ 0.047 under
745 405.395/ 878.573 above
213 1.946/ 16.107 above

)
)
1
158) 13.102/ 1031.220 unde
)
)
)
)

213) 16.042/ 129.126 above

158) 3.196/ 107.098 under
54) 0.763/ 1.542 under
213) 1.946/ 16.107 under
1) @/ 0.031 under

1490) 51.850/ 118.873 above

rZz
Boot
ProfileRoot
CF
Zip2
Zip3

: called 426 times, time in 5.905/124.778

Z

Boot

EZip3
ProfileRoot

CF

called 213 times, time in 5.221/7.488

158) 3.348/ 5.096 under

54) 1.873/ 2.376 under
1) 0/ 0.016 under
426) 0.842/ 2.267 above

YA

Boot
ProfileRoot

CF

Z: called 4 times, time in 1.439/1949.34

o~ o~ o~~~ —~

Boot:
(

(
(
(
(
(
(
(
(
RVK:
(

4
14
745

1.439/ 1949.340 unde
0.061/ 17.374 above
10.701/ 23.216 above

158 3.348/ 5.096 above
158 3.196/ 107.098 above
158) 18.219/ 763.903 above

)
)
)
158) 13.102/ 1031.220 above EZip3
)
)

r ProfileRoot
Boot
CF

Zipl
Zip2
Zip3

called 52 times, time in ©.467/43.512

14) 0.061/ 17.374 under
37) 0.187/ 25.919 under

1) 0.219/ 0.219 under
37) 0.187/ 25.919 above
220) 0.233/ 0.780 above
54) 0.248/ 5.892 above
54) 1.873/ 2.376 above
54) 0.763/ 1.542 above

54) 2.689/ 6.536 above
called 4 times, time in @./0.
4) 0/ @ under P

z

Boot
ProfileRoot
Boot

CF

EZip3

Zipl

Zip2

Zip3

rofileRoot

@ inf-;= Timing@Block [ {$k = 3}, Z[Knot[3, 1]]]
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1 1 2 2 2
[1s

2 T T?
(Alt) Outf = ]= {5163.2, E (510} {— —_ - — —) ] - Log{
2
a(—2h+2T2h) 2h+3TA-2T2h+T3H xy(—2h2—2Th2> a2(2Th2—8T2h2+2T3h2)

1+ -
1-2T+2T> 1-2T+2T2

—4th—Log[

T3 TZ T
+ + , +

1-T+T? 1-2T+3T2-2T72+ T4 1-T+T° 1-2T+3T72-27+ 7
a(2Th*-14T R+ 12T A% -6T n?+2T° %) Th?-11T2h%+16T>h2 -12T*h2 + 8T n? - 3T N2 + T/ 12

+ +
1-3T+6T2-7T3+6T*-3T7°+T° 2-8T+20T2-32T2+38T%-32T°+20T%-8T7 +2T78
axy (8Tn*-8T°n*-47n%) xy (-20°-2T?R’-6Tn*+2T7° 1) x*y* (n*+5Th*+ T2 h?)
+ +
1-2T+3T2-2T3+T4 1-3T+6T?2-7T3+6T*-3T°+T° 1-2T+3T2-273+T14

@’ (-4Tn’+28T°n*-28T'1*+4T° %) & (-2TH*+24T*R*-12T A% -32T'n%+20T° 1> -8T° 1% + 2T 1?)

+ +
3-9T+18T2-21T3+18T*-9T°+3T° 1-4T7+10T2-16T3+19T*-16T°+10T°-4T7 + T8

a(-Th’+19T°n*-19T > -34T* A’ +40T° 1° - 22T W + 11T/ 1 - 378 1 + T° %)

N
1-5T+15T%-30T>+45T4-51T°+45T°-3077 +15T8-57° +T%®

(-TR?+20T°0° - 43T R’ - 71T R+ 131 T° 0% - 84T° 1% + 53T/ 0° - 2378 0+ 11 T° ° - 37 1%+ TH %) /
(6-36T+126T2-300T3+540T4—756T5+846T6-756T7+54@T8-399T9+126T19—36T11+6T12) +
a’xy (-8Thn*+8T>n*+36T°n* - 20T 1" - 4T° 1?)

+
1-3T+6T?-7T>+6T4-3T°+T°

axy n" - n*+ n" - n" - h*+ n*+ h
12TA*-16T?A*+40 T3 A% - 16 T*R* -56 T R*+ 8T8 A* + 4T 1*

N
1-4T+10T%2-16T>+19T*-16T°+10T°-4T7 + T8

Xy (-4n*+3Th*-6T°n*-9Tn* - 15T n* - 63T n*-9T°n* + 42T n* + 3 T8 1% - 477 n*)

+

3-15T+45T2-90T3+135T4-153T7°+1357%-90T7 +45T8 - 157T7° + 3 7%
ax’y? (-14Tn°-6T?h°+30T°h° + 4T 1°)

+

1-3T+6T?2-7T3+6T4-3T°+T°
X2y? (21n°+23Th°-10T*h° +11T°1° + 42T 0> - 29T° 1° - 8T° 1°)

+

1-4T7+10T2-16T3+19T*-16T°+10T°-4T7 + T8
X}y (-2h°-24TH°-24T21° - 2T% 1) H

3_9T+18T?2-21T3+18T*-9T7°+3T°

@ inf-1= PrintProfile[]

amour = ProfileRoot is root. Profiled time: 7112.92
( 5) 2.001/ 7112.546 above Z

1) 0.016/ 0.047 above Zip3
: called 119154 times, time in 4179.14/4179.14
119154) 4179.141/ 4179.141 under CF
CF: called 71965 times, time in 2558.99/6738.14
( 913) 13.217/ 28.779 under Z
( 372) 0.514/ 1.589 under Boot
( 970) 876.916/ 1771.275 under EZip3
(
(
(

( 1) 0.219/ 0.219 above Boot
( 2) 0.015/ 0.015 above CF

( 1) 0/ 0.047 above EZip3
( 5) 0/ 0 above RVK

( 1) 0/ 0.016 above Zipl
( 1) 0/ 0.031 above Zip2
(

F

(

2) 0.015/ 0.015 under ProfileRoot
516) 1.031/ 2.722 under Zipl
)

1940 80.550/ 195.897 under Zip2
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( 67252)
( 119154)

1586.
4179.141/ 4179.141 above CCF

751/ 4737.858 under Zip3

Zip3: called 516 times, time in 249.015/4986.87

(  180) 31.
( 77) 4.
( 258) 212.
( 1

( 67252) 1586.

Q.

949,/ 2177.216 under Z

762/ 11.017 under Boot

288/ 2798.593 under EZip3

016/ 0.047 under ProfileRoot
751/ 4737.858 above CF

EZip3: called 258 times, time in 108.725/4718.62

(
zi

Zi

(
(
(
(
(
p
(
(
(
(
(
pl:
(
(
(
(

77

1
970 876.
258 2
258) 212.
: called 516

180) 4.
77) 1.

258) 2
1)

1940) 80.
called 258
180) 3.

77)
1)
516)

)
)
1
180) 108.
) Q.
)
)
)

2.

1.

258/ 4707.606 under Z
467/ 10.968 under Boot

0/ 0.047 under ProfileRoot
916/ 1771.275 above CF

.474/ 40.028 above Zip2

288/ 2798.593 above Zip3
times, time in 7.7/203.597
119/ 160.709 under Z
107/ 2.829 under Boot

.474/  40.028 under EZip3

0/ 0.031 under ProfileRoot
550/ 195.897 above CF
times, time in 6.61/9.332

941/ 5.940 under Z

669/ 3.376 under Boot

0/ 0.016 under ProfileRoot
031/ 2.722 above CF

Z: called 5 times, time in 2.001/7112.55

o~ o~ o~~~ —~

Boot:
(

(
(
(
(
(
(
(
(
RVK
(

5) 2
19) 0.

913) 13.
180)  1e8.
180)

180) 4.
180) 31.

3.

.001/ 7112.546 under ProfileRoot

109/ 30.295 above Boot
217/ 28.779 above CF
258/ 4707.606 above EZip3
941/ 5.940 above Zipl
119/ 160.709 above Zip2
949/ 2177.216 above Zip3

called 72 times, time in ©.735/75.604

19)

P NOOOOOO

5)

.109/ 30.295 under Z

.407/ 45.090 under Boot

.219/ 0.219 under ProfileRoot
.407/ 45.090 above Boot

.514/ 1.589 above CF

467/ 10.968 above EZip3

.669/ 3.376 above Zipl

.107/ 2.829 above Zip2

77) 4.
: called 5 times, time in ©./0.

762/ 11.017 above Zip3

0/ © under ProfileRoot

@i inf-;= Timing@Block [ {$k = 3}, Z[Knot[8, 17]]]

nf-}= PrintProfile[]
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