Dror Bar-Natan: Talks: Toronto-1811:
Computation without Representation

Thanks for inviting me to Toronto! [EI4[E]
wep:=http://drorbn.net/to18/ [m]®

Follows Rozansky [Rol, Ro2, Ro3] and
Overbay [Ov], joint with van der Veen.
More at [BV] and at wef/talks.

Abstract. A major part of “quantum topology” is the defini-
tion and computation of various knot invariants by carrying out
computations in quantum groups. Traditionally these computa-
tions are carried out “in a representation”, but this is very slow:
one has to use tensor powers of these representations, and the
dimensions of powers grow exponentially fast.

In my talk, I will describe a direct method for carrying out such
computations without having to choose a representation and ex-
plain why in many ways the results are better and faster. The two
key points we use are a technique for composing infinite-order
“perturbed Gaussian” differential operators, and the little-known
fact that every semi-simple Lie algebra can be approximated by
solvable Lie algebras, where computations are easier.

The (fake) moduli of Lie alge-

bras on V, a quadratic variety in

(V*)®2®V is on the right. We ca-

re about slt = sl5. /(e = 0).

Solvable Approximation. In g/,, half is enough! Indeed g/, ®
= DN, b, 0):
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Now define glf, :== D(N, b, €6). Schematically, thisis [N, ] = N\,

[N,N] = b\, and [N,\] =
all semi-simple Lie algebras, and at €
solvable Lie algebra.

D + e\. The same process works for
k1 = 0 always yields a

IKiW 43 Abstract (wef/kiw). Whether or not you like the formu-
las on this page, they describe the strongest truly computable knot
invariant we know. (experimental analysis @ wef3/kiw)

CU and QU. Starting from sl,, get CU, = (y,a,x,t)/([t,—] =
0, [a,y] -y, la,x] = x, [x,y] = 2ea — t). Quantize using
standard tools (I'm sorry) and get QU. = (y,a, x,t)/([t,—]

IKnotted Candies wef/ke
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,la.y] = =y, [a,x] = x, xy — &"yx = (1 - Te™")/n).

PBW Bases. The U’s we care about always have “Poincaré-
Birkhoff-Witt” bases; there is some finite set B = {y, x,...} of
‘generators” and isomorphisms O, ,  : S(B) — U defined by
ordering monomials” to some fixed y, x, ... order. The quantum
group portfolio now becomes a “symmetric algebra” portfolio, or
a “power series” portfolio.

Operations are Objects. f € Homg(S (B) — S(B))

* B ={z; =it z € B}, r
m n\ _ ‘
<Zi ’§i>_6mnn-y S(B*®S(B)
_C_ The Yang-Baxter Technlque Given an al- <l_[ A l_[ g > = l—[ Ominiis Ik
b,-\ ai gebra U (typically U(g) or U,(g)) and ele- jin general, for f € S(z;) and g € S(%)), S(B)®S(B)
ments F.8) = F@)g],_ = 80:)f] '
\ _ ’ "el=0 @ =0 S(B°UB
by g R= Za,- ®bicU®U and CeU, e Composition Law. If ( I )
2 ~
\ form Z = Z CaibjakC biajbkC. S(B) ; S(B,) L) S(B") f IS Q[é/i,zl{]
i,jk feQlgiz)l geQlg; .z
by ax Problem. Extract information from Z.
R
The Dogma. Use representation theory. In then (f/g) = (m) = ( 8o, f ) = ( f |Z,H 5 g)
c N\ ¢ principle finite, but slow. T g0 AR
A Knot Theory Portfolio. Tangloids and Operations » N o - ] :I:Z —
e Has operations L, m, AL S i sttching ~ cuap & — f 2 // [l_ g 4f I g
All tangloid ted b '
° o ang 01i1s are generated by ]f-; """" strand 1. The I-variable identity map I: S(z) — S(z) is Examples
R*" and C*" (so “easy” to pro- | doubling . = ‘ . = —
o A reversal S;|  given by I} = % and the n-variable one by I, = @15+ Fadi:
duce invariants). | Jk N\ | T T
e Makes some knot properties | I = - — + 1 _ +1 : -
(“genus”, “ribbon”) become | Stltf,?-}ng ,\ ..... Lo R
“definable”. : ' crossing R?/ Yeuapcs' 2. The archetypal multlphcatlon map m!: S(zi,z) — S(z)”

has 71 = e*@+5).

A “Quantum Group” Portfolio consists of a vector space U

. The “archetypal coproduct A;k: S(zi) — S(zj,z1)”, given by

along with maps 5 (and some axioms...) -
Lo e O K Zi—>zj+zorAz=z®1+1®z has A = e@H 4,
. _
Q= {0 peli : [elik Jk Q= {0 4. R-matrices tend tq haye terms of the form (BZy %2 e U, ®U,.
n The “baby R-matrix” is R = e™* € S(y, x).
v ml O iXi V1 X 13 : : : 2
T@O ]@M o T N {@0 5. The “Weyl form of the canonical commutation relations” sta-
jk . _ .
A A SN Rj A tes that if [y,x] = ¢I then e e® = ePef*e ™. So with
30) SBY T 8(ByB)—2—3® B>+ =
Jk Our Way. For certain algebras 2 -
i work in a homomorphic poly- SWy S(y, x) 5 U(y, x) we have Sny = @MHExTIKL
U—- Si dimensional “space of formulas”. Oy
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The Real Thing. In the algebra QU., over Q[[7] using the yaxt
order, T =™, T =T7", A =e? and A = A~!, we have
R,-j = gh0ixj—tia;)) (1 + eh (a,-aj - hzyfx3/4) + 0(62))

in S(B;, B;), and in S(B7, B

i = erteatmé (1=T) /I (é R+ &) x+(n+m Ay (1 +el+ 0(62)),

5> B) we have

where A = 2amé& T + 3¢ (372 = AT + 1) /4h — m&3(3T - DxAy /2
-6 BT — Dy A, [2+m: xyhA Ay .
Finally,
A = @@+t +nOi+Tiy)+a(a+ax)+&(x +x2) (1 + 0(e)) € S(B*, By, By),
and § = e e nEI-DARTINAEA (] 1 O(€)) € S(B”, B).

IReal Zipping is a minor mess, and is done in two phases:
| a-phase | £y-phase
T a & y
a |x 7
)Already at € = 0 we get the best known formulas for the Alexan-
der polynomial!

{-like variables
z-like variables

Generic Docility. A “docile perturbed Gaussian” in the variables
(zi)ies over the ring R is an expression of the form

ijo.m. ijrm.
ed’i p = 473z Z &pr |,
k>0
where all coeflicients are in R and where P is a “docile series”:

The Zipping Issue

(between unbound and

bound lies half-zipped).

Zipping. If P({/,z) is a polynomlal or w enever otherwi-

se convergent, set <P({ z, 827 z, .(E.g,if P =

@
Y aunl"2" then (P); = ¥ ayn 02"y = 3 n!a,m).

deg Py < 4k.

Our Docility. In the case of QU.,, all invariants and operations are

of the form e“*¢P, where

e L is a quadratic of the form }; [.;z{, where z runs over {#;, @;}ics
and { over {7;, a;}ics , with integer coefficients /.

e (Q is a quadratic of the form } g,z{, where z runs over
{xi,ni}ics and £ over {&;, y;}ics, with coeflicients g, in the ring

The Zipping / Contraction Theorem. If P has a finite {-degree
and the y’s and the ¢’s are “small” then

<P(Zi, {j)ecﬂliziﬂ’jij*f{;a(j) _ det(q) <P(Z,,{j)®c+n Zi

<)

zl—>qf-‘(Zk+yk)>(£,-)

where ¢ is the inverse matrix of 1 — g: ((5; - q?)c}i =

Ry of rational functions in {T;, A;}ics -
e Pisadocile power series in {y;, a;, x;, 1;, &i}ies With coeflicients
in RSe and Where deg(yi’ a;, Xi, M, gl) = (1’ 2, 1, 17 1)
Docililty Matters! The rank of the space of docile series to €* is
polynomial in the number of variables |S|.

At €2 = 0 we get the Rozansky-Overbay [Rol, Ro2, Ro3, Ov]

I[Exponential Reservoirs. The true Hilbert hotel is exp! Remove
one x from an “exponential reservoir” of x’s and you are left with
the same exponential reservoir:

XXXXX XXxXXX

O _ X\ _ X
20 —>[+ 120 +...]_(e)_e,
and if you let each element choose left or right, you get twice the

et =

invariant, which is stronger than HOMFLY-PT polynomial and
Khovanov homology taken together!

In general, get “higher diagonals in the Melvin-Morton-
Rozansky expansion of the coloured Jones polynomial” [MM,
BNG], but why spoil something good?

[BNG] D.Bar-Natan and S. Garoufalidis, On the Melvin- References.

same reservoir: B D

1 s
& XX+ Xy eI = Nt . e)p exp ¢

YeYeYe o

A Graphical Proof. Glue P nenen® o e e !
top to bottom on the right, : e)p 9914 ’
in all possible ways. Several ) c She g- s
scenarios occur: machine”

1. Start at A, go through the g-machine k > 0O times, stop at B.

Get (P (Xiz0 42.£)) = (P (G2, ).
Loop through the g-machine and swallow your own tail. Get
exp (2 ¢*/k) = exp(-log(1 - q)) = G 3....
By the reservoir splitting principle, these scenarios contribute
multiplicatively. |
Implementation. wefB/Zip
E /: Zips 115t@E[Q_, P_] (* E[Q,P] means e%P =)
Module[{%, z, zs, C, ys, ns, qt, zrule, Q1, Q2},

zs = Table[Z*, {&, ¢51}];

c=0Q /. Alternativesee (¢s|Jzs) - 0;

ys = Table[d: (Q /. Alternatives @e zs » 0) , {&, ¢5}];

ns = Table[d, (Q /. Alternatives @e {5 -» 0), {z, zs}];

qt = Inverse@Table[KS; ¢+ - 9,,:0, {&, &5}, {2z, zs}];

zrule = Thread[zs » qt. (zs +ys) ];

Ql=c+ns.zs /. zrule; Q2 =0Q1 /. Alternatives @e zs - 9;

Simplify /@ E[Q2, Det[qt] e ¥ Zip, [e® (P /. zrule)]] |;
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“God created the knots, all else in
topology is the work of mortals.”

Atlas

Leopold Kronecker (modified) www.katlas.org 7Tee Kot



http://front.math.ucdavis.edu/1708.04853
http://front.math.ucdavis.edu/math/9912078
http://front.math.ucdavis.edu/math.GT/0003187
http://www.math.toronto.edu/~drorbn/Talks/Toronto-1811/Ov
http://front.math.ucdavis.edu/math-ph/0305003
http://front.math.ucdavis.edu/math-ph/0305003
http://front.math.ucdavis.edu/hep-th/9401061
http://front.math.ucdavis.edu/q-alg/9604005
http://front.math.ucdavis.edu/math/0201139
http://www.math.toronto.edu/~drorbn/Talks/Toronto-1811/Za
http://www.math.toronto.edu/~drorbn/Talks/Toronto-1811/Zip
www.katlas.org

The Algebras H and H*. Let g=¢" and set H =

(a, x)/([a, x] = yx) with
A=eT xA=gqAx, Syp(a,A,x)=(-a,A"",-A""x),
Ap(a,A, x) = (a) +a, A1A2, x1 + A1x2)
and dual H* = (b,y)/([b,y] = —€y) with
B=e¢ ™ By=qyB, Sy(b,B,y)=(-b B, —yB),

AH*(b B y) = (b] + b2,3132 lez +y2)
Pairing by (a, x)* = (b,y) (= (B,A) = ¢) making (y/b, a/x*y =
ykb1®a/xk
0ij0k1j'klq! sOR = ) TR
The Algebra QU. Usmg the Drinfel’d double procedure,

QUy.c = H*P®H with (¢/)(¥g) = WS~ )3, [1)(2)(28)

and SO,b,a,x) = (-B"'y, b, —a,-A"'x),
A(y,b,a,x) = (y1 + y2B1,b1 + by, a1 + az, x1 + A1xp).

Note also that ¢ := ea — yb is central and can replace b, and set

QU = QU = QU

The 2D Lie Algebra. One may show™ that if [a, x] = yx then

et e = e¥e® "¢*, Ergo with

011
SWax @(a X)
(O)XII

we have SW,, = @®a+e7"éx,

* Indeed xa = (a — y)x thus xa" = (a — y)"x thus xe®® = ?“Vx = ¢ e%x
thus x"@* = e®(@™7?)"x" thus e¥*e® = e™e® "¢,

Faddeev’s Formula (In as much as we can tell, first appe-
ared without proof in Faddeev [Fa], rediscovered and proven
in Quesne [Qu] and again with easier proof, in Zagier [Za]).

’Ll(a X)

With [n] , with [n],! = [1]4[2],- - [n], and with (B =
ano Wq!’ we have
x (1 - " (1-gPx*
loge =
1 k(1 - g% 2(1 - g%

k>1

qx _ x
Proof. We have thatey = CB;’ % (“the g-derivative of e is itself”),

and hence @ =+ (1 - )x)e and

loge]" =log(1 + (1 - g)x) + log ey

Writing logeg = s a;x* and comparing powers of x, we get
1- k

g ap = —(1 = @)* [k + ax, or a = k((l—[{q)k)' O

A Full Implementation. wef/Full

Utilities

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[& ] := ExpandDenominator@ExpandNumerator@Together[

Expand[&] //. e~ &~ » e /. e
K6 /:KS; ,; :=If[i===7,1,80];
E/:E[L1_,Q1 ,P1_ ]=E[L2_ ,Q2 ,P2 ] :=

CF[L1 == L2] ACF[QI == 02] A CF[Normal[P1 - P2] == 0] ;
E/:E[L1_,Q1 ,P1 ]E[L2 ,Q2 ,P2 ] :=

E[LI+L2, Q1 +Q2, P1+P2];

X . eCF[x]];

E[L_,Q ,P lg :=E[L, Q, Series[Normaler, {e, 0, $R}]1;
Zip and Bind
{t*, b*, y*, a*, x*, z*} = {z, B, n, a, &, &};

{t*.! /3*: 77*1 a*: f*) §*} =
(u_; )* := (Uu*) 3

{t, b, y, a, x, z};

collect[sd_SeriesData, & ] :=
MapAt [collect[#, ] &, sd, 3];
collect[& , £ ] := Collect[s, &1
Zip [P_] := P Zipie s [P_] :=
(collect[P // Zipisy, &1 /- . & »8(er,a)f) /. &* > @
QZipss 1ist@E[L_, Q_, P_] :=
Module[{%, z, zs, c, ys, ns, qt, zrule, Q1, Q2},
zs = Table[Z*, {&, ¢51}1;
c=0Q /. Alternativesee (¢s|J)zs) - 0;
ys = Table[8: (Q /. Alternatives @@ zs » 0), {&, ¢51}1;
ns = Table[d, (Q /. Alternatives @e {5 -» 0), {z, zs}];
qt = InverseeTable[KS; -+ - 0,,:0, {&, &5}, {z, z5}];
zrule = Thread[zs -» qt. (zs +ys)];
Q2= (Q1l=c+ns.zs /. zrule) /. Alternatives @e zs - 0;
CF /@ E[L, Q2, Det[qt] e ® Zip, [e® (P /. zrule)]] |;
u2l = {Bg:' - @ PRYbi pP- , g PRYD, T‘i’:' - ePiti
TP-+ > P8t aepya};

12U = {ec_. b.,-.7+d_. b+d_.
c_.ty +d_. os

AP-+
o5 BEC/(h Y) ed, et-*

t+d .

p_. a;
R \ﬂi_ 5 eP? i,
> B~/ (BY) g

Tc/h d, e~ - Tc/h ed’

c/y d’ PR a+d_.

e

C_.aj +d_. > A > A/Y ed’

& o> eExpand@&},

e
e
LZipy 1ist@E[L_, Q_, P_] :=
Module[{%, z, zs, C, ys, ns, 1t, zrule, L1, L2, Q1, Q2},
zs = Table[Z*, {&, {5115
c=1L/.Alternativesee (s |Jzs) -» 0;
ys = Table[8: (L /. Alternatives @@ zs » 0), {&, {51}1;
ns = Table[d, (L /. Alternatives @e {5 -» 0), {z, zs}];
1t = InverseeTable[KS, ¢+ - 0;,-L, {E, &5}, {z, z5}];
zrule = Thread[zs -» 1t. (zs +ys)];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives @e zs - 0;
Q2= (Q1=0Q/.U21 /. zrule) /. Alternatives @e zs - 0;
CF /e E[L2, Q2, Det[1t] e * %
Zips [e*% (P /. U21 /. zrule)]] //. 120];
By [L_, R_] :=LR;

B{is__}[L_E, R_E] := Module[{n}, Times [

L/.Table[(v:b|B|t|T|a]|x]|y)i>Viei, {1, {is}}],

R/.Table[(v:iB|t|a|A|E]|N)i- Vi, {1, {i5}}]
1 // LZipjoineeTable[(Bneistneisaneits {is{is}}] //
QZipJoin@@Table[{§n@i,yn@i),{i,{is}}] ]3
Bis [L_, R_] :=Byis)[L, R];
E morphisms with domain and range.
Bis 1ist [Edz »r1 [L1_, @Q1_, P1_], Eqz 42 [L2_, Q2_,
E (d1complement [d2,is]) - (r2UComplement [r1,is]) @@
Bis[E[L1, Q1, P1], E[L2, Q2, P2]];
Eg1 »r2 [L1_,Q1_, P1_] // Egz 52 [L2 ,Q2_, P2 ] :=
Brindaz [Ed1-r1[L1, @1, P1], Eqz,r2[L2, Q2, P2]];
Eg1 5r1 [L1_,Q1_, P1_] =Eg2 »r2 [L2_, Q2_, P2_] ":=
(d1=d2) A (r1==r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eg1 5r2 [L1_, Q1_, P1_] Eg2 5r2 [L2_, Q2_, P2_] ":=
E (d1dz) (rlUrZ) ee (E[L1, Q1, P1]E[L2, Q2, P2]);

P2 1] :=

]Ed > [L E) P ]sk :=Ed—>r@@E[Lx o, P]$k§
E [&__] [1_] 1= {5}[1];
“Define” code

SetAttributes [De-Fine, HoldAll];
Define[def , defs := (Define[def]; Define[defs];);
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Define[op_;s =6_] :=
Module[{SD, ii, jj, kk, isp, nis, nisp, sis},
Block[{i, j, k},
ReleaseHold [Hold [
SD[Opnisp,$k_Integer-J Block[{i, j: Kk}, OPisp,sk = SH
OPhnis,sk]15
SD[0Pisps OP{is}, k)5 SD[0Psis__» OP(sis}] s
] /- {sD - setDelayed,
isp>»> {is} /. {i»1i_,j-»]j ,k->k_},
nis » {is} /. {i-» ii, j » jj, k » kk},
nisp - {is} /. {i»ii , j»3j_, k> kk_}

1 1]

The Fundamental Tensors

DEfine[ami,j-.k = E{i,j}-{k} [ (a1 + a3) Ak, (€7 & + £5) Xk, 1]gks

bm;, ok = E{1,5}-{k} [ (Bi + Bj) bks (i +13) Yks e(e_EBi'l) 3 YK]sk]

De-Fine[Ri,j =
skel (1-e7°2)" (ny; x5) "
]E:“_,{i,j}[haj bi, A XjYi, e"[é k(l—ek\’sh) ]]$k]

Define[Ri,j = E(y,(1,5)[-hajbi, -fX;Yi/Bi,
1+If[$k =0, 0, (R{i,j},k-1)s[3] -
(( (R{1,7},0) sk Ra,2 (Ry3,83,8k-1) sk) // (bmi,a,5am; z.5) //
(bmj, 3,3 amj,4—»j)) [3] ] ] 5
Pi,j = E{1,j}-0) [Bi aj/h, ni §/n,
1+ If[$k =0, 0, (P{i,j},$k—1)$k[3] -
(Ra,2 77 ((Pa,3)0) g (Pas2)isca) i) ) 131]]]
Define[aS; = Rj,j~Bi~Pjs,j,
aS; = E{i}.{i) [-ai ai, -Xi i &1
1+If[$k =0, 0, (aS(i},sk-1) s [3] -
((a_s{i},e)$k~Bi~asi~Bi~ (a_s{i},$k-1)$k) (31]]]
Define[bS; = Ri,1~By~aS1~B1~Pi 1,
bS; = Ri,1~By~aS;~B1~Ps 1,
al;i,j,k = (R1,5Ra,k) // bmy 2,3 // P34,
bAioj,k = (Ry,1Ru,2) // amy,z,3 // Pi3]

Define|[
dm; 5,k =
(]E{i,j}-»{i,j} [Bibi + ajaj, niyi+ &5 X5, 1]
(88i1,2 /7 @B2s2,3 // @S3) (bAj,_1,2 // A2, 2,3)) //
(P_1,3 P_3,1 amy, jk bm;, ».k) ,
dS; = E{i}(1,2) [Bi b1+ a1 32, n1 Y1+ i %z, 1] // (BS12S;) 7/
dmz,1.i,
da;j g,k = (bAiL3,1@A5,2,4) // (dm3 4.k dm1,z->j)]
Define|[C; = E()a{1} [e, e, Bi"? e”‘“i/z]$k,
61 = ]E(}-»{i} [0, 0, Bil/z eheai/2]$k’
Kink; = (Ry,3C) // dmy,.0 // dmy 3.i,
Kink; = (Ra1,3C2) // dmy5.0 /7 dmy3.]
Define|[
b2t; = E(i},(i) [a1@i -Biti/ ¥, EiXi+niyi, ePi ai/7]$k.~
t2b; = E(i), (1) [@i @i - Tiwbi, €% +niyi, @ Fi%]g]
Define[kRi,j = Ri,j // (b2t; b2tj) /. ti|j-t,
KRi,j = Ri,j // (b2ti b2ty) /. {tijj->t, Ty5-T},
kmi,j_,k = (t2b; t2bj) // dmi,j_,k //
b2ty /. {tk>t, T« > T, i > 0},
kC; =C; //b2t; /. Ty»>T, kC; =C; //b2t; /. Ti>T,
kKink; = Kink; // b2t; /. {ti»>t, Ti > T},
kKink; = Kink; // b2t; /. {ti »>t, Ti>T}]
The Trefoil
$k = 2; Z = KRy, s kRe,2 kR3,7 kCy kKinkg kKinkg kKinkse;
Do[Z = Z~Blj,.~km1,,._,1, {r, 2, 10}];
Simplify /@Z /. v_; v

]E“%{l} {0, 0, T + 1
1-T+T%  (1-T+T12)

T(-1+2T-3T2+27%) y-2 (1+T) xyyh)e+
_r
2 (1-T+71%)°

4a (1-T+T?) y (T(2-5T+8T?-7T°-2T*+27T°) -
(-1-2T+5T°-4T+T*+2T°) xyhn) +
(1-2T+4T2-2T2+6T° - 11T+ 4T') +
(

(

STh(2a(-14T-T 4T+

Th® (4a° (1-T+T?)% (1+T-6T2+ T2+ T4 +

2
¥ (T
4(-1+2T+T+T4 42T -T ) xyn+

6 (1-T+T2)2 (1+3T+T2) x*y21?)) €2+0[€}3]

diagram n;, Alexander’s w™ genus / ribbon diagram n;, Alexander’s w™ genus / ribbon diagram n;, Alexander’s w* genus / ribbon
Today’s p7 unknotting # / Today’s p} unknotting # / Today’s p} unknotting # /
00 1 0/v 3T -1 /% 4 3-1 /%
@ 0 0/ @ t 1/% @ 0 1/
57 F—1+1 27X 50 20-3 WES 60 5-21 /v
@ 263 + 31 2/% @ 5t—4 1/X @ t-4 1/X
65 —t*+3r-3 2/% 69 -3t+5 2/% 7 P - +r-1 3/%
@ P-4 + 4t —4 1/X @ 0 1/ @ 365 + 56 + 61 3/X
@ 75 3t-5 /% @ 77 25 -3t+3 2/X% @ 77 4t-1 1/%
141 - 16 1/X 08 + 82 — 161 + 12 2/X 32 — 24t 2/%
@ 78 27 —41+5 2/% @ 78 - +51-17 2/% @ 79 £ =51+9 2/%
9% — 161> + 291 — 28 2/% £ =8 +19r-20 1/X 8 — 3t 1/X
84 7-3¢ /% @ 8 £ +37-3t+3 3/X @ 8¢ 9—4t /%
@ 5t-16 1/X% 25— 8+ 108 — 1272+ 13t 12 2/X 0 2/
8 -2 +5t-5 2/% 8Y —F+3F —4r+5 3/% 8¢ —2r +61—7 2/X
@ 36 — 82 + 61— 4 2/X @ 215+ 8¢ — 138 + 207 — 221 +242/ X @ 57 =207 + 281 — 32 2/X
89 £ -3F +51-5 3/X 8¢ 2 —6t+9 2/vV 8 —r +3r-5t+7 3/vV
@ - + 4" =102 + 127 - 131+ 12 1/ X @ £ + 47 — 121 + 16 2/% @ 0 1/
@ 8, £ -3+61-7 3/X @ 84, 25 +7t-9 2/X @ 8., A -Tt+13 2/X
-+ 4 =118 + 161> =211 +20 2/ X 563 - 241% + 391 — 44 1/X 0 2/
@ 8¢, 27 —Tr+11 2/X @ 8, 27 +8r—11 2/X @ 8¢, 37 —8r+11 2/X%
-2+ 47 — 141+ 20 1/% 50 — 2812 + 57t — 68 1/% 217 — 641 + 120t — 140 2/X
8, ' —4r +8:-9 3/% 8, —r +4r -8r+11 3/% 8y —r +5r —10r+13 3/%
@ £ -6+ 177 — 287 +351-36  2/X @ 0 1/ @ 0 2/
8y, - +1 3/X 8y F—2t+3 2/V 8y, -1 +4r-5 2/X%
@ =31 — 41> - 3t 3/% @ 41— 4 1/% @ £ =8 + 161 - 20 1/%




