Dror Bar-Natan: Academic Pensieve: Talks: PolyPoly-1605: TurboGassner.nb 2016-06-07 07:01:58

The Turbo-Gassner Representation

Pensieve header: The turbo Gassner representation for the June 6 PolyPoly meeting. Based on pen-
sieve://2016-06/.

Ké6 /: Kéis :=KroneckerDelta[l, Length[Union[{is}]]];

The Burau Representation

Bi ,j [&]l:=&/.v5» (1-t) vi+tv;

Columne@ {R31 = {vi1, v2, v3} // B1,2 // B1,3 // B2,3,
R3r = {v1, v2, v3} // B2,3// B1,3// B1,2,
R31 -R3r // Expand}

{vy, (1-t)vi+tvy, (L-t)vi+t ((1-t)vpy+twvs)}
{vi, (1-t)vi+tvy, (1-t) ((L-t)vi+tvy)+t ((lL-t)vi+tvs)}
{0, 0, 0}

The Gassner Representation

Gi ,j [£]:=&/.vim (l—ti) vi+tiv;

Column@ {R31 = {vi1, v2, v3} // G1,2// G1,3// G2,3,
R3r = {vi, v2,Vv3} // G2,3// G1,3// G1,2,
R31 -R3r // Expand}

{(vi, (1-t1) vi+trvy, (L-t1) vi+tr ((1-ty) va+tyvs)}
{vi, (1-t1) vit+ttrvy, (1-t2) ((L-t1) vi+ttyvy) +ts ((1-t1) vi+tyvs)}
{0, 0, 0}

Columne {OCl = {v1, v2, v3} // G1,2 // G1,3,
OCr = {vi1, v2,v3} // G1,3// G1,2,

OCl -0OCr // Expand}

{(vi, (1-ty) va+tyivy, (1-t1) v+t vs}
{vi, (1-t1) vi+trvy, (1-t1) vi+tyvs}
{0, 0, 0}

Columne@ {UCl = {vi, v2, v3} // G1,3 // G2,3,
UCr = {vi, v2, v3} // G2,3// G1,3,

UCl -UCr // Expand}

{vi, vo, (1-t1) vi+ty ((1-tz) vo+tavs)}
{vi, vo, (1-tg) vo+ty ((1-t1) vi+tyvs)}
{O, O, Vlft1V1*t2V1+t1t2V17V2+t1V2+t2V2*t1t2V2}
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The Gassner-Plus Representation

GP; ,; [£] := Expand[s“/. {uj EE (1—ti) u; + t;i ujy,
f_.Vj:-)f(l—tj_) vi+ftivi+
(ti-1) (ti0e, £-tj0¢,f) ui+ Ftius }];

GPchecks = {f[t1, t2, t3] v1, £[t1, t2, 3] v2, £[t1, t2, t3] v3, u1, uz2, us};

R31 = GPchecks // GP1,2 // GP1,3 // GP2,3

{flt1, ta, t3] vy, £lt1, to, t3] tyug+ £ty ty, t3] vi-
flty, to, ts] trvi+ £ty £, t3] tave+tou £ 2O [y, £y, £3] -
tytpur £O0L0 [y, £y, t3] —tru £0 00 1y, £y, t3] +£fuy £30 0 [£y, £y, t3],
flty, t2, B3] trup + £y, T2, t3] tr Lo up + £[t1, T2, t3] vi - £[ty, T2, B3] Ep v+
flty, ta, B3] tyva - £[ty, tp, 3] Ly Lo v+ £y, T2, t3] L1 Lo v+
tzup £000 D [y, ty, t3] —trtzup £000D [ty £y, 3] + £y t3up £ [£y, £y, t3] -
tytptauy £000 D [ty, £y, t3] —trtpuy £010 [£y, ts, t3] +
tytiu, £ L0 [ty £y, t3] -ty ug £ 00 £y, £y, t3] +tfu £ 0O [£,, £, ts],

U, u17t1u1+t1u2, u17t1u1+t1u27t1t2u2+t1t2u3}

R3r

GPchecks // GP2,3 // GP1,3 // GP1,2; R31 -R3r
{0, 0, 0, 0, 0, O}

OCl

GPchecks // GP1,2 // GP1,3
{f[tu to, 3] vy, £[t1, ta, B3] trur + £[ty, to, t3] Vi -
flty, to, B3] tavi+ £y, to, 3]l trvo+tou £O L0 [y, €y, t3] -
tytouy £ L0 [t £y, t3] —tyu £ 00 £y, ty, t3] +£fu £ 00 [£, 5, t3],
flty, Loy t3] trur +£0t1, to, t3] vi - £[ty, Lo, t3] by va+ £y, £, 3] L1 v+
tyup £ [t £y, t3] -ty taug £O 0D [ty, £y, t3] —tyu £ 00 [y, ty, t3] +

t?uy £00%0 [£1, £y, t3], Uy, Uy - tyup+t1 Uz, U -ty ug +ty us)

OCr = GPchecks // GP1,3 // GP1,2; OCl -OCr
{0, 0, 0, 0, 0, O}

Question. Does GP factor through G? How?

The Turbo-Gassner Representation

TG: ,j [£.]1 := Expand[f /. {
£ . v > Plus[ka /.vi-> (1_ti) vit+tiv;,
(1-t:") (ti0e, £-t;0¢,£)
(uk /.uj > (1-ti) ui+tin) u; wy,
Kbék,: £ (uj-ui) ui Wj] ,
uj - (1—ti) u; + tiuj,

Wi - Wi+ (1 - ti_l) Wi, Wj- t;71 Wj}] ;
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TGchecks = {f[t1, t2, t3] v1, £[t1, t2, t3] v2, £[t1, t2, t3] v3, u1, uz, usz, wi, w2, ws};

Short[R31 = TGchecks // TGi,2 // TG1,3 // TG2,3, 10]

{£lt1, to, ts] vi-£[ty, to, t3l ufwo+ £y, ta, t3] up vy wy -

t3 u? W3 f(0,0,l)[tl t2 t3}
flty, to, tsl ufwy+£[ty, ty, t3] Uy usws - s — +
=

tzufws £00.0 D [ty, t,, t3]
ti t2
tru?ws £00/ 1.0 [y, t,, ts]
<< 9> + L ! d —ugupwy £ O ey, £y, ts] 4+
t

tougupwy £ L0 [ty £y, t3] —ufwy, 0O (£, £y, t3] +tyufw, £00 [ty, £y, t3] -
W3 }

—tyupupwy £000D [y, £y, t3] +

u% w3 £1:000 £, ty, t3] + 1t U% w3 £1:00) £y, ty, t3], <<T>>, .
1 L2

R3r = TGchecks // TG2,3 // TG1,3 // TG1,2; R31-R3r
{0, 0, 0,0,0,0,0,0,0}

Short[OCl = TGchecks // TGi,2 // TGi,3]

<«<1>>
{f[tl, o, t3] vi - <<1> + <<15> +t; ufws £ 00 £, t,y, t3], <T>, f}
«<1l>>

OCr = TGchecks // TG1,3 // TG1,2; OCl -OCr
{0, -f[ty, ty, t3] ugupwz+£[ty, ty, t3] tyugupwz+£[ty, tz, t3] uy ugws -
flt1, t2, B3] trurusws, —£[ty, €2, tz3] urupwe+ £ ty, ty, t3] trup Uz wo +

flty, t2, t3]l ugugwy - £ty, ty, ts] t; uy ugw,, 0, 0, 0, 0, 0, 0}

The Turbo-Burau Representation

n/:nli_12=0; n/:nli_1nl(ji_1=0;
TBi ,5 [£.] :=
Expand[¢ /. {
£ .vi »Plus[fvi/.vj> (1-t-n[i]) vi+ (£+n[i]) v,
(t-1) (Coefficient[f, n[i]] - Coefficient[f, n[j]])
(uk /.uj~> (1—t) ui+tuj) u; wj,
Kbk, i (f/. _r7—>0) (uj -u;i) u; w_-,-] ,
uj - (1—t) u; + tuj,
Wi = Wi+ (1—t'1) Wi, wjat'le}];
£f = £0+ £1n[1] + £2n[2] + £3n[3];

2 2
checks = {ffvl, ffvy, £ffv3, ui w1, uiwz, u, uz, uz, wi, w2, W3},‘
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Short[R31 = checks // TB1,2 // TB1,3 // TB2,3, 10]

{fovl—f0u§w2—flu%wz+tf1u§w2+f2u%wz—tfzu%wz+f0u1u2w2—fou§w3—flu%w3+
fzu%w3 f3u%w3
tflu%w3+2f2u{w3—f—tfzu%w3—f3u§w3+f—f2u1u2w3+tf2ulu2w3+

w
fiuiuwyws-tfsuiuywys+fouiuswys+ £ vin[l]l+£,vin[2] +f3vin[3], <9>, z}
t

R3r = checks // TB2,3 // TB1,3 // TB1,2; R31-R3r
{0, ¢, 0, 0, 0, 0, 0, 0, 0, O, O}

Short[OCl = checks // TBi,2 // TBi,3]

<«<1>> w3
{<<20>>+f2 vin[2] +f3vin[3], «<bd4> +t f3v,yn[3], <I>, ——, 7}

t t

OCr = checks // TB1,3 // TB1,2; OCl -OCr
{O, —foUlU2W3+tfoU1U2W3+fOu1U3W3—tfou1U3W3,

ff0U1U2W2+tfou1U2W2+f0U1U3W2ftfoUlU3W2, O, O, O, O, O, O, O, O}
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