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Pensieve header: Full testing of the $sl_2$ portfolio. Continues pensieve://Projects/SL2Portfolio2/Port-

folioTesting.nb. Time : 274.386.

Startup

Date[]
SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\FullDoPeGDO"] ;
Once[<< KnotTheory™ ];

Once[Gete@e"../Profile/Profile.m"];

BeginProfile[];

$k = 1;

<< Engine-210101.m

<< Objects.m

<< KT.m

amour= {2021, 1, 4, 8, 22, 40.8035811}

(Alt) In[« ]:=

(Alt) In[« ]:=

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

$k = 2; (xh=y=1;x*)

Utilities

HL[& ] := Style[&, Background -» If[TrueQes, [ |, [111;

http://drorbn.net/AcademicPensieve/Projects/FullDoPeGDO/#MathematicaNotebooks


http://www.drorbn.net/AcademicPensieve/Projects/Profile/

Dror Bar-Natan: Academic Pensieve: Projects: FullDoPeGDO: PortfolioTesting-210104.nb 2021-01-04 15:10:19

Testing

(AIY) In[ - ]:= Block[{$k =1}, {
am -» ami,j_,k, bm - bmi,j_,k, dm - dmi,j_,k, R > Ri,j: ﬁ—) Ei,j: P Pi,j:
as - as;, as » Ei, bS - bS;, E—) Ei, dS -» dS;, aA » ah;j,i,k» bA -» bAi—»j,k:

da -» dAi-)j,k: C->C;, C->C;, Kink » Kink;, Kink -» Kink;, b2t -» b2t;, t2b » t2b;

} 77

Column
am - E{i,j}%{k} {ak (O{i +O(j) + Xk (ET] + 5]) > 0}
J
bm = E i,k {bk (Bi +Bj) + Yk <rli + Uj) > ~ Yk Bi Wj}
Yk T73 X 3 (1-By) nj &1

+ — 4+ ———— +X i
7 7 k§]:

dm = E (1,415 (k) {ak (Oﬁi + O<j) + by By + b By +Ykni+

B Yi Bi N5 _ Xy By €1

A X YNy €1 (1-3By) v 1} & (1-3By) X 175 &2 1-4B,+3B2) n? &2
+akBeng &+ K Yi 15 561 kk]l+( ) 3

#3 A3 Ay A 24 2 % 4n
1.3,2,2
R%E(}ﬁ{i,j} {haj bi+hxj Yis _Zh iji]
— nXyY; nayx;y; 302 xyi
R*]E{Mi,j}{‘ﬁaj b; - 8, ° 8 am

P*]EMJM}{ 0 an

o5 g 5?}
S S,y X A Eiy —h A Xs Fi E5 — L A X2 A2 E2
as> = Eyiysy [ -9 a4 i A €1, ai Xj A &4 2 i AT &5
_ 1 2 2 2
aS > By [~ 04 - Xi A3 Siy AXi AL S -hai Xy Ay &5 - 5 AXT A 51}

)

CoYini YibBimi hyinﬁ}
By B; 2B}

bS — ]E{i}%{i}

N —

bS 4 ]E{i}—>{i) [
[ B; B; B; 2B?

iBi
Yini  hyini  YiBini A y2n?
iBi- -

Yifini Xy As €3 + (A;-By A1) N3 &4

(Alt) Outf«]= dS%]E{i}_){i) [—ai O(ifbi Bi - B B

B

Ayi#ing  YifsBini  hylAing i & M ViR & (“F+Bi ) M &
LA VBB BYIRIE oy g Ay By £y MG DNV Em G CheBA) mE
B; B 282 B; B B:

(7 By ) fumuby Vi BABA) MG 1200 2 % BABA) mE] (3448 R8I ) v €]
hB; 2B? 2 1o1=t 2B; 4nB?

1
aAa]E{l}%U)k} O(1+ak0(1+XJ Ei+ Xk iy haj Xk §i+EhXj Xy §ﬂ
2
bAa = Ejiy554,k }[ b +bk /31+Bky] Ni+ Yk Nis thyj Yk 771]

dA = Eiy54,k) [a o4 +agaj + (bj + bk) Bi+Y3MNi+Byykni+XyE&i+XeEis

2 2
ﬁBijYkﬁ -hajXe &+ f’lXij§i]
hb; haj
C%]E{Hl}[ =5 77}
sl hb; ha;
C*E{Mi}[ ; }
ha;
Kink - Ey.4, [ x2 yf]
hb hX; i nha; hfazxyy;  3mPxty?
K1nk%lE<}->m{ 2"1a1bi—7Bi )T T e, awm ]

b2t - E(iyy [aias —ti Bi +Yini + Xi i, 33 Bi]
t2b > Eggynqp (@i os +Ying + X §3 - by T3, a3 Ti)
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Check that on the generators this agrees with our conventions in the handout:

anin 1= E2A[&_] = Module[{k}, sum[5[k] €, {k, 0, 5[$1}]];
Timing@Block [ {$k = 2}, {
{
"[a,xX]" > E2A[E(3501,2; [0, @2 X1] // amy 5,1] -E2A[E(y,(1,23 [0, a1 X] // amy 5,411,
"[b,y]" > E2A[Ey,1,2; [0, Y2 b1, O] // bmy 5,1] -E2A[Ey,(1,2,[0, Y1 ba, 0] // bmy 5,1]
Y/.z_ 12,
{
"Aly1" » Last[E(y,(1; [0, y1] // bAi,i5],
"A[b]" » Last[E(y,(1; [0, b1] // bAj,g,2],
"Ala]" » Last[E(y,(13 [0, a1] // aA1,1,2],
"A[X]" » Last[E (3,013 [0, X1] // ab151,213,

"S(a)" » ((E{y513 [0, a1] // aSy) [1]),
"S(X)" » ((E(3513 [0, X1]1 // aSy) [1]),
"S(b)" » ((E(5(13 [0, ba] // bSy) [1]),
"S(Y)" » ((E{y-13 [0 Y11 /7 bS1) [1])
}Y/.z .2

3]
(Alt) Out]+]= {4. 57813,

{{[a,x} - -X, [b,y] > -ye}, {Aly] > Boyi1+Ya2, A[b] > by +by, Ala] » a1 +az, A[X] = X3 + X2},

{s(a) - -a, S(X) > -X, S(b) » -b, S(y) Q,E}}}

Hopf algebra axioms on both sides separately.
Associativity of am and bm:

@ in-;= Timing@Block [ {$k = 3},
HL /@ { (amy 5,1 // amy 3,1) = (amy,3,5 // amy, p41), (bmy 5,1 // bmy 3,1) = (bmy3,, // bmy ,)}

]
anour-j= {0.40625, {True, True} }

R and P are inverses:

(Alt) In[ = ]:= Timing@Block[{$k = 3}, {Ri,j.! Pi,k: HL[(RI’J // Pi,k) = aok_,j]}]

1 1 1
(Alt) Out[+]= {0.515625, {E{)»(i,j) {h ajb; +h x5y, _Zh3 x% y%, ;ﬁS x;’ yi, E (h5 x§ y§—3ﬁ7 ijtyzl}”,

o Bi nmidk MEE 1 snigl 1 1 5nt ek
E{i,k}»ﬂ[ + , —— *U% §ﬁ+ -, fhni §ﬁ+*r]§ §ﬁ+ = ], Tr‘ue}}
h h 4 h 8 36 h 24 6 48 h

as and aS are inverses, bs and bS are inverses:

(AIt) In[+ ]:= Timing[HL /@ { (El // 351) = A01,1, (El // bSl) = bGl_,l}]
amour-]= {1.04688, {True, True} }

(co)-associativity on both sides
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(Al in[- 1= Timing [
HL /@ {(ab1,1,2 // aby,3,3) = (3lA1,1,3 // AB1,1,2) s (DA1L1,2 // bAy,y 3) = (BA1L1,3 /7 bALL15),
(amy o,1 // @amy 3,1) = (amy,3,> // amy 5,1), (bmy o,y /7 bmy 5,1) = (bmy 3., // bmy o,1) 3]

wmour-)= {1.0625, {True, True, True, True} }

A'is an algebra morphism

@iy nf-1= Timing [HL /@ {(amy o,y // @A1,1,2) = ((AlAg41,3 @Bo3,4) // (AM3 45, @My 5,1) ),
(bmy 5,1 /7 bA3,1,2) = ((bA1,1,3bA5,5,4) // (bms 4,0 bmyg 5,1)) }]
@ our-j= {1.90625, {True, True} }

An explicit formula for aS;

http://drorbn.net/AcademicPensieve/Projects/FullDoPeGDO/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: FullDoPeGDO: PortfolioTesting-210104.nb 2021-01-04 15:10:19

(Alt) In[+ ]:= Timing@Block[{$k =4}, HL[aSi = [E(iys(i,i) [—ai a5, -&i Xi,

efiX (-hye)k
Sum [Expand [ _—

ami,jai] 1l

(Alt) Out[]= {6 .07813,

Nest[Expand[xﬁ Opnszy #] & @8, k]], (k, o, $k}”$k /i

2kt

S is convolution inverse of id

i m-= Timing [HL[# = se; sn;] & /@ {
(aA1,1,2 // @Sy) // amg 5,1, (AA1,1,2 // @Sy) // amy 5,1,
(bAy,1,2 /7 bSy) // bmy 5,1, (bAy,y,2 // bSy) // bmy 5,131

amour-= {1.90625, {True, True, True, True}}

But not with the opposite product:
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i inf-1= Timing [Short[# = se; sn;] & /@ {
(aA1,1,2~B1~aSy) ~By 2 ~amy 1,1, (aA1,1,2~B2~aS;) ~By 2~amy 1,1,
(bA1,1,2~B1~bSy) ~By,o~bmy 1,1, (bAj,1,5~By~bS;) ~By,o~bmy 1,1}]

(Al Outfo]= {9.015625,

{Bl,z [Bi[E{1y5¢1,23[@100 + 3200 + X1 €1 + X3 €1, <<1>> + 1>, <1>], <1>], <1>] = 1>,

B1,2[Ba[E(1}5¢1,2y[@a1 01 + @201 + X1 §1 + X2 €1, <1 + 1>, <1>»], «1>»], «<1>»] = «<1>,

<«<1>

B1,2 [Bl {]E{l}ﬁ{l)z} [<<1>1], Eqysqny {—bl By - y - <<1> - «<1>, <<1>>] } ) <<1>>} = «<1>,

<«<1>
<«<1>

81,2 |:BZ {]E{l}%{l,Z} [<<1>> ] 5 E{Z}%{Z} {*bz /32 - y <1l> - «<1> > <<1>>:| } 5 <<1>>} =

<<1>>}}

Sis an algebra anti-(co)morphism

<«<1>>

(i inf-1= Timing [HL /@ { (amy 5,1 // @S;y) = ((@SyaSy) // amy 1,1), (bmy o, // bS1) = ((bSybS;) // bmy 4,1),
(aSy // ahi,1,2) = (AA1,5,1 // (@S1aS3)), (bSy // bAs,i,5) = (bAy,,: //7 (BS1bSy)) }]

amour-]= {2.07813, {True, True, True, True}}

Pairing axioms

@ inf-7= Timing [HL /@ { ((bmy, 2,1 SY3.0,0,3,3 // S€o) // P1,3) =
(( (SY151,1,0,0 // S€@) (SY252,2,0,0 // S€0) Al3,4,5) // P1,a // Pays),
((bA1,1,2 (SY3.0,0,3,3 // S€o) (SYase,0,4,4 // S€o)) // P1,3// Pay4) =
(((SY151,1,0,0 // S€q) AM3,4,3) // P1,3)}]

aour-]= {2.07813, {True, True} }

v in-y= Timing[HL /@ { ((bSy@02,5) // P1,5) = ((boy,1aSy) // Pis),
((El aoz_,z) // P1,z) = ((b°1->1 32) // P1,z)}]
i our-]= {1.21875, {True, True} }

Tests for the double.

Check the double formulas on the generators agree with SL2Portfolio.pdf:
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A inf-1= (*Timinge{ {
"[a,y]1"> ((E(ys(1,2)[0,0,¥2a1] ~By 2~dMy 5,1) [3] - (E (351,23 [0,0,y132] ~By 2~dmy 5,1) [3]),
"[b,x]" -
((E{y3511,21[0,0,X3b1] ~By o~dmy 5,1) [3]1- (E (351,23 [05,0,X1b] ~By o~dmy 5,9) [3]1),"Xy-qyx"—>
((E(}511,2) [0,0,X1Y2] ~By 2~dmy 5,1) [3]1-(1+€) (E(}5(1,2;[0,0,Y1X2] ~By,2~dmy 5,1) [3])
}/.{z_,»z}//Expand//Factor,

{
"A(a) "> ((E(y5¢1[0,0,a1] ~B1~dAs,1,5) [3]),
"A(X) "> ((E(yo01) [0,0,X1] ~B1~dAg,1,5) [3]),
"A(b) "> ((E(3571;[0,0,b1] ~B1~dA1,1,5) [3]),
"A(Y) "> ((E(5(13[0,0,y1]~B1~dAg,15) [3])
}//Simplify,
{

"S(a)"»((E(y-(1,[0,0,a1] ~B1~dS1) [3]),
"S(Xx) "> ((E(y571,[0,0,%X1] ~B1~dS1) [3]1),
"S(b) "> ((E(y,(1,[0,0,b1]~B;~dS1) [3]),
"S(Y) "> ((E(y513[0,0,y1] ~B1~dSq) [3])
}Y/.{z_y»z}//Simplify

}*)
@ inf-1= {HL[ ((SY150,0,1,1 // S€0) (SY250,0,2,2 // S€o) // dMy 5,1) =AMy 5,11,
HL[ ((SY1,1,1,0,0 // S€o) (SY2,2,2,0,0 // S€0) // dmy ,5) =bmy 5,11}

aou-]= {True, True}

(co)-associativity

- = Timing [Block [ {$k = 1},
HL /@ { (dA1,1,2 // dByyn,3) = (dAgLa,3 // dAgsg,2) s (dmg oy /7 dmg 3,1) = (dmy 3,y /7 dmy 5,1) }]
1
wmour-)= {0.859375, {True, True}}

A'is an algebra morphism

iy inf-1= Timing@HL [ (dmy 5,1 // dAg,g,2) = ((dAg,y,3dAy,5 4) /7 (dmg gy, dmy 551)) ]

i ou-)= {3.85938, True}

dS and dS are inverses:

(Alt) In[~ ]:= Timing@HL[(El // dSl) = dc1_,1]

A ouf-= {4.67188, True}

S, inverts R, but not S;:
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o= Timing@{ (Ry,2 // dS1) = Ry,2, HL[(Ry,2 /7 dS;) =Ry ]}

n’x,y1 h*ayxpy:r 3m*x3y: na;x;y1 3n3x3y?
(Alt) Outf < ]= {0.78125, { - - = - - &&
By By 4B?2 By 4B?2
n*xoy; hWlayxpyr h*ajxpy: 2n*x3yi 3n*a,xiyl 10hn°x3y3
_ . _ + _ _ -
2B, Y 2B; B? 2B? 9B3

nadx,yr B*x3y? 3n*ayxiyl 10n°x3y;
- + - R Tr‘ue}}
2By 2B2 2B2 9 B3
dS is convolution inverse of id
(Alt) In[ = ]:= Timing[HL[# = del dT]]_] & /@ {(dA1_,1,2 // d51) // dml,z_,]_, (dA]__,]_)Z // d52) // dml’z_,]_}]
wiour-]= {5.53125, {True, True} }
dSis a (co)-algebra anti-morphism

(Al in[- 1= Timing [HL /@
Expand /@ { (dmy 5,3 // dS;) = ((dS1dSy) // dmy 1,1), (dSy // dAg,a,5) = (dAg,,1 // (dS1dSy)) }]

@ our-j= {12.1094, {True, True} }

Quasi-triangular axiom 1:

an) o[- 1= Timing [
HL /@ { (R1,3 // dA1,1,2) = ((R1,aR2,3) // dm3 4,3), (Ri,2 // dAz,3,3) = ((Ry1,2Ra,3) /7 dmyg 4,1)}]

) our-j= {@.9375, {True, True} }

Quasi-triangular axiom 2:

(i) inf-1= Timing@HL [ ( (dAz_51,2 R3,4) // (dmg 3,5 dmy 4,5)) = ((Re,2dA1,3,4) // (dmyg 4,3 dmy 3,5)) ]
aou-)= {3.60938, True}

The Drinfel’d element inverse property, (u; U;) // dmj 5,1 = de;:

(AIt) In[+ ]:= Timing@HL[(((Rl,z /7 dSy // dmy,q,;) (R1,2 //dSy // dSy // dmz,1_)j)) // dmi,j_,i) = dni]

- e}

The ribbon element v satisfies v? = S(u) u. The spinner C=uvL. It is convenient to compute z = S(u) u™

1 1
anour - {9.28125, . [-Log[—z] - Log[B?]
Bi

which is something easy.

An)in[- 1= Timinge
Bl°Ck[{$k = 2}, (((Rl,z //dSy // dmy 4,5) // dS;) (Rl,z //dS; /7 dSy // dmZ,l-)j)) /7 dmi,j-»i]

1

1
(Alf) Outf-]= {16.6094: Efy-a) [7
2

—Log{B—J -2 Log[Bﬂ

1

, haj, OH
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(Alt) In[+]:= Timing@Block[{$k =2}, HL /@ { ( (Ci EJ-) // dmi,j-»i) = dn;, ((Ei Ej) // dmi,j-»i) =
(((Ry,2 /7 dSy /7 dmy 1,5) // dSs) (Ry,2 // dSy /7 dSy /7 dig 15) // dmj 5,5) }]

St

(Alt) In[ = ]:= Timing@Block[{$k =2}, HL /@ { ( (Cj_ EJ) // dmi,j_,i) = dn;, ((El EJ) // dmi,j_,i) =
((((Ra,2 77 dSy // dmya,3) /7 dS;) (Ra,2 // dSy /7 dSy // dmy,asg)) // dmy jis) }]

e e oo R

Reidemeister 2:
@ in-1= Timing [""— [#=dnydn,] &/@ { (El,z R3,4) /7 (dmg 3,5 dmy 4,5), (R1,2 E3,4) /7 (dmg 3,5 dmy 4,5) }]
amour-j- {2.48438, {True, True}}
Cyclic Reidemeister 2:
(Alt) In[ = ]:= Timing@HL [ ( (R1,4 Es,z E3) // dm2,4_,2 // dm1,3_,1 // dm1,5_,1) = El dT]z]
amour-)= {1.28125, True}
Reidemeister 3:

) inf-= Timing@HL[ (Ry,2 Re,3 Ra,s // dmy 6,1 dmy 4,5 dM3 5,3) = (Ry,;3R1,4Rs 6 // dmy 5,5 dmy 6, dm3 4,3) ]

i our-1= {5.21875, True}

Relations between the four kinks:

(AIY) In[- = Timing[HL /@ {Kink; = ((R3,1Cz) // dmy 5,3 // dmy 3,5),
Kinkj = ((E3’1 Ez) // dml,z_,]_ // dm1,3_,j) 5 ((Kinki Kinkj) // dmi,j_,l) = dTl1}]

e

The Trefoil
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(AIt) In[+]-= Timing@Block[{$k =1},
231 = R1)5 R6,2 R3)7 E4 Kink8 Kinkg Kinklg;
Do[Z31 =1Z31// dmy ;1,5 {r, 2, 10}];
{Simplify /@Z31, Simplify /e (Z31// b2ty /. Ty > T)}]

1
(Alt) Out[+]= {6.0625, {E(}ﬁ{l} [—f LOg[(l—BlJrBi)z} -hbq,
2

h(B-2B}-2Bf-a; (-1+By-B}+Bj) +2hx1y1+B3 (3+2hx1y1))

_ },

(1-By+B2)°

E ()1 [7 % Log{ (1-T4 +T§>2] At

h(Te-2T3-2T7-2a; (-1+Ty-T3+T7) +2hx Y1+ T3 (3+2hX1y1))

- I

(1-T,+72)7

b2t, t2b, knot tensors.

@ m-1= HL[ (b2ty // t2b;) = doj,;i]

(Al outf-j= TruUe

wmin-1= t2by // b2ty

Aouf-= Eriy,riy[ai0a +YiNi+ X3 &3 +t3 1, 0, 0]
Reidemeister 2:

(Alt) In[ = ]:= Timing [HL [# = dT]l dnzl & /@ { (ﬁl,Z kR3,4) // (km1)3_,1 km2,4_,2) 5 (le,z ﬁ3)4) // (km1,3_,1 kITI2)4_,2) }]
@i our-j= {3.96875, {True, True}}

Cyclic Reidemeister 2:

mn
=~

(Alt) In[ = ]:= Timing@HL [ ( (kR1)4 ﬁs_‘z E_:,) // km2’4_,2 // km1’3_,1 // km1,5_,1) C1 dT]z]

wmour-= {1.25, True}

Reidemeister 3:

(Alt) In[ = ]:= Timing@HL [ (kR]_’z kR4,3 kRst // km1,4_,1 // km2,5_,2 // km316_,3 ) =
(kRy,6 kR2,3 kRg 5 // Kmy 4,1 // kmy 5,5 // kmz g,3) ]
i our-j= {2.57813, True}

Relations between the four kinks:
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(Alt) In[= ]:= Timing[HL /@ {kKinkl = ((kR3,1 ka) // kml,z_,1 // km1,3_,i) 5
kKink; = ((kRs,1 KC) // kmy 5,1 7/ kmy3,5), ((kKink; kKinks) /7 kms j,1) = dn,}]

R |

The Trefoil

(Alt) In[+]:= Timing@BlOCk[{$k =1},
231 = le’s kRG,Z kR3J7 E4 kKinkg kKinkg kKinkle;
Do[Z31 = 231 // kmy, 1, {Fs 2, 10}];
Simplify /@ z31]

1
pour - {5.14063, By [th- = Log| (1-T+T?)%,
2

A(T-2T2+3T-2T-2 (-1+T-T>+T*) a;+2 (1+T%) hxyyi)

- y

(1-T+72)°

(Alt) In[+]:= Timing@Block[{$k =1},
231 = kR1,5 kRG,Z kR3,7 E4 kKinkg kKinkg kKinkle;
Do[Z31 = 231 // kmy, 1, {Fs 2, 10}];
Simplify /@z31]

1
pnou - {4.1875, B [th- - Log| (1-T+T2)?],
2

A(T-2T2+3T-2T* -2 (-1+T-T>+T*) a;+2 (1+T%) hxyyi)

: y

(1-T+72)°
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@i inf-;= Timing@Block [ {$k = 1}, Z[Knot[8, 17]]]
KnotTheory: Loading precomputed data in PD4Knots'.

1

1 4 6 5)2
(Alt) Outf J= JL84.6094, E(}5(0) [; ] } _

—Ztﬁ—LogH—l——Jr———Jr—
T4 T3 TZ T

T 2 T2 g 2
Log[ 1+ - + },
1-4T+6T?2-5T3+T* 1-4T+6T>-5T3+T* 1-4T+6T2-5T3+T*
T 472 773
Log[ 1- + - +
1-3T+4T2-4T3+T* 1-3T+4T?>-4T+T% 1-3T+4T2-4T73+T*

774 4Ts T6 2
- +

1-3T+4T2-4T3+T% 1-3T+4T?-4T>+T* 1-3T+4T2-4T73+T4

)

~3n+8Th-8T2h+8T*h-8T°h+3T%h a(-6h+16Th-16T*h+16T*h-16T h+6T°h)
+ +
1-4T+8T?2-11T>+8T*-4T>+T° 1-4T7T+8T2-11T3+8T*-4T1°+T7°

Xy (-6h*+10Th*-6T*h*-6T n*+10T*n*> -6 T> 1?) H

)

1-4T+8T2-11T>+8T4-4T°+T°

CU

Associativity of CU:

(Alt) In[ = ]:= Timing@BlOCk[{$k = 3}_, HL[ (le’z_,]_ // le’g_,]_) = (Cm2)3_,2 // lejz_,l) ]]

aour-)= {2.01563, True}

Associativity, co-associativity, and A is an algebra morphism:

@i inf-1= Timing@Block [{$k = 3}, HL /@ {(cmy, 5,1 // €My, 3,1) = (CMy,35, // €My 241) s
(CA1,1,2 // CAz,5,3) = (CA141,3 // CA1541,2)
(emy 5,1 // CA1,1,2) = ((CA1,1,3 CAz,2,4) // (CM3,q,2 CMy 2,1) ) }]

@y our-j= {3.59375, {True, True, True} }

Sis convolution inverse of id:

@iy inf-1= Timing@Block [ {$k = 3}, HL[# = ce; cn,] & /@ {
(€A1,1,2 // €51) // €my 3,1, (€A1,1,2 // €S3) // €my 3,1}]

@ our-j= {3.35938, {True, True}}

Sis an algebra anti-(co)morphism

@ inf-;= Timing@Block [ {$k = 3},
HL /@ { (cmy, 5,1 // €S1) = ((€S1CSy) // €My 1,1), (€S1 // CA1,1,2) = (CA1,3,1 // (€S1C€S3)) }]

i ouf-]= {6.29688, {True, True} }

Classical is the ii- 0 limit of quantum:
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@ inf-= ClassicalLimit [f ] := Normal@Series[Normal[f] // U21, {a, @, ©}] // 12U;
Timing[HL /@ Simplify /@
{emy,,,3 = ClassicallLimit /@dmy ;.3,
(€A1,2,3 /. Ty » @) = Classicallimit /@dA,,,,3, €S; = ClassicallLimit /@dS;}]

anour-j= {1.90625, {True, True, True} }

i inf-1= PrintProfile[]
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amour- - ProfileRoot is root. Profiled time: 274.386
( 1) 0.311/ 84.594 above Z

( 59) 1.001/ 33.249 above Boot
( 1314) 3.274/ 9.170 above CF
( 1) 0/ 0@ above RVK
( 197) 4.083/ 5.830 above Zipl
( 394) 4.564/ 40.872 above Zip2
( 394) 21.909/ 100.670 above Zip3
CCF: called 124215 times, time in 122.133/122.133
( 124215) 122.130/ 122.130 under CF

CF: called 87109 times, time in 99.341/221.474
214) 1.248/ 2.876 under Z
407) 0.672/ 1.419 under Boot
1314) 3.274/ 9.170 under ProfileRoot
680) 1.327/ 3.198 under Zipl
2526) 32.735/ 91.592 under Zip2
81968) 60.085/ 113.220 under Zip3
124215) 122.130/ 122.130 above CCF
3: called 680 times, time in 34.936/148.155
114) 5.120/ 27.528 under Z
172) 7.907/ 19.956 under Boot
394) 21.909/ 100.670 under ProfileRoot
81968) 60.085/ 113.220 above CF
2: called 680 times, time in 8.316/99.908
114) 1.394/ 51.629 under Z
172) 2.358/ 7.407 under Boot
394) 4.564/ 40.872 under ProfileRoot
2526) 32.735/ 91.592 above CF

Zi

Zi

~ ~ T ~— —~ ~ —~ T —~ —~ —~— —~ T ~ ~ —~ —~ —~ —~ —~

Zipl: called 340 times, time in 8.255/11.453
57) 1.174/ 1.922 under Z
86) 2.998/ 3.701 under Boot
197) 4.083/ 5.830 under ProfileRoot
(  680) 1.327/ 3.198 above CF
Boot: called 86 times, time in 1.094/48.296
( 3) 0.016/ ©0.328 under Z
( 24) 0.077/ 14.719 under Boot
( 59) 1.001/ 33.249 under ProfileRoot
( 24) 0.077/ 14.719 above Boot
( 407) 0.672/ 1.419 above CF
( 86) 2.998/ 3.701 above Zipl
( 172) 2.358/ 7.407 above Zip2
( 172) 7.907/ 19.956 above Zip3

Z: called 1 times, time in 0.311/84.594

( 1) 0.311/ 84.594 under ProfileRoot
( 3) 0.016/ 0.328 above Boot
( 214) 1.248/ 2.876 above CF
( 57) 1.174/ 1.922 above Zipl
( 114) 1.394/ 51.629 above Zip2
( 114) 5.120/ 27.528 above Zip3
RVK: called 1 times, time in @./0.
(

1) 0/ @ under ProfileRoot
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