Pensieve Header: Computing the Alexander polynomial in 8-calculus, a minimal approach.

<< Knot Theory"
CC[K_] := CCee (
PD[K] /. X[i_, j_, k_, I_1 » If[PositiveQ[X[i, j, k, I'1],
Arpl, i, +11, Ar[j, i, -1]
1
)

Loadi ng Knot Theory™ version of August 22, 2010, 13:36:57.55.
Read nmore at http: //katl as. org/w ki /Knot Theory.

Al exander [K = Knot [9, 42]][X]

1 2
Sl —+ —42X-X?
X2 X

BSinplify = Factor;
Set Attributes[BCol |l ect, Listable];
BCol l ect [Blw_, n_1]1 := BI

BSimplifylw],
Col l ect [u, _h, Collect[# _t, BSinplify] &]
1
(» "L" for "Labels" %)
hL[B_]1 : = Union[Cases[B, h[s_] = s, Infinity]l];
tL[B_] := Union[Cases[B, t[s_]|cs_ = s, Infinity]];
dL[B_] := Union[hL[B], tL[BII;
Set Attributes[pBForm Listable];
BForm[Blw_, wu_11 := Mdule]

{tails, heads, nat},

tails = tL[B[w, u]]; heads = hL[B[w, u]];

mat = Quter [BSinplify[Coefficient [u, h[#l]t [#2]]] & heads, tails];

PrependTo[mat, t /e tails];

mat = Prepend[Transpose[nmat], Prepend[h /@ heads, w]];

Mat ri xFor m[mat ]

1
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RIX_, y_1 1= B[1, (E"cx-1)/cxxt[x]1h[y]ll;
Rinvix_, y_] := B[1, (E"(-Cx)-1)/cx*t[x]1h[yl];
tmix_, y_, z_1[B_] :=8 /. {t[x]>t[z], t[y]l->t[z], cx>C; Cy->C:}
hmix_, y_, z_1[Blw_, u_1] := Module[
{yx = D[u, h[x11, wy =D[w, hlyll, M=wu /. h[x] |h[y] » O},
Blw, M+h[z] (¥X+¥y+ (¥yXx /. t[i_] = ci)yy)l // BCollect
1;
swap[x_, Y_1[Blw_, w_1] := Module]
{a, B, ¥, 6, €},
Coefficient [u, h[x]t[y]l]:
D[y, t[yll /. h[x] -» O;
Dlu, h[x1] /. t[yl - 0;
w /. hIx]|t[yl - O;
=l+cyaq
B[w*e, Plus[
a(l+(y /. t[i_1 »ci)/e)hix1tyl,
B(l+(y /. t[i_1 =»ci)/e)tlyl,
¥/ eh[x],
6—Cy/e~(*/3
1] 77 BCollect

M O X ™A
1]

|E
gmix_, y_, z_1[B_]1 := B // swaply, x] // hm[x, y, z] // tm[x, y, z];
B /: Blwl_, pl ]1B[w2_, p2_ ] := Blwl *xw2, ul+pu2];

{
B = B[w[C1, C2, C3, C4], SuM[a; [C1, C2, C3, C4]t [I 1h[1], {i, 4}11,
B // tm[l, 2, 1],
ti1=p8// tm[1, 2, 11 // tm[1, 3, 1],
t2=p8// tm[2, 3, 281 // tm[l, 28, 1],

tl==t2
} // BForm
w[C1, C2, C3, C4] h[l]
t[1] ai[C1, C2, C3, C4]
{ t [2] az[C1, C2, C3, C4] |,
t[3] o3[C1, C2, C3, Ca]
t [4] 04[C1, C2, C3, C4]
w[C1, C1, C3, C4] h(1]
t[1] o1[C1, C1, C3, C4] +02[C1, C1, C3, C4]
t [3] a3 [C1, C1, C3, C4]
t [4] 04[C1, C1, C3, C4]
w[C1, C1, C1, C4] hil]
t[1] a1[C1, €1, C1, C4] +02[Cy, C1, C1, C4] +03[Cy, C1, C1, C4]
t [4] 04[C1, C1, C1, C4]
w[C1, C1, C1, C4] hil]
t[1] ag[C1, €1, C1, C4] +a2[C1, C1, C1, C4] +0a3[C1, C1, C1, Ca] |, ﬁForm[True]}
t [4] 04[C1, C1, C1, C4]
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B = Blw, Sum[ewoi. t[i1h[i1, (i, 2}, i, 4}]]
B // hm1, 2, 17,

tl=8// hmi1, 2, 11 // hm[1, 3, 1],

t2=p // hmi2, 3, 28] // hm[1, 28, 17,
tl==t2

} 7/ BForm // Col utmForm

w h[l] h[2] h[3] h[4]
t[l] on1 oz sz oua
t[2] oa21  ap2 23 Q24
W h[l] h[(3] h[4]
t[1] ogp +a12 +Cpoqg 012 +C2 012 021 013 Ol14
t [2] o021 +Qp2+Cpo11 022 +C2 021 022 023  O24
w h[1l]
t [1] oq1 +o12 +C1 011 02 + 013 +Cp g1 013 + C1 012 Q13 + C% Q11 012 A13 + C2 12 21 + C2 Q13 021 + €1 C2 (12 ¢
t [2] o021 + a2 +C1 011 022 +C2 021 022 + Q23 + C1 011 023 + C1 O112 0123 + C% Qg1 012 023 + C2 Q21 023 + C1 C2 12 ¢
w h[l]
t [1] oq1 +og2 +C1 011 02 + 013 +C1 Qg1 013 + C1 012 Q13 + C% Q11 012 A13 + €2 12 21 + C2 Q13 021 + €1 C2 (12 ¢
t [2] o1+ a2 +C1 011 022 +C2 021 022 + Q23 + C1 011 023 + C1 112 0123 + C% Qg1 012 023 + C2 Q21 023 + €1 C2 12 ¢

BForm[True]

C ear [B];

{Bl =Blw, h[1l]1t[1]a+h[2]1t[1] B+h[1]t[2] y+h[2]t[2] &1,
Bl // swap[l, 1]

} // BForm
w (1+acy) hil h(2
W h[ll h [2] ( ! a 1+or[c +] c 1+or[C } C
t[1] ( 1+¥C2) B ( 1+¥ C2)
{ t[1] a B , l+acy liacy }
t[z} ¥ S t[ZJ Y S+ByCi+adCy

liacy l+acy
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B = Blw, Sum[awoi. t[i1h[j1, (i, 2}, (i, 3}]],

B // hm[l, 2, 1],
tl =g // hml, 2, 11 // swap[l, 11,

t2 = B // swap[l, 11 // swap[2, 1] // hm[1, 2, 1],

First [t1] == First [t2],
Last [t1] == Last [t2] // Sinplify
} 7/ BForm // Col umForm

w h[l] h[2] h[3]
t[1] o1 o1z a3
t[2] a1 a2 023
w h[1] h[3]
t[1] ou1 +o12 +Cpoqg 012 +C2 002 021 013
t [2] o021+ 022 +Cp o1 022 +C2 021 Ol22 023
w (1 +C1 011 +C1 012 + C% 011 Q12 + C1 C2 (12 0121>
t[1]
t[2]

2
w (1 +C1 a1 +C1 a1z +C1 11 (12 + €1 C2 Qa2 Oﬁzl)

t[1]

t[2]

BForm(True]
BFor m[True]

{

h[1]

(1+C1 011+C2 0p1) (01+012+C1 0a1 012+C2 a1z 021) (1+4C1 012+C2 a22)

2
1+C1 012+C1 012+CT 011 Q12+C1 C2 012 021

Q21 +022+C1 Q11 022 +C2 Q21 Q22 —Cioa
1+C1 o11+C1 Ol1z+0f 011 012+C1 C2 012 Q21
(14C1 011+C2 021) (011+0u2+C1 011 C12+C2 a1z O21) (1+C1 d12+C2 az2)
1+Cq 011 +C1 012+C% a1 a12+C1 C2 012 021
021 +022+C1 011 022+C2 Q21 22 —Cion

1+Cq 011+C1 012+C% a1 a12+C1 C2 012 021

B = Blw, Sum[awoi.j t[i1h[i1, (i, 3}, i, 2}]],

tl =8 // tm[l, 2, 11 // swap[l, 1],

t2 = B // swap[l, 2] // swap[l, 1] // tm[l, 2, 1],

First [t1] == First [t2],
Last [t1] == Last [t2] // Sinplify
} /7 BForm // Col umForm

w h[1l] h[2]

h[2]

(cap+0o2) (14€1 011+Cy 021 +C3 a31)

t[1] ou1 o2
t[2] o212
t[3] oas1 as
w(l+cloc11 +C1 021) h[l]
t [1] (o1 +021) (1+€1 011+Cy 021 +C3 Q31)
1+Cq1 a11+C1 021
031
t [3] 1+Cq1 a11+C1 021
w (1+cypaan+C1o) hi1]

(oa1+0a21) (1+4C1 11+C1 021+C3 Q31)

1+C1 011+C1 021
-C1 12 031 -C1 Q22 Q31+a32+C1 11 A32+C1 21 O32

1+C1 c11+C1 021
h[2]

(ouz+a2z) (1+C1 a11+C1 021+C3 a31)

t [1] 1+C1 a11+C1 021

t [3] as1

1+Cq1 a11+C1 021

BFor m[True]
BFor m[True]

1+C1 a11+C1 021
—C1 012 31 -C1 022 031 +032+C1 Q11 032+C1 021 032

1+C1 c11+C1 021



B = Blw, Sum[awoi. t[i1h[i1, (i, 4}, (i, 4}]]
tli=p8// gmil, 2, 11 // gm1, 3, 1],
t2 = 8 // gm2, 3, 21 // gm[l, 2, 11,
First [t1] == First [t2],
Last [t1] == Last [t2] // Sinplify
} 7/ BForm // Col utmForm

A very large output was generated. Here is a sample of it:

W h{l] h[2] h[3] h[4]
t[1] oa1 oz o1z Qa4
t[2] ap1 22 Q23 Q24
t[3] oas1 oz asz  O3a
t[4] a1 os2 o043 Oug
w

BFor m[True]
BForm[True]

Show Less || Show More || Show Full Output || Set Size Limit...

(B=Times @ GC[K] /. {Ar[x_, y_, +11 = R[X, Y1,
BForm

1 hil] h(3] h(5] h(6]
t[2] 0 0 0 0
t[4) -t g 0 0

Caq
t (7] 0 0 0 0
t (8] 0 Avet 0 0
Cg
t [10] 0 0 - collich) 0
Ci1o

t[11] 0 0 0 0

t [13] 0 0 0 0

t [15] 0 0 0 _ el (leets)
Cis

t [17] 0 0 0 0

Tabl e[

B =B //gmil, k, 1],
{k, 2, 2Crossings[K]}
1 // BForm // Col umForm

Ar[x_, y_,
h[9] h[12]
~1l+e%2 0

C2

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 -l+ef17
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k

aqp+o+ <<644>> +Cq C?, a

1+C1 o12+C1 013 +C% aup c13+C1

t

o11+012+2 C1 011 12+ <<643>> +(

1+C1 agp+Cy 0(13+C§ 012 Q13+C1 &

-11 =» Rinv[x, y1}) //

h([14) h[16] h[18]
0 0
0 0 0
_e €7 (-1+e7) 0 0
C7
0 0 0
0 0 0
0 ~l+efnn 0
C11
0 0 -1+e1s
C13
0 0 0
0 0 0
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e 5 (-1+ef1s)

h[3] h(5] h(6]
0 0 0
0 0 0
0 0 0

~1+eCs 0 0
Cg
Q - &S0 (lvefo) 0

Cio0
0 0 0
0 0 0
0 0 -
Cis
0 0 0
h(5] h[6]
0 0
0 0
0 0
0 0
_ e (~1+efn) 0
Ci10
0 0
0 0
0 e €15 (~1+e15)
Cis
0 0
h[5] h(6]
0 0
0 0
0 0
e €10 (~1+eC10) 0
Cio0
0 0
0 0
0 B e 15 (-1+ef15)
Cis
0 0

h[9] h[12]
~1+e%1 0
C1
0 0
0 0 -
0 0
0 0
0 0
0 0
0 0
0 ~1+eC17
Ci7
h[9] h[12]
e (-1+ef1) 0
C1
0 0
0 0
_ (-1+ef1) (-1+es) 0
Cg
0 0
0 0
0 0
0 0
~1+eC17
0 Ci17
h[9] h[12]
e (-1l+e1) 0
C1
0 0
_ (-1+e%1) (-1+eCs) 0
Csg
0 0
0 0
0 0
0 0
0 ~1+eC17

h[14] h[16] h[18]
0 0 0
0 0 0
e %7 (-1+e%7) 0 0
C7
0 0 0
0 0 0
0 ~1+efu 0
Ci1
0 0 -1+e%13
C13
0 0 0
0 0 0
h[14) h[16] h[18]
0 0
0 0 0
_e ¢7 (-1+e%7) 0 0
C7
0 0 0
0 0 0
0 -1+efu 0
C11
0 0 -1+e1s
C13
0 0 0
0 0 0
h[14] h[16] h[18]
0 0 0
_e%7 (-1+e%7) 0 0
C7
0 0 0
0 0 0
0 ~l+efn 0
Ci1
0 0 -1+ef1s
Ci3
0 0 0
0 0 0




@ C17C10C15 (71+e51) (71“9010*515)

h(l] h(6] h[9]
e €170 (-1+e1) 0 e C10 (-1+eC1)
C1 C1
0 0 0
e (-1+e) 0 B (-1+ef1) (-1+e%)
Cg Cs
%10 (~1+ef1+4e%) (-1+efwo) 0 e% %10 (-1+e1) (-1+e1w0)
C1o0 C10
0 0 0
0 0 0
0 e s (-1+eC15) 0
Cis
0 0 0
hil] h[9] h[12]
e 171015 (~1+ef1) €87 C107C15 (~1+ef1) 0
Ci C1
0 0 0
e 1 (-1l+e) B (-1+ef1) (-1l+es) 0
Cg Cg
e €17%0 (-1+ef1+ef) (-1l+eft0) €10 (-1+ef1) (-1+e10) 0
C10 Cio0
0 0 0
0 0 0
e €105 (-1+ef1+efs) (-1+ef15) 8710715 (~1+e®1) (-1l+eC1s) 0
Cis Cis
0 0 ~l+efr7
C17
hil] h[9] h[12]
e %1015 (~1+ef1) e C10C15s (~1+e1) 0
C1 C1
e (-1l+e%s) _(-1+€f1) (~1+ef) 0
Cg Cs
B e €10 (-1+ef1+e%) (-1l+ef10) €810 (-1+ef1) (-1+e10) 0
Cio C10
0 0 0
0 0 0
e 105 (~1+efrte®) (-1+eC1s) €% C107C5 (~1+ef1) (-1l+ef15) 0
Cis Cis
0 0 —1+e17
Ci7
h[l) h[9]

e %1015 (~1+e1) (*@Cl —-e®107C15 4 eC1%C107C15 )

C1

e 1710 (-1+2 1) (-1+e10)

Ci0

0

0

@ %1105 (142 %) (-1+eC1s)

Cis

0

C1

€170 (-1+ef1) (-1+e10)

Ci0

0

0

e®17C107%s (~1+ef1) (-1+ef15)

Cis

0

0

0
h[14]

e (-1l+e®1)

C1

o O o o o o
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h[14] h[16] h[18]
0 0 0
e %7 (-1+e%7) 0 0
C7
0 0 0
0 0 0
0 -1l+efn 0
C11
0 0 ~1+e13
Ci3
0 0 0
0 0 0
h[16] h[18]
0 0
0 0
0 0
0 0
~1+ef1 0
C11
0 -1+e%13
C13
0 0
0 0
h[16] h[18]
0 0
0 0
0 0
~l+efun 0
Ci1
0 ~1+e13
Ci3
0 0
0 0
h[14] h[16] h[18]
e 1 (-1l+ef1) 0 0
C1
0 0 0
0 ~1+ef1 0
C11
0 0 -1+e%13
C13
0 0 0
0 0 0
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t[1]
t [10]
t [11]
t [13]
t [15]
t [17]
—e s (1 eft -2 ef1itns 4 @201t
t[1]
t[11]
t [13]
t [15]

t [17]

_eC1s (1 _ @1 _ 2 gl1+Cis | g2 Cl+015>

t [15]
t[17]
—e 015 (1 - et -2 elitis 4 @201t
t[1]
t [13]
t [15]
t [17]
—e O (1 - et -2ef1rls 4 g2 C1ilis)
t[1]
t [15]

t [17]

— @C1-C10-C15 (1 _ @1 _ 2 gCf10+Ci15 e01+C10+015)

@ C1-Cis <7@c1 + @2C1 4 2 @2C1+C15 _ g3 C1+C1s

hil]

@ C17C10°C1s5 (7l+e°1 ) (ez €1 _@C10%C15 4 @C1+C10%C15 _@2 C1+C10+C15 4 @2 C10+2 C15 )

h[12]

(1-e%1-2 e®10%C15 1 e%1%C10%C15) Cq

e C1'C1s (1—3 e°1+e2°1) (-1+ef10)

(1-e%1-2 10715 +e€17107C15) Cqq

0

0 0

e 1 (173 ec1+e2°1) (-1+e%1s)

0

(1-e%1-2 10715 +e€17107C15) g5
0 -1+ef17
C17
h[14]
e17¢1s (~1+ef1) (1

(17ec1 -2 %1715 4

0

h(1]

@ ®17%s (-1l+ef1) (-1+e%i5) <7@01+@01572 @01*015+e201*015)

h[12]
0

(1766172 ec1+c15+ezc1+c15) c1

0 0

0

e ‘1 (173 ecl+e2°l) (-1+ef1s)

0 0

e (-1+e%1)?

<l—e°1 -2 €175 +¢

0

0

(179C172 ©€1+C15 1 2 C1+C15) C1s
0 -1+e%17

C17
h[l] h[12]

e ®17%s (-1l+ef1) (-1+e%is) <7e01+e01572 ecl*°15+e201*°15)

h[14]
@ ®1°C15 (~1+e°1) (1

(17e°172 ©C17C15 4

0

0

(17e°1 -2 e°1*°15+ezc1+°15) c1
0

e (1-3 ec1+e2°1) (-1+eC1s)

0

e (-1+e%1)?

(1—ecl —2 e%1"C154¢

0

0

(1—@0172 1715 4 @2 cl+015> C1s
0 -1l+ef17
C17

hi1]

@ ®17C15%C17 (~1+ef1) (-1+e%15) (7ecl+eC1572 ecl’cl5+ezcl’cl5>

h[14]
@ ©1%%157C17 (~14+eC1) (1,

(1-e1-2 et1°Crs e2°

0

(]ﬁecl?z ec1+c15+€2c1+c15) c1
0

e (1-3e1+e?f1) (-L+efss) e €1 (~l+e®1)2 (-1

(1-et1-2 ef1'C1512

<l—e°1 -2 %1715 1 £2C17C15 ) Cis

€1 (1-2 e®1-e%15+3 e°1715-3 e?C17C15 43 017C15 ) (-1+e%17) €115 (-1+ef1) (1-3 ef1+ef

(1fec172 ecl+<:15+ez cl+c15) C17
h(1]

e 175 C17 (~1+ef1) (-Ll+ef1s) (7e°1+e°15—2 e°1'°15+92°1'°15>

(176::172 ©C1+C15 4 @2C1+
h[14]
e C17C15%C17 (~1+e%1) (17

<17e0172 ©C17C15 4 @2C

(1-e%1 -2 %1015 021713 ) ¢4
e 1 (1—3 ecl+e2°1) (-1+e%15) €1 (~1+e°1)2 (-1

(17601 2 ecl+l:15+e2(:1

(1-e®1-2 e®1*C15+e?°1°%15 ) C15
e (1-2e®1-e%15+3 e%1'015-3 ? 1'C154e3%1°C15 ) (-1+e17) e 1'% (~1+e%1) (1-3 e®1+e?

(1-e%1-2 eC17Crs re2 01

(1—e°1—2 ecl<c15+62014c15) c17
_ @C15+C17 | 4 gC1+C15+C17 _ 4 @2C1+C15+C17 , 3 cl+c15+cl7)

@ C17C15%C17 (-1 +e°
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e2¢ (_ecl + @201 4 2 @3C1 _ g4C1 _ gC1+C17 | 4 @2C1+C17 _ 4 @3 C1+C17 4 g4 cl+c17)

t 1 €20 (-1+e) (ef1-3 e?C1+e3C1retr7+e?
[1] (—l+e°1+2 e?¢1-e3¢1_glr
t 17 e (1-3e%1+3e
[ ] - (—1+ec1+2 e2¢1-e3%1-¢%
_eC1 <1 _@f1 -2 g2C1 , @3C1 _ gC17 3 gC1+C17 _ 3 g2C1+C17 , 3 cl+cu) h{1]
e 1 (—l+ec1) (66173 62c1+e3c1+ec17762c177ec14c17,
t[1] -

(1-e°1-2 e?C1+e3C1-ef17+3 e®17C17-

_ C _ (3
t[l7] (-2+€f1) (-1+2ef1) (

(1-€°1-2 e?C1+e®C1-e17+3 %1017 -

-e (1—2e°1+e2°1—2e3°1+e4°1> h[l] h[18]

-1 +2eft -

t[1]
21y 2 g3

t 1]

- €

4cq

-1l+e%
0
C1

h[l]
~1+e1

C1



