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Pensieve header: The Engine, with Zip3 encapsulation.

Canonical Forms:

CCF[&_] := PPc@Factor[&]; (#Coefficient Canonical Form #)

CF[&_] := PPc@Module |
{VS =Cases[5, (yla|x|n|B|z|¢&)_, °°] Uiy, a,x, n, B, §}}J
Total[ (CCF[#[2]] (Timeseevs“!)) & /@ CoefficientRules[s, vs]]

B

CF[& E] :=CF/@&;

CF[& List] :=CF /@ &;

CF[Esp, [&5___1] :=CF/@E,[&5];

Variables and their duals:
In[e]:= {t*, b*, y*: a*, x*, z*, t*, B, n*, a*, §, 8 ={t,B,n,a, § &, t, b, Yy, a, X, Z};

(vs_List)* := (v > V*) /@Vs;
(u_i )" = () g;
Flu_i ] := Flu:] = ToExpression["f" <> ToString[u]];

Weights:
Clear [Wt];
Evaluate[Wt /@ {y, b, t, a, x, n, B, T, a, §}]1 = {1, 0, 0, 2,1, 1, 2, 2,0, 1};
Wtfu_; | :=Wt[u];

The maximal weight $n, i.e. the n of gl(n). Initially and for a long while this will not be tested beyond $n==2.

In[«]:= $n = 2;

Upper to lower and lower to Upper:

p_. = ; . . p_. ; . p_. . .
U21[&s ] := & /. {Bi_ :_)epnbl’ BP- :_)ephb, Ti_ - ephtl’ TP- :->e"“, - - eP %, @P- :_)epa};
. b; . -c/h . . - o ) . h . .
12U[8_] =5//. {ec_ b; +d_ - BiC/ ed, e’ b+d_ B c/h ed, e°- t; +d_ oy T<1:‘/ ed, e°- t+d_ - Tc/h ed,
e a; +d_. a5y 'ﬂi ed, e a+d_. > AC ed, e/r_ a5y eExpand@X};

12U[r Rule] := Module[{U =r[1] /. {b>B, t>T, a » A}}, U-> 12U[U21[U] /. r1];
AlsoUpper([rs_List] := rs (12U /@rs);

Derivatives in the presence of exponentiated variables:

nep= Dp[f_ ] :=08pf-hBOf; Dy, [f ] :=0y f-0B;dg f;
De[f ] :=08cf+hTOrf; Dy, [f ] :=0 f+hT;0rf;
Do[f_] :=0af +ROaf; Do [f_] :=0q f+Ai04qf;
D, [f_]1:=0,f;

E operations:
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& E[$] :=Length[s] -1; E [&s__]1[$] :=E[&s] [$]5

& E[R_Integer] := S[R+1]; E [&___]1[R_Integer] := {&s}R+11;

E/: &_FE= &2 E :=1Inner[CFe#l == CFe#2 &, &1, &2, And];

Eqs or1 [E1S___1 £ Egp oy [E25___]1 "i= (d1=d2) A (rl=r2) A (E[&ls] = E[&25]);
E/: &1 E+& FE :=Ee@eTable[CF[s1[kk] + s2[kk]], {kk, @, Min[&1[$], 52[$1]1}1;
Eg; r1_[S1s 1Ea or2 [825__ 1 ™i= E (q1ydz)»(riyrz) @@ (E[&1S] E[&25]) 5

Eq1 r1 [61S___1 // Eaz srz [E25___] :=Module[{is = rid2, lvs},
lvs = Flatten@Table[{Ysei, bsei, tseir Aseis Xsei}, {1, i5}];
E (d1Jcomplement [d2,is] )~ (r2UComplement [r1,is]) @@ (Ziplvsulvs* [{(F/@1lvs*).(F /@1lvs), Times[
E[&1s] /. Table[(v:b |B|t|T|a|x|y)i~ Vgeir {i, i5}],
E[&2s] /. Table[(v:iB|T|a|A|E|N)i—> Vseis {1, i5}]
131)

A2E; - [4 ] :=Module[{k}, E,, @@ l2Ue@Table[SeriesCoefficient[4, {e, @, k}], {k, @, $k}1];

Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then to the heavy
and light variables.

2 —y (DIIF/ 2

F/2 F/
part-glue
log Z, = Z
3 E 3 E connected

diagrams
Lemma | Lemma 2 Lemma 3

Comment. Zip3 of the outer variables must occur after all other operations are completed, because we must allow
for gluings of the weight n variables in perturbations with the weight 0 variables in the coefficients of Q.

Zipvs_[{f:: &.1] =
{7 8} 1/ Ziplys (%//Zip2serect [vs, (0wt a1 <sn)a] *) // Z1P2select[vs, (wt[#]=0vit[#]=$n)a] //

EZip3serect [vs, (ocwt[#1<sn)&] // Z1P3select[vs, (Wt [=]=ovit[#]=$n)a] // LaSt;

Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,

<F: Se? Zf»feBGfﬂfo>B = det(1 -GF)"'?(F(1-GF)™": &),
Inf+]:= Zipl{} = Identity;
Zipl,. e{7 , E[Q , P___1} := PPy @Module[{r, F, G, u, v},
I = IdentityMatrixeLengthevs;
F = Table [If [Wt[u] +Wt[V] = $n, O[], 1v] 7> 8], {U, VS}, {V, vs}];
G = Table [If [Wt[u] +Wt[v] == $n, 8,,,0, @], {u, vs}, {v, vs}];
{CF[(F/@vs).(F.Inverse[I -G.F]).(F/@vs) /2],
E [CF[Q - PowerExpand@Log[Det[I - G.F]] /2-vs.G.vs /2], P]}
]

Getting rid of linear terms.
Lemma 2. <F: 8@Z'E”’Z’>B = @2 Zises Fipyi <F2 8|zg—>zg+FyB>B'
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ner= Zip2gy = Identity;
Zip2,. @{7 , E[Q_, P___1} := PPy @Module|{F, Y, u, v},
F = Table[If[Wt[u] + Wt[V] = $n, CF[0,[u1, (v 7 |5 @], {U, vs}, {v, vs}];
Y = Table[6,0, {v, vs}] /. AlsoUpper@Table[v » 0, {v, vs}];

]

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z, := log[AF : elf]p satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 0.2, = 3 D Fij(050:,Z0 + (05,220, Z0))
i,JeEB

CF/e ({¥, E[Q-Y.vs+Y.F.Y/2, P]} /. AlsoUpper@Thread[vs » vs + F.Y])

Note that the power m of Aisat most k-1 + 2"2—"2 =2k. We write Z, =3 Z[m]A".

z2ip3,. e{7 , & E} := PPZipg,@Module[{F, u, v, Z, $k, kk, jj, $m =@, m, n},
$k = Length[&] - 1;
Do[Z[0, kk] = &s[kk +1], {kk, @, $k}];
Flu_, v_] :=F[u, v] = CFOIf[Wt[u] +Wt[V] = $n, B, 1u1,r1v) 75 @] 5
Z[m_, RR_, u_]1 :=2[m, RR, u] =D,[Z[m, RR]];
Z[m_,RR_,u ,v_ ] :=2Z[m, RR, u, v] =D,[Z[m, RR, ul];
For-[m =0, m=< 2%m, ++m, For‘[kk =0, kk < $k, ++kk,

Z[m+1, kk] = CF@Sum[
Flu, v]

I'F[F[u, v] ===0, 0,
2 (m+1)
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(Z[m, kk, u, v] +Sum[Z[n, jj, u]l *Z[m-n, kk-3jj, v], {n, @, m}, {jj, O, kk}])]:

{u, vs}, (v, vs}];
If[Z[m+1, kk] =1=0, $m=m+1]
CF /e ({
7 -Sum[F[u, v] * c[u] * f[Vv] /2, {u, vs}, {v, Vs}],
E @@ Table[Sum[Z[m, kk], {m, @, $m}], {kk, @, $k}]
} /. AlsoUpper@Table[v » @, {v, vs}])

]

Encapsulation.
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EZip3,, @{7 , & E} := PPgz;jp3@Module|

{n&, nF, rc, ps, rr = { (xrelease rulesx*)}, rFvs},

rc = @; né = Total|
CoefficientRules[#, vs] /. (ps_-c_) = (AppendTo[rr, c&[++rc] »c]; c&[rc] (Timeseevs™))
| & /e s;

rc=0; fFvs = F/@vs;

n7 = Total [CoefficientRules[#, rvs] /.
(ps_ »c_) = (AppendTo[rr, cF[++rc] » c]; cF[rc] (Timesee rvs™))];

CF[Expand[{nF, n&} // Zip3,] /. rr]

]
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