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Pensieve header: Testing and implementing lemmas 1,2,3 of the DoPeGDO handouts. Continues
pensieve://2019-12/, continued pensieve://2020-03/.

[F: g = o2 2es Fidi%58  and (F: E)g = [F: Elpl, 0.
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic
part:

Lemma 1. With convergences left to the reader,

<F: Eel Lies c,.,z‘.z,.>3 = det(1 -GF)"'*(F(1 -GF)™': &) .
The next lemma dispatches the case where & has a B-linear part:
Lemma 2. <F: 8@2"63-""1">B = @2 Zijen Fipyiv <F: &l
Finally, we deal with the docile perturbation case:
Lemma 3. With an extra variable A, Z; := log[AF: ] satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 9,Z)=> Z Fij(0:0:,Z0 + (05,22)(0:,Z1)) .

i/ <

23—>23+F,\’B>B'

i.jeB

2

.y AF/2

F/2 F/
‘D[ ) aon ‘D[ ( 3@*
part-glue
| Tl 2= X
3 & 3 & connected

Lemma 1 Lemma 2 Lemma 3 diagrams
Goals:
Implement the container E[w, Q, P] := we%"’.
Implement the containers |F, &|g:= [F: E]g and(F, &) := (F : E)g, their evaluator Evy as power series
in Ato degree k, and verify lemmas 1, 2, and 3. Inserting h in the appropriate places is user
responsibility.
Implement DaGauss, DeLin, and a Lemma 3 evaluator, PEv.

Utilities
Inf+]:= HL[& ] := Style[&, Background -» If[TrueQes, [ |, [111;
Generic Polynomials:

Inf+]:= GenericPolynomial [d_Integer, vars List, gc_ ] := Total[Map[
9ICsequenceees TiMes @@ (vars™) &,

Join @@ (Permutations /@ IntegerPartitions[d + Length@vars, {Lengthe@vars}]) -1

115
GenericPolynomial [specs _List, vars_List, gc_] :=
Sum[GenericPolynomial [specs[1], vars, gc]l, specs]
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Preliminary Definitions

Infe]:= Unprotect [SeriesData] ;
Expand[sd_SeriesData] ~:= MapAt[Expand, sd, 3];
Protect [SeriesData];

n= CF[KF_, & )5 | := (SimplifyeF, Simplifyes),;
Variables and their duals:

In[]:= {t*.v b*, y*: a*, x*, Z*} ={t, B, N, a, § &};

2020-12-18 12:33:04

{z*, B*sn*sa", €, 8 ={t,b,y,a, x,2}; (u_; )" := (u*);; (B_List)" := #* &/@B;

Act and Contract:

n1=  Eve @|F_, & |5 := Expand[Total|

CoefficientRules[Normal@Series[eB*‘F'B*/Z, {n, 0, k}], B*] /.

(ps_>»c_) » cD[&, Sequence @@ Thread[{B, ps}]]
] +0[ﬁ]k+1];
Ev, @(F_, & )z := EV,@|F, &}z /. Alternativesees -

01
s Ev3@<h ( ), e”V) }
%y} 10 0y}

1

01
Inf«]:= {EV2@|ﬁ (1 a), 4

outf+]= {exy+ (exy+exyxy) h+

2
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Implementing / Testing Lemma 1

Lemma 1. With convergences left to the reader,
<F: Ee? Zf-feBGfﬂfo> = det(1 - GF)™ /2 <F(1 -GF)™": 8)3
B
m-3= {p = 10, B = {x}, I = IdentityMatrixeLengtheB,
F=ha{{f}}, G={{g}}, & = GenericPolynomial[{d, @, 4}, B, c]}

lhs = Evp@<|:’ SeB'G'B/2>B

rhs = Ev,@ (F.Inverse[T - G.F], Det[I - G.F] "2 &) ;
HL[1lhs == rhs]

our- - {10, {x}, {{1}}, {{fA}}, {{8}}, CorxCr+XPco+X’ c3+x' 4}

1

300 3 2 2
outf+J= C9+(—'Fgce+'f:c2)h+(—fgce+—'F gCy+3f cy| A+
2 8 2

5 15 15 35 35 105
(—-F3g3ca+ T —F3gC4] n [—f4g4ce+ gl —f“g2c4] h*+
16 8 2 128 16 8
63 315 315 231f%g%¢c, 693 3465
(—f5g5c0+—f5g4c2+—f5g3c4]h5+ — s — g%+ fegtcy| 0%+
256 128 16 1024 256 28
429fg’c, 3003f'g°c, 9009 _ , [(6435f%g%co 6435f%g'c, 45045f°g°c,)| |
+ + figicy| A" + + + n®+
2048 1024 256 32768 2048 1024
12155f° g% c, 109395f°gfc, 109395F7g’ ¢y |
+ + n+
65536 32768 2048
46189 f1°g'%c, 230945f°g’c, 2078505f7g’cy) . u
+ + h™ +0[h]
262144 65536 32768

out/-]= True
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Inf]:= {P

F

2, B={x, y}, I =1IdentityMatrixe@elLengtheB,

A (-Fn f12 )) G = (gn 812 ), & = GenericPolynomial[{d, @, 2}, B, c]}
fia 2 812 822
Timing[1lhs = Ev,e (F, SeB.G.B/2>B]

rhs = Ev,@(F.Inverse[I - G.F], Det[T - G.F]'l/zs)B;
HL[1lhs == rhs]

Out[«]= {2.» {X, y}) {{11 0}, {e) 1}}) {{hfllz h-F].Z}J {h'Flzn h-FZZ}}J
{{811, 812}, {812, 822} }5 Co,0e +Y Co,1 vy’ Co,2+XC1,6+XYCy1 +x? Cz,e}

1 1
out[+J= {9-9625, Co,0 + (E f11 811 Co,0 + T12 812 Co,0 + ; f22 822 Co,0 + F22 Co,0 + F12 C11 + Fua Cz,eJ h+

1
2 2 2 2 2 2
(— 11 811 Co,0 + ; f11 F12 811 812 Co,0 + 1, 81 Co,0 + ; f11 f2, 815 Co,0 + — 1, 811 82 Co,0 +

3 1
" f11 f22 811 822 Co,0 + 5 f10 25 812 822 Co,0 + s 2, 85, Co,0 + F1, 811 Co,2 + 5 f11 F22 811 Co,2 +

2 2
3f12f22812Co,2 + ; 32822 Co,2 + ; fi1f12811€1,1+2F, 812 €10+ Fra FaoBraCaya +

1
—F12Fr2 820 €C1,1 + 5 2, 811 Cro+3F11f1812C0+ 2, 82 Ca,0+ — F11 F22 820 Cz,e) n*+0[n] 3}
Out[«]= True
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Inf+]:= {p =2, B={x,y}, I =IdentityMatrixeLengtheB,
fu i ), G = (gn 812 ), & = GenericPolynomial[{d, @, 2}, B, c]}
1o 2 812 822

o o B.G.B/2
Timing[lhs = Ev,@(F, e )el
rhs = Expand [Series[Det[I - G.F]™*/2, (£, @, p}] Ev,[(F.Inverse[I - G.F], &)]]

F=ﬁ(

HL[1lhs == rhs]
outf+J= {2, {(x; ¥}, {{1,0}, {0, 1}}, {{Afu, hf}, (Afwn, hfn}l,
({8115 812}, {812, B22}}» Co,0+Y Co,1+ Y Co,2+ X Cp0+ XY Cp,1+ X Ca,0}

1
— 2, 82 Co,0 *+ f2 Co,2 + f1 C1,1+ f11 C2,0

1
Out[+]= {0-0625, CQ)@ + (E 'F]_]_ €11 Co,0 + "F]_z 812 Ce)e + 5 ] h+

3 3
2 2 2 2 2 2
(* 11 814 Co,0 + — f11 F12 811 812 Co,0 + 1, 81 Co,0 + ; f11 2, 815 Co,0 + ; 1, 811 82 Co,0 +

1
2 2 2
— F11 22 811 822 Co,0 + g f12 F22 812 822 Co,0 + g 3, 852 Co,0 + T1, 811 Co,2 + E f11 F22 811 Co,2 +

3 3

3f1f2812Ce,0 + — fﬁz 822 Co,2 + ; f11 12811 €1,1+2 Fiz 812C1,1+Fi1 Fr2812€1,1 +
3 3 2 2 1 2 3
—Fiofo 80 Cr1+ —F11 811 Co0+ 3 F11 12812 Col0 + F1 820 Coy0 + ; f11 F22 8220 C2,0| B° + 0 [ 1] }
1 1
out/]= Co,0 + (E f11 811 Co,0 + T12 812 Co,0 + E f22 822 Co,0 + F22 Co,2 + F12 €11 + F1a Cz,e] h+

3 2 2 3 2 2 1 2 2

— 11 811 Co,0 + E f11 F12 811 812 Co,0 + T1, 815 Co,0 + ; f11 F22 81, Co,0 + ; 12 811 822 Co,0 +
1

1
2 2 2
22 8% Co,0 + 1, 811 Co,2 + E f11 f22 811 Co,2 +

— f11 22 811 82 Co,0 + E f12 F22 812 822 Co,0 + g

3
3f1 o812 Co,0 + E 'ng 822 Co,2 + E f11f12811€C1,1+2 'Fiz 812C1,1 +TrafagiaCin +

3 3
— f15 22822 €11+ — F11 811 Co,0 + 3 F11 F12 812 Co,0 + F15 822 Coj0 + E 11 f22 822 €2, | B> +0[1]°

outf-]= True

[P £ebSuen®o]  det(1 - GF) 2ok Suen(GUI-FO)

([F(1—-GF)™": S]B):Bﬁ(h
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Inf+]:= {p =2, B={x,y}, I =IdentityMatrixeLengtheB,

F-n ('Fn 'Flz)) G- (gn 812
1o 2 812 822

Timing[1lhs = Ev,e|F, SeB.G.B/le];

), & = GenericPolynomial[ {d, @, 2}, B, c]}

rhs = Series [Det[I— G.F]-l/z eB.G.Inver‘se[I-F.G].B/2, {f], 0, p}]

(Evp@|F.Inverse[I - G.F], &} /. Thread[B -» Inverse[I - F.G].B]);
HL@FullSimplify [Normal[lhs - rhs] == 9]

Out[]= {2) {X, y}: {{1) 0}) {0, 1}}) {{hfll.v ﬁﬂz}, {h'F12) h.FZZ}})
{{811, 812}, {812, 822} }5 Co,0e +Y Co,1 vy Co,2+XC1g+XYCi1 +x Cz,e}

out/-]= True

n-1=  DeGauss@(F_, & ) := Module[{I, Q, G, M, A},
I = IdentityMatrixelLengtheB;
Q = Log[Normal[&] /. € » @] ;

G = Table[0;,5Q, {i, B}, {j, B}];
M = Inverse[I - G.F];
A = SimplifyeDeteM;

CF@(F.M, A1/2 56_5'6'5/2)8
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fi11 foo )
3

Inf«]:= {P=2:B={X,y}:F=f1(_F12 T3

G = (gn 812
812 822

th - (F, <SeB.G.B/Z)
DeGausse (F, e
HL [Ev,@lhs = Ev,@rhs]

), & = 1 + e GenericPolynomial[ {d, 0, 2}, B, c]};

B
rhs

B.G.B/Z)
B

outf-J= <{{ﬁ f11, hf}, {(hfy, hfnll,

1
ez (X (X 811+Y 812) +Y (X 812+Y 822) ) (1 ‘e (CG,O 1Y Con+ y2 Co,2+XC1,0+XYCyq+ X2 C2)0> ) >
{x,y}

h (hf3, g+ i (1-hfy80))

o {{{ ,

1-2nfygn-hfngn+h®fl, (85, -81182) +hfy (-hfpgl, +8n (-1+hf2gn))

h (f12 - 13, 812 + B F11 F22 812)

3

1-2nfygn-hfpgn+h®fl, (85, -81182) +hfy (-hfpgl, +8u (-1+hF2g0))

h ('Flz -nfl, g+ hfu fa g12>

{ ,

1-2nfygn-hfpgn+h®fl, (85, -81182) +hfy (-hfnel,+8u (-1+hF0g0))

B (hfl, g +Ff2 (1-bfugn)) }
)

1-2nfipg1-hfy 8o +h*fl, (85, - 811 82) +hfu (D gl +811 (-1+hFgm))

1

1-2nf8n-hfngn+h®fl, (81, -8118x) +hfy (-hfngh, 8 (-1+hF0gn))

<1+€C9,e+y€ Ce)1+y26 Ce)z+X6C1,0+Xy€cl,1+X2€C2,e>>
{X,y}

out/-]= True
Implementing / Testing Lemma 2

. A ViZi Lo Fiviy;: .
Lemma 2. <F. 8@2'6”’Z'>B = @2 Zijes Fipy] <F. 8|ZB—>ZB+FyB>B'

Inf+]:= {n =2, p=2,B=Table[z;, {i, n}], I = IdentityMatrix@LengtheB, Y = Table[y;, {i, n}],
F= IzTable[-F(lo,l}_SO,.t[(i,j}], {i, n}, {3, n}], & = 1+ e GenericPolynomial[{d, @, 3}, B, c]}
P Y.B
Timing[1lhs = Ev @ (F, se'"®) ]
Timing[rhs = Ev,@(F, e""FY>& /. Thread[B - B + F.Y] )el
HL@Expand[1lhs == rhs]
Out[-]= {2) 2, {z1, 23}, {{1, 0}, {0, 1}}, {y1, Y2}, {{Bfu, Af}, {(hf, hfnl},

2 3 2 2 2 3
1+e (Ca’e + Zy Ce)]_ +Z5 Ce,z +Z5 Cg,g + Z7 Cl’e + 21 Z3 cl,l +21 2, Cl,Z +Z3 Cz,e +27 2 Cz,l +Z3 C3’e> }
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Outfe= {9.915625,

1 1
(l+€co,o) + (5 frayl+fay1ys + ;'Fzzy%Jr ;6":11)& Co,o+E€T12Y1Y2Co0 + ;6":22)/3 Co,0 +

efiayiCo,nrefanyrCorrefncorrefuyicrorefnysCrorefincirefince| i+
1 1 1 1 1 1
[—'Filyi+ —‘F11'F12)/iY2+ —'Fizyi)é* —fllfzzyiy§+ —'Flz'F22Y1yg+ —f§2y§+
8 2 2 4 2 8
2 A4 3 1 2 2.2 1 2.2
—efliyiCoor —efuufiayiyaCoor —€f Y1y C00+ —€frafayiy)Coe+
8 2 2 4
3 1 2 4 1 3 2 .2 2
; € f12 f22 Y13 Co,0 + g ety Y5 Co,0+ E €f11f12y1Co,1 +€FIH Y1 Y2Co,1 + E €fi1fyiy2Co,1+
2 1 2 .3 2 2 1 2
; efiofy1ysCon+ ; efyy¥3Ce,1+€f Y1 Co,n+ E efinfoyicea+3efinfayiyrcen+
2 .2 2 1 2 3 2
—efy,y5C,2+3efifuyicoz+3efy,yrCo,3+ E efiiyiCie+ ; efinfyiyacCie+
2 2 1 2 1 3 2 2
eflay1Y2C10+ E efiafayiysCie+ E efiafanysCie+ E efufyic,i+2efyiyacy 1+
efinfayiyacii+ ; € f12 f2 yﬁ Ci,1+2€ 'Fiz yic€io+efuufoyici+3efnfoycy+
3 2 .2 2 2 1 2
—efiy1 Cro+3€ fuufyiy: Ca,0+€ Y2 Cr0 + ; efifny; Crot+3€ f11 Fia ya Co,1 +

2efly,con+efnfnyrcri+3eflyico+3efinfny, Cs,e) n*+0[n] 3}
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Outfe= {9.915625,

1
(l+€co,o) + (5 frayl+fay1ys + E'Fzzy%Jr ;6":11)& Co,o+E€T12Y1Y2Co0 + 56":22)/3 Co,0 +

efiayiCo,nrefanyrCorrefncorrefuyicrorefnysCrorefincirefince| i+
1 1 1 1 1 1
[—'Filyi+ —‘F11'F12)/iY2+ —'Fizyi)é* —fllfzzyiy§+ —'Flz'F22Y1yg+ —f§2y§+
8 2 2 4 2 8
2 A4 3 1 2 2.2 1 2.2
—efliyiCoor —efuufiayiyaCoor —€f Y1y C00+ —€frafayiy)Coe+
8 2 2 4
3 2 4 1 3 2 .2 2
; € f12 f22 Y13 Co,0 + g ety Y5 Co,0+ E €f11f12y1Co,1 +€FIH Y1 Y2Co,1 + E €fi1fyiy2Co,1+
2 2 .3 2 2 1 2
; efiofy1ysCon+ ; efyy¥3Ce,1+€f Y1 Co,n+ E efinfoyicea+3efinfayiyrcen+
2 .2 2 1 2 3 3 2
E efyy5Ce,2+3efifyicoz+3efy,yrCoz+ E efiiyiCie+ ; efinfyiyacCie+
2 2 1 2 1 3 2 2
eflay1Y2C10+ E efiafayiysCie+ E efiafanysCie+ E efufyic,i+2efyiyacy 1+
efinfayiyacii+ ; € f12 f2 yﬁ Ci,1+2€ 'Fiz yic€io+efuufoyici+3efnfoycy+
2 .2 2 2 1 2
E efliyice+r3efufuyiyrce+tefiysCe+ ; efinfany,Ce+r3efufnyica+

2efly,con+efnfnyrcri+3eflyico+3efinfny, Cs,e) n*+0[n] 3}

out/-]= True

. £ glicB ’yizl-] — @3 Dijen Fi¥ivitYiep vizi | |-
[F5® I p— &7 I F: gzz;—»zB-l—FyB B
In[+]-= {n =2, p=2,B=Table[z;, {i, n}], I = IdentityMatrix@eLengtheB, Y = Table[y;, {i, n}],
F = hTable[f(10,1y.50rt1(i,5}15 {1» N} {J, N}], & =1+ e GenericPolynomial[{d, @, 3}, B, c]}
Evpe|F, ee"?| ] // short

Timing[1lhs

Timing[rhs = e"®Ev,@|F, e""Y'>& /. Thread[B > B+ F.Y] | ];

HL@Expand[1lhs == rhs]

our = {2, 2, {21, 223, {{1, @}, {@, 1}}, {y1, Y2}, {{hfu, hfia}, {hfia, Hfyl),

2 3 2 2 2 3
1+€ (Co,o+22Co,1+25Co,2+25Co,3+21Cr,0+212C1,1+2125C1,5+2;Col0+2322C2,1+23C30) )
out[-J/short= {@.015625, <<1>>}

out/-]= True
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np=  DeLin@(F_, & )5 := Module[{L, Y},

L = PowerExpand@Log[Normal[&] /. € » 9] ;
Y = Table[d;L, {i, B}];
CFe(F, e "2 (e 5 /. Thread[B » B+ F.Y]) ),

]

n= {n=2,p=2,B=Table[z;, {i, n}], Y =Table[y;, {i, n}],
F = hTable[f(10,13.50rt1(i,5}15 {1» N}, {J, N}], & =1+ e GenericPolynomial[{d, @, 3}, B, c]}
Timing[1lhs = Ev,@(F, ge"") ]
Timing[rhs = Ev,@DeLine (F, se'?) ]
HL@Simplify[1lhs == rhs]

outf-J= {2, 2, {21, 25}, {Y1, Y2}, {{hfn, hf}, (Afy, hfyll,

1+e (C@)e + 23 Cg)l + Z% Ce,z + Zg Cg,3 +Z7 Cl)e + 27 23 C1,1 +2Z7 Zg C1,2 + Z% Cz’e + Zi Zy C2,1 + Zi C3’e> }
outf-- {0.03125, (1+€Co) +
2 » 1 2 1 2
5 faayr+foyiys+ 5 fays+ 5 €f11¥1Co0+€F12Y1Y2Co,0+ 5 efnysCoo+efiayiCon+
efnyrcgirefncrrefuyiclorefuyrcrorefncitefince| h+
1 1 1 1 1 1
(7-Fi1y‘1‘+ *'F11'F12in2+ *fizin%Jf *'F11'F22Yiy§+ *'Flz'F22Y1yg+ 7f§2y§+
8 2 2 4 2 8
2 4 1 3 1 2 2.2 1 2.2
—efli1¥iCoo+r —efiifrayiyaCoe+ —€fY1Y5Co,0+ —€fr1for Y1 Y5 Coo+
8 2 2 4
3 1 2 4 1 3 2 .2 2
; €t f22yY1Y5 Co,o + g ety Y5 Co0+ E efinfiayiCo,n+€FI Y1 Y2Co,1+ E €fi1fyiy2Co,1+
2 1 2 3 2 .2 1 2
E efufuyiy; Co,1 + E efyys Cg,1 + € fLyi Co,2 + ; € i1 foyi Co,2 +3€ fofnyiy: Co,2 +
2 .2 2 1 2 3 3 2
5 et yrCo2+3efinfruyicoz+3efyyacos+ 5 efi1yicCie+ 5 efufuyiyscie+
2 2 1 2 1 3 3 2 2
eflay1Ys2C10+ E efinfayiysCie+ E efiafnysCie+ ; efufyic,i+2efyiyacar+
efiifnyiy: C1,1+ ; € 12 fa y% Ci,1+2€ 'Fiz Y1Ci,2+€ f11 22 y1 Ci,2+3€ fiofoayacio+
2 2 2 2 1 2
E efliyiCe+3efuifuyiyo+efly; 0+ ; efunfonysce+3efiifoyi i+

2efh,ys G +efufuy ci+3efiyicot3efiufny Cs,a) n*+0[n] 3}
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outf«]= {0., (l+€cCqo) +
2 2 2 1 2
5 faayr+foyiys + ; foys+ E efiiyiCeo+efioyiY2Co0+ E efrny;Coo+efinyiCon+
efnyrCoirefncrrefuyicletrefuysCrorefncitefince| b+
1 1 1 1 1 1
[—'Filyi+ —‘F11'F12)/iY2+ —'Fizyi)é* _'Fll'Fzzin%+_'F12'FZZY1Yg+_fgzy;l*
8 2 2 4 2 8
2 A4 3 1 2 2.2 1 2.2
—efliyiCoor —efuufiayiyaCoor —€f Y1y C00+ —€frafayiy)Coe+
8 2 2 4
fip f 5 3,3 f11 fr2y3 2,3 f11 F22 y3
;6 12 22)’1)/2Ce,0+§€ 22Y2C0,e+£€ 11 T12 Y1 Co,1 + € 12)/1)’2Ce,1+£€ 11 T22 Y1 Y2 Co,1 +
2 2 .3 2 2 1 2
; efiofy1ysCon+ ; efyy¥3Ce,1+€f Y1 Co,n+ E efinfoyicea+3efinfayiyrcen+
2 .2 2 1 2 3 3 2
E efyy5Ce,2+3efifyicoz+3efy,yrCoz+ E efiiyiCie+ ; efinfyiyacCie+
2 2 2 1 3 2 2
eflay1Y2C10+ E efiafayiysCie+ E efiafanysCie+ E efufyic,i+2efyiyacy 1+
efinfayiyacii+ ; € f12 f2 yﬁ Ci,1+2€ 'Fiz yic€io+efuufoyici+3efnfoycy+

1
2 2 2 2 2
E efliyice+r3efufuyiyrce+tefiysCe+ ; efinfany,Ce+r3efufnyica+

2efly,con+efnfnyrcri+3eflyico+3efinfny, Cs,e) n*+0[n] 3}

out/-]= True

Testing Lemma 3

Lemma 3. With an extra variable A, Z; := log[AF : eF]p satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 81ZA = 5 Z F,‘j (61,.81].2,1 + (BZiZl)(aszA)) .
i.jeB

n1= {n =2, p=2,B=Table[b;, {i, n}],
F = hTable[f(10,13.50rt1(i,5}1> {1> N}, {J> n}], P = GenericPolynomial[{d, @, 2}, B, c]}

out[+J= {2, 2, {by, by}, {{Af11, hfy}, {hf, hfyp}}, Coo+baCor+ b% Co,o+bicip+bibycy s+ bi Cz,e}

http://drorbn.net/AcademicPensieve/2020-02/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2020-02: Testing123.nb 2020-12-18 12:33:04

1= Z = PowerExpand@ExpandeLog [Ev,@ | A F, eP|B]
Out[+]= (C@)e + b2 C0,1 + b% Cg,z + b1 C]_,e + b]_ bz C]_,l + bi Cz)@) +

(— A 'Fzz Cé 1+ A 'Fzz Co,2 + 2 A bz 'Fzz Co,1 Co,2 + 2 A b% 'Fzz Cé 2 + A 'FIZ Co,1 C1,0 + 2 A bz -F12 Co,2C1,0 +
2 5 B
2 2
E A 'F11 Cl,@ + A -F12 Ci,1+ A b2 'F]_z Co,1C1,1 + A bl 'Fzz Co,1 C1,1 + 2 A b2 'F12 Co,2C1,1 +
1 2 2
2 A bl b2 '{:22 C@,z C1,1 + A b2 .Fll Cl,@ C1)1 + A bl 'F12 Cl,@ cl,l + E A bZ -Fll C1,1 +
2 1 2 2
A b]_ b2 "F]_z Cl 1t — A bl -FZZ Cl 1+ A 'F]_]_ Cz)e +2 A b]_ 'F12 C@,l Cz)e +4 b]_ bz 'F12 Ce)z CZ,O +
5 9 5
2 A b]_ -Fll C1,0 C2,0 + 2 A b1 b2 'F]_]_ C1,1Co,0 + 2 A bi -F12 C1,1Co,0 + 2 A bi 'F]_l C%,e h+

2 2 2 2 2 2 2 2 2 2 1.2 g2 3 2
A 'F22 C@,l C9’2+)L 'F22 C@)2+4)K bz 'F22 Ce,]_ Ce,2+4k bZ 'F22 C0}2+2)K -Flz'FZZ Ce,l Ce,z C1,9+

2 2 2 2 2 2 2 2
42" by f1pf22Co,5C10+ A" F12Co,2C1 0+ A" F1aFa2Co g C1,1 + 247 FroFraCon a1+
2 2 2 2,2 2 2 2 2
6 A bz -F12 'F22 Ce)l Ce)z C1)1+2A b1 -F22 C0,1 Cg’z C1’1+8)k b2 'F12 'F22 CB,Z C1)1+4)\ b1 b2 'F22 Ce,z C1)1+
2 g2 2 2 2 2
A“F1, Co,1C1,0C1,1 + A” F11 F22Co,1C1,0C1,1 +4 A" by F1, Co,2C1,0Ca,1 +2 A7 by F11 22 Co,2Ca,0Cpp1 +

1 1
2 2 2 2 2 2 2 2 2 2 2
2 A b1 '{:12 'F22 Ce)z Cl,g C1)1 + A '{:11 'F12 Cl)e C1)1 + E A -F12 C1,1 + 5 A -Fll '{:22 Cl,l + A b2 -F12 C@)l C1,1 +

A%y F11F22 Copa €y +2 0% by FraFaaCocl g +30%b5Fl, coacl +22% b5 F1yfanco i+

6 0% by by 15 F22 Co,2 CF 4 + A2 b3 5, Co0¢ 1 +22% by FryFracract + A2 bl i) ) +

A2by FraFor o€l 1+ 2203 Fia Fro € g + A% by by Fl, €3 1+ A2 bi by Fig Fopcf g + A bI Fip Fop el o +
22 f%z C3,1 Coo+2 22 -Ffz Co,2Cr,0+4 22 b, Fiz Co,1Co,2C2,0+4 22 by f12 22 Co,1 Co,2 Co,0 +
42%b3fl,c5,C0+82%bibyfiyfanch,Co0+ 22 FigfipCo1CioCaet

4 )2 by f11 12 Co,2C1,06 C2,0 + 4 22 b, -Ffz Co,2 C1,0 C2,0 + 22 'F§1 Ci,e Cro+2 22 fiafinCi1C0+

222 b, f1q F1) Co,1C1,1Cp,0+4 A% b, 3, Cp,1C1,1Co0+2 A% by F11 F2u Cp,1C1,1Co,0 +

47 b3 11 1o Co,2 C1,1 Cp,0 +12 A% by b, 2, Cp,2C1,1Cr,0+4 A% by by F1q Fa) Co,2C1,1Co,0 +

42 bi f12F22Co,2C1,1Co0+2 2% b, 'Fil C1,06C1,1C2,0+6 A% by i1 F1, C1,0 C1,1C20 +

NP3 ¢ 1 Coe+ 6% by by Fry Frocl i Coo+ 32703 F2, cl Coo+ 207 b Fiy Fao €y Coo+

2 2 2 2 2 2 2 21,2 g2 2
A .Fll C2)0+4)k b1 '{:11 'F12 Ce)l C219+8A bl b2 .Fll 'F12 c0,2 C2)0+4)k bl -F12 ngz C2,0+

4)\2 b]_ -Fil C1,9 C%,B +4 Az bl bz -Fil C1,1 C%,B +8 Az b% 'F11 -F12 C1,1 C%)e +4 )kz bi -Fil Ci)e hz + O[h} 3

nfj=2Z /e XA >0

Out[=]= (C@)e + b2 Ce)l + bg C@,Z + bl Cl,O + b1 bz C1,1 + bi C2)e> + O[E} 3

= (Z/+ XA>0) -P

ouf-)= O[h] 3

http://drorbn.net/AcademicPensieve/2020-02/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2020-02: Testing123.nb 2020-12-18 12:33:04

n-1= 1hs = 8,Z
2 2 2 2
Outf[«]= ; 'F22 c@,l + 'Fzz C@,Z +2 b2 'Fzz C0,1 C0,2 +2 bZ 'Fzz CO,Z + 'F12 Ce)l Cl,e +2 b2 'F12 Ce)z cl,@ + E 'F]_]_ cl,@ +
2
fio€1,1+byFiaCe1Cra+bifonCoiCai+2bF1nCe0C11+2bybyfryCo oy +bafinCrocn+

1 1
2 2 2 2 2
bl 'F12 C1)@ C1)1 + E b2 'F11 cl_,l + b]_ bz 'F12 Cl,l + ; bl 'F22 C1)1 + 'F11 Cz,g +2 b1 'F]_z Cg,j_ Cz)g +

2 2 2
4 b1 b2 'f:12 C@,Z CZ,B +2 bl -Fll C1,9 CZ,B +2 bl b2 'F11 Cl,l Cz’e +2 bl le Cl,l Cz,e +2 bl -Fll C2,0 h+

(203, ¢51Coa+ 225, Ch 5 +8AbyF3, Co1Ch,+8AbS o, Co 5+ 4 A F1oFap Co1CoaCayot
8 by F1o 22 Ch 0 Crio+ 20 F],Co2Cl g+ 2AF 1 FanChqCr1+dAF1afaConcy s+
12 X by F12 F22 Co,1 Co,2 C1,1 + 4 A by 3, Co,1 Co,2 €11+ 16 A b3 Fip Fao €5 5 Cay1 +
8 by by f3,¢5 €1+ 201, CotCaoCry1+ 2 A F11 F22 Cop1 CrloCayn + 8 A, Fl, Cop Cayo €t +
4 xby f11F2Co,2C1,0C1,1+4 by F1pF2rConCrl0Ce,1+2AF11 Frp C%,e Cp,1+ A Fiz cil +
Afir ol +2abyfl,con el 1+ 2Aby Fig FapCon €l g +4Aby Frafancoacl g+
6 Ab3 1, Co,2 € 1 +4Ab5F1yfanConCl +12 by by fipfrrConcly+ 203 F3, Copchy+
4nby FryFraci,ecl 1 +2absFlcr0€t +2Aby fayfocypcl j + 203 Fry Frocd g+
2bybyfl, ¢l 1 +20by by Fig Fp €3 g +2Ab] Fiafan el +20F5,C5 1 Coo+ 4N FT, Co2 Coyo +
8 A by 1, Co,1 Co,2 C2,0 + 8 A b1 15 25 Co 1 Co,2 Ca0 + B AL 1, €5 5 Coo+ 16 A by by F1o F22 €5 5 Coo +
41 f11f12Co,1C1,0Ca,06+8AbyFf11f12Ce,2C1,0C2,06+8Aby fiz Co,2C1,0C2,0+2 A Fil Ci,a Cao+
42 F1F1p¢q,1C,06+4 by F11F12Co,1C1,1C2,06+8 2Dy 2, Co,1C1,1Co,0+4 A by f11 25 Co,1C1,1Co,0+
8 A b3 f11 15 Co,2 €11 Co0 + 24 A by by 3, Co,2 €11 Co0+ 8 A b1 by Fig F22 Copp Caya Coyo +
8 A bf f1, fay Co,2C1,1C2,6+4 A by 2 C1,0C1,1C2,0+12 by 13 F1pCi,0Ca 1 Co0 +
2b3f i 1o+ 12bibyfiyfiocl 1 Coo+6AbIFI, Cl Coo+aNb] Fiy el oot
20F5 5 5+ 8Abyf11f12Co1C5 o+ 16 by by F1yFi1aCoa S o+ 8T F], Co2Ch o+
8 by fl)Ci,0C3 o+ 8 by by flyCy1Cl o+ 16 Ab] F1yFipCy1C)q+8AbTFl 3 ,) 0°+0[R]°
;= Short[rhs = Expand@Sum[ (dp1,b2 (B.F.B)) (Op1,02Z + (Op1Z) (0p2Z)) / 4, {bl, B}, {b2, B}]]
1
outf-J/short= | — 22 Cé)l +F22Co,0+2byfy5Co,1Co,0+ <<18>> +2by by 11 C1,1Co0+2 bi f12C1,1Co0+2 bi f11 C%,e
2 4

h+ («<1>) <1>> + «<1> +0[h]

inf-}= HL[Normal[lhs - rhs] == @]

out/-]= True
m-=2Z /« A=>1 /. Alternatives @eeB - 0
1 2 1 2
Out[]= Cg,0 + E fa Co,1* fa Co,2 + f1 Co,1 C1,0 + E fi11 Ci0* f1 Ci,1+ f11 Cr0| D+
2 2 2 2 2 2 2
('{:22 Ce,l CO,Z + -FZZ CO,Z +2 'F12 -FZZ Cg’l Cg)z Cl,@ + '{:12 Ce]z Cl,O + 'F12 'Fzz cO,l C1,1 +2 'F12 'F22 Cg,z Cl,l +
2

2 2 2 2 2 2
LEP) Co,1C1,0C1,1 + f11 2 Co,1 C1,0 C1,1 + f11 f12 C1,0C1,1 + ; i Ci,1+ E f11 22 Ci,1+ LEP) Cp,1C2,0 +

2 2 2 2 2 2 3
2 'F12 Ce,z Cz,g + 2 -Fll 'F]_z C@,l Cl,@ CZ,@ + -Fll cl,@ Cz)e + 2 'F11 'F12 C1)1 Cz)g + -Fll CZ,@] h°+ O [h]
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