Pensieve Header: The Burau representation in 8-calculus.

The first two sections are borrowed from betaCal culus.nb; the third largely from 2012-01/betaCal culus.nb.

nis1= << Knot Theory®
GDIK_] := CDee (
PD[K] /. X[i_, j_, k_, I_1 » If[PositiveQ[X[i, j, k, I'1],
Arpl, i, +11, Ar[j, i, -1]
1
)

Loadi ng Knot Theory™ version of August 22, 2010, 13:36:57.55.
Read nmore at http: //katl as. org/w ki /Knot Theory.

Utilities
n1= BSimplify = Factor;
Set Attributes[BCol | ect, Listable];
BCol l ect [B[w_, p_]11 := B[
BSi mplifyl[w],
Col l ect [u, _h, Collect[#, _t, BSinplify] &]

1
(» "L" for "Labels" =)

hL[B_] : = Union[Cases[B, h[s_] = s, Infinity]];
tL[B_] := Union[Cases[B, t[s_]|cCs_ = s, Infinity]];
dL[B_]1 := Union[hL[B], tL[B]I;

BForm[Blw_, u_]]1 := Mdulel
{tails, heads, nat},
tails = tL[B[w, u]]; heads = hL[Blw, ull;
mat = Quter [BSinplify[Coefficient [u, h[#l]t [#2]]] & heads, tails];
PrependTo[mat, t /@ tails];
mat = Prepend[Transpose[mat ], Prepend[h /@ heads, w]];
Mat ri xFor m[mat ]

1
BForm[el se_] := else /. B_B =» BFormip];
B /: Blwl_, Bl ] == B[w2_, B2_] = (wl = w2) && (Bl = R2);

The Meta-Cross-Product

The “Tails” meta-group

miop= tmix_, y_, z_1[B_]1 := B /. {t[x]->t[z], t[yl->t[z], cx>C;, Cy->Cz};
tafz_, x_, y_1[B_]1 := BCollect[B /. {t[z] » t[x]1+t[yl, c; » cx+Cy}];
tn[x_1[B_] := BCollect [(B /. t[x] -» 0) /. cx-0];
tS[X_1[B_1 := BCollect[B /. {t[x] » -t[X], Cx = -Cx}I;
tA[_1[B_]1 := BCollect [B];
tP[rules___Rule][B_] := BCollect [
B /. {tIx_] = t[x /. {rules}], Cx_ » Cx, (rules)}

|E
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The “Heads” meta-group

nel= hmix_, y_, z_]1[Blw_, w©_1]1 := Mdule[
{yx = D[y, h[x11, wy =D[w, hlyll, M=u /. h[x] |h[y]l - 0},
Blw, M+h[z] (wXx+¥y+ (¥x /. t[i_] = ci)yy)] // BCollect
1
haiz_, x_, y_1[B_]1 := BCollect[B /. h[z] » h[x] +h[y]];
hnix_1[B_]1 := BCollect[B /. h[x] » 01I;
hS[x_1[Blw_, u_11 := Mdule[{¥},
¥y = 1 + D[y, h[x]] /. t[s_] = cCs;
BCol l ect [Blw, 1 /. h[Xx] » -h[Xx]/¥]]
1
hA[X_1[B_] := hS[X][A];
hP[rules__ _Rulel[B_] := BCollect[B /. h[x_]1 =» h[x /. {rules}]l;

The TH - HT Swap

2= thswap [x_, y_]1[Blw_, p_1] := Module]
{a, B, ¥, &, €},

= Coefficient [, h[x]t[y]l];

= D[y, t[y]l /. h[x] - O;

Dlu, h[x1] /. t[y]l - O;

=u /. hx]|tlyl - 0

= l+cya

B[w*e, Plus[
a(l+(y /. t[i_1 »ci)/e)hix1tyl,
B(l+(y /. t[i_] =»ci)/e)tlyl,
¥/ eh[Xx],
6—Cy/¢—:7*ﬁ
11 77 BColl ect

m O X ™A
n

|E
The “double” meta-group
ne3= dm[x_, y_, z_1[B_]1 := B // thswap[y, x] // hm[x, y, z] // tm[x, vy, z];
The “external” product
nea= B /: Blwl_, pl_]1Blw2_, w2_] := Blwl+w2, ul+p2];
The R-Matrix

nesi= R[X_, y_1 1= B[1, (E"cx-1)/cx*t[x]1h[yl];
Rinvix_, y_] := B[1, (E"(-cx)-1)/cx*t[x]1h[yl];

The Group A,

ne7= ar i _, j_1 :=t[il1h[1l;
htswap[y_, x_1I[B_]1 := B // hS[x] // thswap[y, x] // hS[x];
dA[X_1I[B_]1 := B // tA[Xx] // htswap[x, X] // hA[X];
dS[x_1I[B_] := B // tS[x] // htswap[x, x] // hS[x];
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nz1= Unprot ect [NonComut ati veMul tiply];
B_ *x v_ = l\/bdule[
{p, o, |abels},
p =B (v /. {h[s_] » h[o[s]], t[S_] = t[o[S]], Cs_ = Cors1});
label s = Union[Cases[{B, v}, h[s_1|t[s_]|cs_ = s, Infinity]];
Do [
p =p // dms, o[s], sI,
{s, |l abels}
1
o)
|E
B /: Inverse[Blw_, p_]1] := Mdulel
{p = B[1, ul},
Do[p = p // dA[s], {s, Union[hL[p], tL[p11}];
Repl acePart [p, 1 » 1/w] // BColl ect
1

The Burau Representation

msa= Burau[B[_, wu_]] := Modul e[

{l abel s, v},

| abels = Union[hL[u], tL[u]];

v=(u/ hG_1»-cih[jl) + (u /. t[i_1=>ci /. h[j_1=»t[lh[l);

CQuter [Coefficient [v, t [#2] h[#1]] & |abels, labels] +

I dentityMatrix[Length[l abel s]]
|E
Burau[n_, B[_, u_]] := Module]

{l abel s, v},

| abel s = Range[n];

v=(u/ N[_1»-cih[j1) + (u /. t[i_]=c / h[j_1=t[lh[jl);
Quter [Coefficient [v, t[#2] h[#1l]] & |abels, labels] + IdentityMatrix[n]

Testing
In[36] {
R[1, 2] ** R[1, 3] ** R[2, 3],
R[2, 3] ** R[1, 3] *»* R[1, 2]
} // BForm
1 hi[2] h[3] 1 h[2] h[3]
-1+e%1 -1+e%1 -1l+eft ~1+e%1
out[36]= { t1] 1 c1 , t] c1 c1
t [2} 0 e (-l+e2) t [2] 0 €1 (-l+e2)

C2 C2
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n@E7= N = 3;
al = B[1, Sum[awi.jarfi, j1, {i, n}, i, n¥]]
Bl =B[1, Sum[Bioi. arfi, j1, (i, n} (i, n]],
al x% Bl
} 77 BForm // Col umForm
1  h[l] h[2] h[3]
| t[1] oun a2 ous
Out[38]=
t[2] o1 o022 Q23
t[3] oas1 asx2 as3
1 h[l] h[2] h[3]
t[1] Bux B2 B3
t[2] B2r B2z B23
t (3] Bs1  Bs2 B33
1 h(l]
t [1] o1 +B11 +C1 a1 B11 +C2 021 B11 + C3 a1 B11 — C2 021 B12 - C3 031 B13 + C2 01 B21 + C3 011 B31
t[2] 021 + C1 021 B12 + B21 + C2 a21 B21 + C3 031 B21 — C3 031 B23 + C3 021 B32
t[3] 031 + C1 031 B13 + C2 31 B23 + B31 + C2 021 B31 + C3 31 B31 — C2 021 B32
n@E9= N = 2;
al = B[1, Sum[awoi arfi, j1, {i, n}, {i, n}]],
Bl =al // dS[1] // dS[2],
al =% Bl
} /7 BForm // Col umForm
1 h[l] h[2]
Out[40]= t [1] a11 12
t[2] o1 a2
-1+C1 a12+C2 021
B (-1+C1 o11+C2 a21) (-1+C1 a12+C2 022) h [l} h [2}
t [1] _ —011+C1 011 x12+C2 Q12 Q21 _ a2
(-1+C1 011+C2 021) (-1+C1 12+C2 021) -1+C1 012+C2 021
t[2] [ S _ C1 012 021 -022+C2 (21 022
-1+C1 au2+C2 021 (-1+c1 a12+C2 021) (-1+C1 012+C2 022)
-~ -1+Cy 012+C2 021 h (1] h 2]
(-1+C1011+C2 021) (-1+C1 02+C2 O22)
t 1] B 2 (-ou1+C1 011 Q12+C2 02 O21) B 2 a1
(-1+C1 011+C2 021) (-1+C1 12+C2 021) -1+C1 c12+C2 021
t[2] 2 op1 _ 2 (C1 012 021 -022+C2 021 O22)

-1+C1 a12+C2 Q21

(-1+C1 a12+C2 021) (-1+C1 c12+C2 022)

Oz +Cq
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n@i= n = 3;
al = Blw, Sum[aioi. arfi, j1, {i, n}, {i, n}]].
Bl =al // dA[1] // dA[2] // dA[3],
al *x B1,
al xx |l nversef[al]
} /7 BForm /7 Col umForm
w h[l] h[2] h[3]
| t[1] oun a2 ous
Out[42]=
t[2] o21 o2 a3
t[3] o311 a3 o33
w (1+C1 12+C1 0(13+C% Q12 013+C2 a21+C1 C2 Q13 Q21+C2 023+C1 C2 Q12 0123%‘-% 021 023+C3 031+C1 C3 Q12 031 +C2 C3 Q23 (131 +C3 x32+C1 C3 (113 *32+C2 C3 021
(1+C1 011+C2 021+C3 031) (1+C1 012+C2 022 +C3 a32) (1+C1 013+C2 a23+C3 O33)
t[1]
t[2]
t [3]
w? (1+C1 012+C1 0113+Cf 012 a13+C2 021+C1 C2 Q13 021 +C2 23+C1 C2 (12 0(23+C§ 021 023+C3 31+C1 C3 Q12 31 +C2 C3 Q23 031 +C3 (32+C1 C3 0113 x32+C2 C3 021
(1+C1 0n1+C2 021 +C3 031) (1+C1 012+C2 022 +C3 a32) (1+4C1 013+C2 a23+C3 O33)
t[1]
t[2]
t [3]
(1)
In[43]:= {
al = R[1, 2] »*xR[2, 3],
Bl =oal /7 dA[1] // dA[2] // dA[3],
I nverse[al],
al »* Bl
} // BForm // Col ummForm
1 h[2] hi3]
~1+e1
out[43]= t[1] c1 0
~1+e%2
t[i2] o0 -
1 h[2] h[3]
{1] - SoClee) | et (lvets) (deet)
C1 C1
e €17 (-1+ef2)
t 2] 0 e
1 h[2] h[3]
t [1] _ e (-1+e%) B e 17 (-1l+ef1) (-1l+e%2)
C1 C1
t [2] 0 _ e €17 (-1+ef2)

C2
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n@4l= n = 3;
{

al = Blw, Sum[awi.j arfi, j1, {i, n}, (i, n¥]],
Inverse[al] »*al,

(al »x B[1, exar [1, 0]] *x |l nverse[al]) // BCollect,
Inverse[al] »*B[1l, exar [1, 0]] **al,

Inverse[al] **B[1l, exar [2, 0]] **al,

Burau[al] // MatrixForm

} 7/ BForm 7/ Col urmForm

w h[1] h[2] h[3]

- t[1l] ou1 a2 a3
t[2] a1 o222 o023
t[3] oas1 as2 Os3
(1)
1 h[0]
t [1] € (1+01 012+Cy 0‘13+C§ 012 a13+C2 023+C1 C2 12 A23+C3 x32+C1 C3 13 32
1+C1 012+C1 13+C% auz 0uz+C2 021 +C1 C2 013 021 +C2 A23+C1 C2 a2 A23+C3 021 023+C3 (31 +C1 C3 (12 (31 +C2 C3 023 (31 +C3 32+C1 C3 Q13 A32+C2 (
t [2] - €Cy1 (0121+0120113 021+C2 021 (23+C3 Q23 0(31)
1+C1 a12+C1 013+CT Q12 013+C2 021 +C1 C2 013 021 +C2 0123 +C1 C2 Q2 0123 +C5 021 0123 +C3 031 +C1 C3 (12 31 +C2 C3 023 31 +C3 032 +C1 C3 13 032 +C2 (
t [3] - €Cy1 (0(31+0120(12 031+C2 021 *32+C3 (31 0(32)
1+C1 a12+C1 013+CT Q12 013+C2 021 +C1 C2 013 021 +C2 0123 +C1 C2 Q2 0123 +C3 021 0123 +C3 031 +C1 C3 (12 31 +C2 C3 023 31 +C3 032 +C1 C3 13 032 +C2 (
1 h[0]
t[1] € (1+cCza0 +C3031)
t[2] -ecCypo2
t[3] -€Ci 031
1 h[0]
t[1] -€C2 012
t[2] € (1 +C1012 +C3032)
t [3] -€Co 032
1+cCza +C3081 -C1 021 -C1 031
-Cz2 a12 l1+c1o12+C30a32 ~C2 032
-C3z a3 -C3 023 1+cyo0oa3+C2o023
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n@el= N = 3;
{
al = Blw, Sum[awi.j arfi, j1, {i, n}, (i, n¥]],
Bl = Blw, Sum[Bioi. arli, j1, {i, n}, {i, n}]],
(t1 = Burau[al]l) // MatrixForm
(t2 = Burau[pl]) // MatrixForm
(t3 =Burau[al *xB1]) // Expand // Matri xForm
t1.t2 // Expand // MatrixForm
Expand[tl.t2 ==t 3]
} // BForm // Col ummForm
w h[1l] h[2] h[3]
a7 ] omn ou2 a3

t[1
t[2] o2 o022 023
t[3] oas1 o032 o33

w h[1] h[2] h[3]

t[1] Bux Bz B3
t[2] Bar B2z B3
t[3] Bs1 B2 B3
1+cCpa0 +C3031 -C1 o021 -C1 031
-C2 a12 l+ciror2+C3as -C2 as2
-C3 13 -C3 023 1+c1o013+C2 003
1+c2B21+C3 P31 -C1 Ba1 -C1 fBa1
-C2 B12 1+c1B12 +C3B32 -C2 B3z
-C3 P13 -C3 323 1+c1B13+C2B23

1+Cpap1 +C3a31 +C1 Cpap1 B2 +C1 C3 031 B13 + C2 P21 + C5 021 B21 + C2 C3 031 P21 + €3 Ba1 + C2 C3 021 Py + ¢
~C 012 - C2 12 - €1 C2 az2 B12 - C2 C3 asz B12 + C2 C3 032 B13 -~ C3 a2 B21 - C2 C3 012 PBa1
-C3 013 +C2 C3 (23 B12 - C3 B13 - C1 C3 13 B13 - C2 C3 023 B13 - C2 C3 03 P21 — €3 o3 Ba1
1+Cpap1 +C3a31 +C1 Cpap1 B2 +C1 C3 01 B13 + C2 P21 + C3 021 B21 + C2 C3 031 P21 + C3 Ba1 + C2 C3 021 Py + ¢
~C 012 - C2 12 - €1 C2 az2 B12 - C2 C3 az2 B12 + C2 C3 032 B13 -~ C3 a2 B21 - C2 C3 012 PBa1
-C3 013 + C2 C3 (23 B12 - C3 B13 - C1 C3 13 B13 — C2 C3 023 B13 - C2 C3 013 21 — €5 o3 Ba1

True
n4el= Burau[5, R[1, 2]] // MatrixForm

Out[48]//MatrixForm=

1 0 000
S e 0 0 0
0 0 100
0 0 010
0 0 001

n49r= Burau[5, R[1, 2] **R[2, 3] **Rinv[l, 2] *xRinv[2, 3]] // MatrixForm

Out[49]//MatrixForm=

1 0 000

0 1 00O
_ e ® (-1+ef1) (-1+e2) c3 e (-1+ef1) (-1+e2) c3 100

C1 C2

0 0 010

0 0 001



8| betaBurau.nb

nsor= R[1, 2] #* R[2, 31 **Rinv[l, 2] *xRinv[2, 3] // BForm

Out[50]//MatrixForm=

1 h[3]
t [1] e 1 (—1+&e::11) (-1+e2)
t [2] _ e %1 (—1+e:2) (-1+e%2)

nis3= BMVALL_Link] : = Mdul e[
{skel, B, s, k},
skel = Skel eton[L];
B=Times ee G[L] /. {Ar[x_, y_, +1]1 =» R[x, y], Ar[x_,Yy_, -11 » Rinv[x, y1};
Dol
Dol
B = B // dm[skel [[s, 1]1, skel [[s, k1], skel [[s, 1111,
{k, 2, Lengthi[skel [[s]111}

{s, Length[skel 1}

i

B
1

n7i:= Mul tivari abl eAl exander [L = Li nk["L6a5"]1[T] /. TI[i_]1 = T
“T1 -To+T1To-T3+T1 T3+ T2 T3

VT VT2 VT3
neor= (BO = BMVA[L]) // BForm

out[71]=

Out[69]//MatrixForm=

@2€17265-2Cs (] 1 %1 4 ef) (-1 +eft+e®) (-1+e +ef) h[l]
1 e C (~1+efl) (1-e®1-e® —eCo1efs Cosel1+CsCo)
t [ } B (-1+ef1+e%) (-1l+e®1+e%) Ccq
(-1+€%) (-eC1-eC5+e°17%5+eC17Co1eCs7Co) e
t [5} - (-1l+ef1+ef) (-l+e1+e) (-l+es+e) Cs T
9 (-1+e) (1-e®1-e%+ef1C5-efo+ef17Co +ef57Co)
t [ ] - (-1+ef1+e%) (-l+e1+e) (-l+efs+e) Co

ne3= (Bl = BCol lect [B0 /. Blw_, wp_] = Blw, wxull) // BForm

Out[63]//MatrixForm=

@?20172C52C0 (|1 4 01 + %) (-1 +e’t+e%) (-1+e% +e%) h{1l]
t[1l @2€173053C (_1:e%1) (-1+e®+e%) (1-e1-e% —eCo+els"

1] - -
efz €y-2Cg-2¢g (71+‘ec5) (7ecliec5+ec1+c5+ecl4cg+ec‘

t (5] - =
t [9} ech 2cg-2¢qg (71+ecg) (17e°17e°5+e°1‘557e59+e°1’°94

Co

neel= Col | ect [BO[[2]] /. t[i_]1 = ci, _h, Sinplify]
oueel= (-1 +e %) h[l] + (-1+e ) h[5] + (-1+e %) h[9]
neop= Simpli fy[Burau[p0]] // MatrixForm

Out[60]//MatrixForm=

21 (-1+e%) (-e®1-e®s+ef17C51e®1%C9+e%57Co) Cq (-1+e%) (1-e®1-e°5+ef17C5 e +ef1"Co+e
(-1+ef1+e%) (-1+e1+e%) (-1+ef1+e%) (-l+ef1+ef) (-l+es+es) Cs (-1+ef1+e%) (-1+ef1+e%) (-l+es+ef
el (-1+e1) Cs ~1+eC1+e%5-e2C5-C17%5 1+ C172 %5 1 @C9 _eC17Cy _@C57Co 4 £C17C57Co 1 2 C5+Co (-1+e®) (-e5+e®17%5 —ef9+ef17C+els"C
(-1+e1+€%) (-l+ef1+e%) cy (-1+ef1+e%) (-1+ef1+e®) (-l+eSs+efo) (-1+ef1+e%) (-1+ef1+e®) (-l+es+ef
(-1+e1) cg e% (-1+e%) Ccg 2%

(-1+ef1+e%) ¢y (-1+ef1+e%) (-1+eSs5+e%) C5 (-1+ef1+€%) (-l+es+ef)
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nesl= Simplify[Burau[p0]. {C1, Cs, Co}]
outesl= {C1, Cs, Cg}
In[79]:= (e-z €1-205-2C0 (_] 4 % +@%) (-1+e®t +e®) (-1+e + ec9)) *

Det [Sinplify[Burau[B0]]] // Sinplify

ou79)= @2 (C1+C5+Co)



