Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution.nb

Pensieve header: Solving the equations for $\rho_d$ degree by degree.

Preliminaries

(Alt) In[ = |:=

SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Oaxaca-2210"];
Once[<< KnotTheory ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/la22/ap to compute rotation numbers.

The Old Program
(Alt) In[ = ]:=
Rils_, i, 3_1 :=5 (g5i (85,5 +8s,5* - 8ij) - 8ii (8,52 -1) -1/2);
p[K 1 :=p[K] = Module[{Cs, ¢, n, A, s, i, j, k, A, G, p1},
{Cs, ©} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n +1];

] j i q ; . -T°T°-1
Cases[cS, (s_5 i, J ) |ALCE, J)s {041, G+ 130 += [0 ] ];
A = T(-Total[e]-Total[Cs[ALL,1]])/2 pat [A];
G = Inverse[A];
a 2n
pl = Zk=1 R; @@ Cs[k] - Zk=1(p[[k]] (B -172);

Factore{s, A2pl /. a *»a+1/. g, , = Gla, /3]]}];

The g-Rules

(Alt) In[ = |:=
6i ,j = If[i===7, 1, 0];
gRuless_,i_,j_ = {gi/i_ = 51‘_5 + Ts gi*,p’ + (1 - Ts) gj*f,ﬂ, gjﬁ_ s 53‘/; + gj*,ﬁ:
gaf_,‘i. » T (ga,f - 6n,i+) 3 ga_j o gar,j+ - (1 - Ts) 8ai — 6a,j+}

(@ *)" :=a * ;(~ this is for cosmetic reasons only «x)

CF
(Alt) In[ = |:=

CF[&_] :=Module[{vs = Union[{e}, Cases[&, (g|p|X) , =]|]}, Total|
CoefficientRules [Expand@ &, vs] /. (ps_ - c_) = Factor[c] (Times @@vs”s)

1]
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g2px and px2g
(Alt) In[ ]=

g2px[& ] :=Module[{2}, Expand[& /. 8. 5 = APaXs] /. LT | /Rt

(Alt) In[ = |:=

{p*, x*, n*, £} = {m, &, p, X}; (u_i_)* o= (U*)i.;

(Alt) In[ = |:=
Zip,[&.] 1= 53
Zipo s [&6.1 = (Collect[& // Zippy, &] /- f_. &% o (D[f, (&, dyl)) /. ¢ >e

(Alt) In[ + ]:=
px2g[&_] := Module[{ps, xs, Q},
ps = Union[Cases[&, pa_, ] ];
xs = Union[Cases[&, Xq_, ©]];
Q = Sum[p@” X0" guepay,xer21s {PO> PS}, {X@, X5}];
Zip, s [& €] /7 Expand

Generic Perturbations
(Alt) In[« ]:=

Module[{i, j, k},
AllMonomials[{}, @] = {1};
AllMonomials[{}, d_Integer] /; d >0 := {};
AllMonomials[{v_, vs___}, d_Integer] :=

Join @@Table[vd'k AllMonomials[{vs}, k], {k, @, d}];
AllMonomials[vs_List, {d_}] := Joine@e Table[AllMonomials[vs, k], {k, @, d}];
Basis[js List, m_] := F1atten@0uter[Times,
AllMonomials [Table[p;, {j, js}], m], AllMonomials [Table[x;, {j, js}], m]];

Basis[js List, {m_}] := Flatten@Table[Basis[js, k], {k, @, m}];
GenericCombination[bas_, c_] := bas.Table[c;, {], Length@bas}];

GenericCombination[bas_, c_, | := bas.Table|[c,,j, {], Lengthebas}];

]
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(Al) I - J:=
Module[{k, x1, x2, p1, p2},
rq [1, 1., 3.1 :=
Expand@Together@Sum[z—:k GenericCombination[Basis[{i, j}, {k+1}], cacl, {k, d}];
rq [-1,1i_,3j_1 :=
Expand@Together‘@Sum[c—:k GenericCombination[Basis[{1, j}, {k+1}]1, cb,], {k, d}];
Yo [0, 7 1 :=0;
Ya [1, 7.1 :=
Expand@Together‘@Sum[ek GenericCombination[Basis[{j}, {k+1}], cc,], {k, d}];
Ya [-1, 7.1 :=
Expand@Together‘@Sum[ek GenericCombination[Basis[{j}, {k+1}], cdi], {k, d}];
{x1*, x2*, p1*, p2*} = {p1, p2, x1, x2};
rg [s_, ¢i_, ¢j_, i_, j_] :=Normal[Log[0[e]™" +2Zip ,, ., [Exp[O[e]?** +
(Waloi, 1] /. X; » X; + x1) +
(valeds 31 7+ %5 » X5 +x2) + (rals, i, 31 /. {p:i » pi - p1, pj = pj - p2})

1111

(Alt) In[ = |:=
rp[1, j, k] // CF
(Alt) Outl - J=
€ Cayg +€ pJ Xj Caip + € pJ Xk Cay,3 + € Pk Xj Ca1J4 + € Pk Xk Ca1)5 + € p§ X% Ca1,6 + € p§ Xj Xk Cay,7 +
2,2 2 2 2,2 2
S p] Xk Caljg + € p] pk Xj Ca1,9 + € p] pk Xj Xk Ca]_,le + E p] pk Xk Ca1,11 + € pk Xj Ca1,12 + € pk Xj Xk Ca1,13 +
€ pﬁ Xﬁ Cag 14 + 62 Caz 1 + 62 p] Xj Caz 2 + 62 pJ Xk Caz,3 + 62 Pk Xj Caz g + 62 Pk Xk ca2,5 +
2 .2 .,2 2 .2 2 .2 .,2 2 2 2
€ pJ Xj Caye + € pJ Xj Xk Caz,7 + € |DJ X Caz,8 + € P5 Pk Xj Caz,9 + € Py Pk Xj Xk Caz,10 +
2 2 2 .22 2.2 2.2 .,2 2 .33
€" Pj Pk Xk €Caz,11 + € Py Xj Caj,12 + € Py Xj X Caz,13 + €7 Py X Cap 14 + € p] Xj Caz 15 +
2 .32 2.3 2 2 .3.3 2 2 3 2 .2 2
€ pJ Xj Xk Caz,16 + € pJ Xj X €Caz,17 + € p] Xg Caz 18 + € p] Pk Xj Cap, 19 + € pJ Pk Xj Xk €Caz,20 +
2 .2 2 2 .2 3 2 2.3 2 2,2 2 2 2
S pJ Pk Xj Xk Caz,21 + € p] Pk Xk Caz)zz + € pJ pk Xj Caz,23 + € p] pk Xj Xk Caz’24 + € pJ pk Xj Xk Caz)zs +
2 2.3 2 .33 2 .32 2 .3 2 2 .33
€ pJ pk Xk Caz)zs + € pk Xj Caz)27 + € pk Xj Xk Ca2,23 + € pk Xj Xk Caz)zg + € pk Xk Ca2)39
(Alt) In[ = |:=
r,[-1, j, k] // CF
(Alt) Outl - ]=
€ Cby 1 + € Py X Chby,a+€PyXeCby s+ € P Xy Chbys+ € Py X Cby s + € pi X5 Cbyg + € p5 X5 Xy Cby, 7 +
2,2 2 2 2,2 2
€ p] Xk Cbljg + € p] Pk Xj Cb1)9 + € pJ Pk Xj Xk Cbl,le + € p] Pk Xk Cb1,11 + € Py Xj Cb1,12 + € Py Xj Xk Cb1,13 +
€ pﬁ Xﬁ Cb1,14 + 62 Cbz,l + €2 p] Xj Cbz)z + 62 pJ Xk Cb2)3 + €2 Pk Xj Cb2)4 + €2 Pk Xk CbZ,S +
2 .2

2 2 2 .2 ,2 2.2 2.2 .,2 2 3.3
€ pJ kak Cb2)11+6 kaj Cb2)12+€ kaj Xk Cb2,13+€ kak Cb2J14+€ p] Xj Cb2,15+

2 2 .2 2 .2 .,2 2 2 2
Xj by e + €7 pJ Xy Xk Cby,7 + €7 P Xj Cby,g + €7 pj Pk Xj Cba,o + €7 Pj Pk X4 Xk Cby, 10 +
2 3.2 2.3 2 2 3.3 2 2 3 2 .2 2
€ p3 Xj Xk €ba,16 + €7 Pj X3 X Cba,17 + €7 p3 X Cby, 18 + €7 P§ Pk X5 €ba,19 + €7 Pj Pk X Xk €b2,20 +

2.2 2 2.2 3 2 2.3 2 2.2 2 2 2
€" P5 Pk Xj Xi cby o1 + € P5 Pk Xk cby 5, + €7 p5 Py X5 cby 53 + €7 pj P X3 Xk Cby,24 + €7 5 Py Xj X Cba, 25 +

2 2,3 2 3.3 2.3 .2 2.3 2 2 .33
S p] kak Cb2,26+€ kaj Cb2’27+€ kaj Xk Cb2,28+€ kaj Xk Cb2)29+€ kak Cb2)3g
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(Alt) In[ = |:=
¥2[1, i] // CF
(Alt) Out[« |=
€CC,1 +EPiXiCCyp+EP:SXFCCy,3+€E°CCy1+E°P;XjCCyy+EPsXiCCys+E?P]X;CCos
(Alt) In[ = |:=
ra[-1, (Pj: ok, j: k1l // CF
(Alt) Out[« |=

Log[e?2 (93312l ] 4 e by 1 + € pyXgcby,a + € Py X Cba,3 + € Py Xj Cby,g + € P Xy Cby s + € p3 x5 cby g +
€ p5 X3 X by, 7 + € p3 Xp Cby,g + € P3 P X5 Cby,g + € P3 Pk X§ Xk Cby,10 + € P5 P Xj €by 11 + € Pj X5 Cby 1z +
€ Pg Xj Xk Cb1,13 + € Pg X Cby 14 + €2 Cby,1 + €% pj Xj Cby,y + €% Py Xk Cby,3 + €2 P X5 Cby, 4 +
€2 p Xk Cby,s + €2 p3 X5 cby, g + €% P X3 X Cby, 7 + €% p5 X by g + €% Py i X5 Cba,o + €2 Py Py X3 Xk by, 10 +
€2 Py P Xp Cba,11 + €% pj X5 by 12 + €% P} X3 X, by 13 + € Pp Xf €by, 14 + €2 p3 X] Cby 15 +
€2 p3 x§ X Cb,16 + €% P X3 Xi Cby 17 + € p3 X; Cby, 15 + €7 P} P X] Cba, 10 + €7 P Py X5 Xy Cby, 20 +
€2 p3 P X3 X by 21 + €2 P3 P Xi Cba, 20 + €2 Py Pi X3 Cb,23 + €7 P Py X5 Xy Cba 24 + €7 Py Pf X5 X Cby 25 +

2 2.3 2.3.3 2 .32 2.3 2 2 .33
€7 P5 Py Xi Cba, 26 + € Pk Xj cby o7 + € Pk Xj Xk Cby 28 + €7 P X5 X €by 20 + €7 P X €y 30

Non-Universally Solving at d=1

(Alt) In[ = |:=
d=1;
vars =
Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
(Alt) Out[« ]=
{ca,1, €a1,», Ca1,3, Cay,4, Ca1,5, Ca1,6, CA1,7, CA1,8, CA1,9, CA1,18, CA1,11,
Ca1,12, Ca1,13, Ca1,14, Cb1 1, by o, cby 3, by 4, by 5, cbys, Ccby 7, cby g, Cby g,
Cbl,le: Cb1,11, Cb1,12; Cb1,13: Cb1,14: CCy,1, CCy,2, CCyq,3, Cd1,1: Cdl,z: Cd1,3}
cC
(AIt) In[+ ]:=
lhs = Module[{x1, p1},
{x1*, p1*} = {p1, x1};
Normal[
d+1 . d+1 . .
Log[0[e]™ + Zip sy [Exp[0[€]*™ + (yal[1, i] /+ X4 » X3 +X1) + (¥a[-1, i] /. ps > ps-p1)]]]]
rhs = 0
(Alt) Out[ - |=
2,2 2,2
€ (ccl,l +Pi Xj €Cp,p + P3 X5 €Cq,3 + Cdy,1 + Pi X3 €d1,5 + Pi X} Cdl,g)
(Alt) Out[ = ]=

0
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(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[ - |=
{6) Pi, Xi}
(Alt) In[ = |:=
egnsCCbar = (# == @) & /@Union[Last /@ CoefficientRules [Expand[lhs - rhs], covars]]

(Alt) Out[« |=
{ccq,p +€dy,1 =0, cCy,p +Cdy,p =0, CCq,3+Cdy 3 =0}

(Alt) In[ = |:=
vars =
Cases[Variables[rq[1, i1, j1] +rg[-1, i2, j2] +¥4[1, k1] +¥4[-1, k2]], (ca|cb|cc|cd) |
{sol} = Solve[egnsCCbar, vars]
sol /. Rule - Set;
¥all, k]
Yal-1, k]
(Alt) Out[ = ]=
{ca,1, €a1,p, Ca1,3, Caz,4, Ca1,5, Ca1,6, CA1,7, CA1,8, CA1,9, CA1,10, CA1,11,
Cai,12, Ca1,13, Ca1,14, Cby,1, Cb1 2, Cby 3, Cby 4, Cby s, Cby 6, Cby,7, Cby g, Cby,o,
Cbl,le: Cb1,11, Cb1,12; Cb1,13: Cb1,14: CCy,1, CCq,2, CCyq,3, Cd1,1: Cd1,2: Cd1,3}
Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[« |=
{{cd1,1 » -ccy,1, €dy,5 » ~CCq,3, Cd1,3 > -CCq,3}}
(Alt) Out[« |=
€ CCy,1 + € P Xk CCy,p + € pﬁ xﬁ CC1,3
(Alt) Out[« |=
~€CCy,1 - € P Xk CC1,7 — € Pp Xg CC1,3
R3
(Al In[« J:=

Short[1lhs = CF[Module|[{es = {i, j, k, i*, 3%, k"}},
Times [
Normal@Series [Exp[rq[1, j, k] +rq[1, i, k'] +rq[1, i*, j*11, {e, O, d}1,
EXp [Sum[gq,p 7a €55 {a, €5}, {B, €s}]]
1 /7 Zip (5 8/0es) |y (x,&/ees) // EXxpand
] 77. gRules, ; . UgRules, ; . UgRules, ;. ;:]]
(AR) Out] - ]//Short=

1+ <<64>> +4¢ (cajg-2Tcayg+ T2 Cag. +Caog. - TCay 1 +Cag,1a) Bpo
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Alt) In[« ]:=
o Short[rhs = CF[Module|[{es = {i, j, k, i*, %, k"}},
Times [
Normal@Series [Exp[rq[1, i, j] +rq[1, i*, k] +rq[1, %, k*11, {e, O, d}1,
Exp[Sum[gy,5 7a €5, {a, €S}, {B, €s}]]
1 /7 Zip (5 8/0es) | (x,&/ees) // EXxpand
] 77. gRules, ; ;UgRules, ;. UgRules, ;. \]]
(Alt) Out[ = ]//Short=

1+ <<61>> +4¢€ (cajg-2Tcayg+ T  Cag. +Cacy. - TCar 1 +Cag1a) B

(Alt) In[ = |:=

me = Exponent[lhs - rhs, T, Min]
(Alt) Out[« ]=

-4

(Al In[ - J:=
covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb|cc|cd) ]

(Alt) Out[« ]=
{6: Birt,ivs Biv,jrs Biv,kts Bi,itvs 85,57 Btk Brrr,its Bk, s gk“,k”}
(Alt) In[ = |:=
Short |
eqnsR3 = (# == @) & /@Union[Last /@ CoefficientRules[Expand[T™ (lhs-rhs)], covars]]]

(Alt) Out[ = ]//Short=

{-TPcay,3+ T cay,; =0, «<31>>, 4T cag g+ «<10> +4T* cay 14 = 0}
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R2b

(Alt) In[ = |:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normal@Series[Exp[rq[1, i, j] +rq[-1, i", 3711, {e, @, d}1,
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
] /7. gRules, ; ;UgRules , ;. ;]

(Alt) Out[ - ]=

€ <T ca1)2+ch1,2+cb1)3—ch1)3) gi”,i’*
1+e (Ca1,1+cb1’1) +

+
T
2¢ <T2 Ca1,5 + T2 Cb1,6 +T Cb1,7 - Tz Cb1)7 + Cbl)g -2T Cbl)g + T2 Cb1,3> g§++ it
T? '
€ (T Ca1)3 + Cb1)3) gi”,j*' 2¢ (TZ Ca1,7 +T Cb1,7 +2 Cb1,8 -2T Cb]ﬂg) gi”,i*' gi“ gt
+ +
T T2
2¢e <T2 Caljg + Cb1’8> giw,jﬁ
+
T2
€ (T Cay,g — T Cb]_)z + TZ Cbl’z - Cb1’3 +2T Cb1,3 - TZ Cb1,3 + T2 Cb1)4 +T Cb1)5 - TZ Cb1)5> gj*‘,i” 1
+ —
T T?

2¢€ (Tz Cal’g -2 TZ Cb1,6 +2 T3 Cb1,6 -2T Cb1’7 +4 T2 Cb1)7 -2 T3 Cb1)7 -2 Cbl)g +6T Cb]_,g -6 TZ Cbl)g +

2 T3 Cb1)8 + T3 Cbl’g + T2 Cb]_,le - T3 Cb]_,l@ +T Cbl,ll -2 TZ Cbl,ll + T3 Cbl,ll) gi‘*,i“ gj*‘,i“ +

1
— € (TZ Cai; 10 — 2T Cb1,7 +2 T2 Cb1,7 -4 Cbl,g +8T Cbljg -4 TZ Cbl,S + TZ Cbl,le +2T Cbl,ll -2 Tz Cbl,ll)
TZ
1 2 2 3 4 2 3
i, B,i + 2¢ (T Cag, 12 + T Cb1,6 -2T Cbl,e +T Cb]_)s +T Cb1)7 -3T Cb1,7 +3T Cb1)7 -
T2

T4 Cb1)7 + Cb]_,g -4T7 Cb]_)g +6 TZ Cbl’g -4 T3 Cbl,g + T4 Cb1)8 - T3 Cb1’9 + T4 Cb]_,g - T2 Cb]_)]_g +

2 TS Cb1,10 - T4 Cb1,1a -T Cbl,ll +3 Tz Cb1)11 -3 T3 Cbl,ll + T4 Cb1,11 + T4 Cb1,12 + T3 Cb1,13 -

€ (T Ca]_,5*Cb1,3+TCb1,3+TCb1,5) gj”,j”
T4 Cb1,13 + T2 Cb1)14 -2 T3 Cb1)14 + T4 Cb1)14> g§++ o +
’ T
1

— € (Tz Cal)le -2T Cb1)7 +2 T2 Cb1,7 -4 Cbl,g +8T Cbl)g -4 Tz Cbl)g + TZ Cbl,le +2T Cb1,11 -2 T2 Cbl,ll)
T2

2¢ (TZ Cag,11 - 2 Cb1)8 +2T Cbl’g +T Cb1’11> Bi+, 5 8,5
gi*’,i” gj”,j” +

TZ
1

— 2¢€ <T2 Cap,13 + T Cb1’7 -2 TZ Cb1,7 + T3 Cb1)7 +2 Cb]_)g -6T Cb]_)g +6 T2 Cb]_,g -2 T3 Cb1)8 - TZ Cbl,le +
T2

T3 Cb1,19 -2T Cb1,11 +4 T2 Cb1)11 -2 T3 Cbl,ll + T3 Cb1,13 +2 T2 Cb1,14 -2 T3 Cb1’14) gj'*,i” gj*',j” +

2¢ <T2 Ca1,14 + ij_)g -2T Cbl)g + T2 Cbl,g -T Cbl,ll + T2 Cbl,ll + TZ Cb1,14) g?“,j

4

TZ
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(Alt) In[» ]:=
rhs =1

(Alt) Out[« |=
1

(Alt) In[ = |:=
me = Exponent [lhs - rhs, T, Min]

(Alt) Out] - ]=
-2

(Al Inf » |:=
covars = DeleteCases [Var-iables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[« ]=

{e, Bi, iy Bivr, s Br,ivs gj**,j**}

(Alt) In[ = |:=
eqnsR2b =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) Out[« |=
{Tz (ca,p+cby,g) =0, T (Tca;s+cby3) =0,

T(Tcag,,+Tcby,,+cby3-Tcby3) =0, T (Tcay,s-cby,3+Tcby,3+Tcbys) =0,

T (Tcaga-Tcby,o+T?cby,p—cby3+2Tcby3-T?cby 3+ T2 chy 4+ Tcbys-T cbys) =0,
2 (T?cay g+ Cby,g) =0, 2 (T>cay,;+Tcby,;+2chy,s-2Tchyg) =0,

2 (T?cag,e+T?cbyg+Tcby,; - T>cby,y+Cby,s-2Tchy g+ T2 Cbyg) = O,

2 (T?ca,1-2¢byg+2Tcby g+ Tchy ) =0,

T?cay,10-2TcCby,7+2T? by ;-4 Cby g+8Tcby g-4T?cbyg+T?Cby,19+2TCby,11-2T? by 1y == 0,
2 (T?cay,e-2T?cbyg+2Tcbyg-2Tchy 7 +4T cby;-2T?cby,7-2Cby g+ 6T cby g -
6 T2 cby,g + 2T Cby,g + T° Cby o+ T2 Cby 19 - T by 10 + TCby 1y — 2 T2 by 11 + T2 Cby,11) = O,
2 (T?cay 14+ Cby,g -2 T Cby,g + T2 Cby g~ TCby, 13 + T2 Cby 13 + T cby 14) = O,
2 (T?cay, 13+ Tcby,7-2T?cby,7 + TP cby,7 +2¢by g~ 6T Cby,g+ 6T by g~ 2T cby g - T2 Cby 0 +
T? cby,10 - 2T Cby 1y +4 T2 Cby 1y — 2T by g + T2 by, 13 + 2 T2 Cby s - 2 T2 Cby,a) = O,
2 (T cag,12+ T2 cby6-2T  cby,g+ T Cby g+ TCby,7 -3 T cby 7+ 3T  cby,7 - T* by, +
cby g -4Tcbyg+6T?cbyg-4T>cby g+ T cby,g-T>cby o+ T by,
T2 cby 16+ 2T cby,10 - T Cby,10 - TCby 01 + 3 T2 by 11 - 3T by 45 + T* by 41 +

T4 Cb1)12 + T3 Cb1)13 - T4 Cb1)13 + T2 Cb1)14 -2 T3 Cb1,14 + T4 Cb1,14> == 0}
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R2c
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normal@Series[Exp[rq[-1, i, j*] +rq[1, i*, j]1 +¥q[1, 3711, {e, @, d}1,
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
177 Zip ,8/ees)y(x,8/ee5) // Expand
] 77- gRules_, ; ;- UgRules, ;. ;]
(Alt) Out[ » |=

1+e€ (ca1}1 - Cag, 3 + T Cay,s + 2 Cay,g — 4T Cay,g + 2 T2 Cay,g + Cbl,l + CC]_,]_) +

€ (T Ca:[)z -2T ca1,7 +2 Tz ca1,7 +T Cbl,z + Cbl,g -T Cbl,g) gi’*,i“

+
T
2¢ (T 2 2 2 2
€ Cal,s +T Cb1,6 +T Cb1,7 -T Cb1)7 + Cb1)8 -2T7T Cbl)g +T Cb]_)g) gi” it
+
T2
€ (T Ca1,3 -4T7T Cal,g +4 T2 Cal)g + Cb1)3> gi++,j¢¢ +
2
2¢ <T Cay,7 + T Cb1,7 +2 Cbl,g -2T Cb1,8) gi++)i++ gi’*,j“
+
T
2 2 1
2¢€ (T Cay,g + Cbl,g) gi+ i T T € <— Cag,n + T Cay,p -Cayq+ 2 Cay,7 — 4T Cay,7 +
’ T
2 1
2T Cay,7 + Cay,10 — T Cay,10 — T Cb1,4 - Cb1’5 +T Cb1’5 - CCq,2 + T CCi,2 gj“,i” - —
T2

2¢€ (—2 T Cal)s +2 TZ Ca1,6 -T Ca1,9 - T2 Cbl)g -T Cbl,le + Tz Cbl,le - Cbl,ll +2T Cb1,11 - TZ Cbl,ll)

€ (-2Tcay,7+2T?cay,7-Tcagi0-TCbyig-2Cby 1y +2TChby,1a) i, 5 By, i

Biv i By it - +
T

1
— 2¢€ <C31)6 -2T Caj,e + T2 Caj,e + Cay,9 — T Caj,g + Cag 12 + TZ Cb1,12 +T Cb1)13 -
-I-2
T? cb cb 2T cb T2 cb cc 2T cc T? cc 2
1,13 + 1,14 — 1,14 + 1,14 + 1,3 — 1,3+t 1,3 gj**)i“ +
€ (Cal’3 -T Cal’3 + Ca1,5 -4 Cal)g +8T Cal’g -4 T2 Cal)g -2 Ca1,11 +2T Ca1,11 + Cbl,S + CC1)2> gj+,’j“ -

€ *2TC317+2T2C317*TC31 19*TCb110*2Cb1 11+2ch1 11) it i 85+, 5+
5 > > > 5 5 > J ]

T
2

2¢€ (*2 T Cal’g +2T Cal,g -T Ca1,11 - Cb1:11> gi”,j'* gj”,j“ +

1 2

- 2e¢ (Ca1,7 -2T Cay,7 + T Ca;,7 + Cay, 10 — T Cajg,1e + Ca1,13 +

T

T Cb1,13 +2 Cb1,14 -2T7T Cb1,14 + 2 CC1)3 -2T CC1,3> gj*',i” gj”,j“ +

2 2
2¢€ (Cal,g -2T Cag, g + T Cag,g + Cdg, 11 — T Caz, 11 + Ca1,14 + Cb1)14 + CC]_,_D,) gj'*,j”
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(AIY) In[ - =
rhs = CF[Module[{es = {(3*)"}},
Times [
Normal@Series [Exp[v¥q[1, ()% 11, {e, O, d}1,
Exp[Sum[gq,5 7a €5, {0, €S}, {B, €s}]]
1 /7 Zip (5 8/0es) | (x,&/ees) // EXxpand

I

1+€CCy,q+€CCy 8,5+ +2€CC3 gil

(Alt) Out[ = ]=

(Alt) In[ = |:=
me = Exponent[lhs - rhs, T, Min]
(Alt) Out[+ ]=

-2

(Alt) In[ = |:=

covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb | cc|cd) ]

(Alt) Out] - ]=

{e, Biv i Biv, s Bivr,ivs gjuyju}

(Alt) In[ = |:=
eqnsR2c =

2022-11-04 09:18:15

(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]

(Alt) Out[ = |=

{Tz (Cal,l - Ca1,3 +T Ca1,3 +2 Ca1,8 -4T7 Cal,g +2 T2 Ca1)3 + Cb1)1> == 0,

T (Tcay,,-2Tcay,;+2T?cay,7+Tchy,p +cby3-Tchby3) =0,

Tz (T Ca]_,3 -47T C31)8 +4T2 Cal’g + Cb1)3> == 0,

—T2 (—Ca1’3 +T Ca1’3 - Ca1,5 +4 Cal,g -8T Caljg + 4T2 Cal)g + 2 Ca1,11 -2T Ca1,11 - Cblj_r,) = 0,

2T (TZ Cay,7 + T Cb1’7 +2 Cbl)g -2T Cb]_)g) = @, 2 TZ (TZ Cay,g + Cbl,g) == 0,
2 (TZ Caj,e + T2 Cb1)6 +T Cb1)7 - TZ Cb1’7 + Cbl’g -2T Cbl’g + TZ Cbl,g) == 0,

-T (—2TC31,7 + 2T2 Ca1,7 —Tca1,19 _TCb1,10 -2 Cbl,ll + 2TCb1,11> == 0,

_2T? <_2 Tcag,g+2 T2 ca,g - TcCag, i - Cb1,11) -0,

-2 (*2 T Cal,s +2 T2 Caljﬁ -T Ca]_)9 - T2 Cbl’g -T Cbl,le + T2 Cbl,le - Cb]_)]_l +2T Cbl,ll — T2 Cb]_)]_l) == 0,

27% (cay,s-2Tcayg+ T carg+Cayig - TCay,1 + Cag,1q + Cby14) = 0,

-T (—callz +Tcai-Caga+2cay,;-4Tcay,;+2 T2 Cay,7 + Cay 19 — T Ca1,10 -
Tcby,a-Cbys+Tchbys-ccyp+TCCy) =0, 27T (ca;,7-2Tcay,;+ T?ca; 7+
Cai,ne—TCaye+Cag,3+TCby13+2¢by 14 -2Tcby1a+2cCCy3-2T cc1,3) =0,

2 (cage-2Tcage+ T2 cay,e+Cag,o - TCag,g+Cay 1o+ T2 Cby 1o+ TChy 13 - T2 Cby 13 +

Cb1,14 -2T Cb1,14 + T2 Cb1,14 + CC1)3 -2T CC1,3 + T2 CC1,3) == 0}
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R1l

(Alt) In[ = |:=
lhs = CF[Module|{es = {i, i"}},
Times [
Normal@Series [Exp[rq[1, i, i] +¥q[2, 1i"1], {e, O, d}],
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand

-1
177 {81, » T 65,5 +8iv 55 81,0 > 61,5+ 81+,5} ]
(Alt) Out[« |=
1 2 2
1+—¢€ (T Cal’l +T Cal’z +T Ca1,4 +T Ca1,5 +2 Ca1,6 +
T2
2 Cay, g9 + T Cajy,10 + 2 Caj, 12 + 2T Cag,13 + 2 T2 Cay 14 + TZ CCy,1 + T CCy,2 + 2 CC1,3) +

€ (T Cay,s + T Cay,s + 2 Cay,7 + 2 Cajy,10 + 2T Cag,11 + 2 Cag,13 + 4T ca1,14) gi‘*,i
+

T
2
2¢€ (Cal,g + Cal,ll + Cal)14) giH,i +

€ (T Cal)z +T Ca1)4 +4 Cal)s +4 Cal)g +T Cal)la +4 Cal)lz +2T Ca1,13 +T CC1,2 +4 CC1,3) gi”,i*
+

T

2
2 ¢ (Cag,7 + Cay, 19 + CA1,13) 8i++,i Bi-+,i+ + 2 € (CaA1,6 + CA1,9 + CA1, 12 + CCy,3) 8ir, i

(Alt) In[ = ]:=
rhs =1

(Alt) Out[ = |=
1

(Alt) In[ = |:=
me = Exponent [lhs - rhs, T, Min]

(Alt) Out[« |=
-2
(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out] - ]=

{€5 8i,is Birr,it}

(Alt) In[ = |:=
egqnsR1l =
(Factor[#] == @) & /@Union[Last /e CoefficientRules|[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) Out[« |=
{27% (cay,7 + caie + Cag,13) =@, 2T (Cay,g + Cag 11 + Cay, ) = O,
T(Tcaj,s3+Tca;,s+2cCa,7+2Cay,79+2TCay,11+2Ca,33+4Tcag,a) =0,
T?caj, +Tcag,,+Tcay,q+T?cags+2Cae+2Cag,g+
Tca1+2Ca,10+2TCay,13+2T cag 1+ T°CCy,1+TCCyp+2CCq,3 =0,
T(Tcaj,,+Tcaja+4cag+4cCaj,o+TcCajp+4dcag,;p+2TcCag;3+TCCy,,+4CC,3) =0,

2 Tz (Ca]_,g, +Caz,g + Ca1,12 + CC1)3) = 0}
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R1r
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, i"}},
Times [
Normal@Series[Exp[rq[1, i, i"] +¥q[-1, i*']1], {e, 0, d}]1,
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
177.{
Bip P O6isg+T8ir, s+ (1-T) i+, 55 8iv,p > Oi+,5+8i*, 5

gaf,i b4 T_l (gar,i+ - 6a,i+) k) gari,i+ Exd Tgar_,i++ - (1 - T) éjaf,i+ -T 6a,i” }

(Alt) Out[« |=
1l+e (Cal,l - Ca1’4 + Ca1)5 -T Cal)s +2 Ca1)12 -2 Cal)13 +2T Ca1,13 +2 Ca1J14 -

4Tcaga+2 T2 Cay,14 - CC1,1 - CC1,p+TCCy,p-2CCy3+4TcCCy,3-2 T2 cc1,3) +
€ (Ca]_,z +T Cal,3 + Ca1’4 +T Ca1’5 -2 Ca1:9 + Cal)le -2T Cal)le +2T Cal)ll -2 T2 Ca1’11 -
4cay;p+2cay3-4Tcay;3+4Tca-4T cagua-Tccy-4Tccy3+4T2ceys) 8oy +

2¢€ (C31,6 +T Cay,7 + TZ Cay,g + Ca1, 9 + T Cajy,10 + TZ Cay,11 + Cag 12 + T Cag,13 + TZ Cajg, 14 - TZ CC1’3> g%w,iu

(Alt) In[ = |:=
rhs =1

(Alt) Out[« ]=

1

(Alt) Inf - J:=
me = Exponent[lhs - rhs, T, Min]

(Alt) Out[ - |=
0

(Alt) In[ = |:=
covars = DeleteCases [Var‘iables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[« |=

{€, 8ir,i}

(Alt) In[ = |:=
eqnsR1r =
(Factor[#] == @) & /@Union[Last /e CoefficientRules|[Expand[T™™ (1lhs - rhs)], covars]]

(Alt) Out[ = ]=
{2 (caye+Tcay,;+T cayg+cae+TCay 1o+ T° Caygg +Cag,1p + TCay, a3 + T2 Cag,1q - T2 CCyy3) = O,
Cay,1 —Cay,a+Cag,s-TCaAy,5+2CA1,1p -2CaA1,13+2 T Cag 13 +2Cag,14 -
4T cag1a+2T?Cag,14-CC1,1-CCyp+TCCy-2CCy,3+4Tccy,3-2T ccq,3 =0,
Cay,,+Tcaj3+cCagga+TcCags-2cag,9+Cag,gg-2TCag,19+2TCag,11-2 T2 Cay, 1 -
4cayp+2cag,;3-4Tcay3+4Tcagu-4T cage-Tcey,-4Tcey3+4T%cey,3 = 0}
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+

Sw
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normale
Series[Exp[rq[1, i, j] +¥d[-1, i] +¥va[-1, 1 +¥al[1, i'] +¥a[1, 3'11, {e, O, d}1,
EXp [Sum([8q,5 7T Eps {a, €S}, {B, es}]]
1 /7 Zip 5 g/@es)(x,8/ees) // EXpand
] /7. gRules, ; ;

(Alt) Out[« |=
l+eca,s+€ (cag,y-cag,z+Tcasg,s) 8ir,i- +

2e (Ca1,6 -Cay,7+Tcag,;+ca;g-2Tcag s+ T? cal,g) gi)r +Tecay,s 8ir, 5 +

2Te (ca;,;-2cayg+2Tcayg) 8,1 8ir,5 +2T €casg gi,j. -

€ (-ca, +Tcay,+cay,3-2Tcay,s+Tcay,3-Cagg+Cays—TCars) g5 ,ir

T

1
—2e (-2caje+2Tcaye+2ca;;-4Tcay;+2T cay,;-2ca;g+6Tcayg-6T cagg+2T> cayg-
T

2

Caj,g+Cag,qp-TCag,q9-Caz,11+2TCag,11 - T Cag,17+2CCq,3-2T cc1,3) 8i,i' 8§ ,i' +
€ (2 Cay,7 — 2T Cay,7 - 4 Cay,g + 8T Cay,s — 4 TZ Ca;,g + Cay, 10 — 2 Cag, 11 + 2T calJll) gi+lj+ gj*,i* +
1 2 2 3
— 2¢€ (caLs -2Tcae+T Ccag,¢-Cag,y+3Tcay,;-3T cag,7z+T ca,z+cagg-4Tcagg+
TZ

2 3 4 2
6T Cay,g — 4T Cap,g + T Cay,g + Ca1,9 — T Cay,9 - Cay,10 + 2T Caji,ie — T Caj,1e + Ca1,11 —
3T Ca1,11 +3 T2 Cal)ll - T3 Ca1,11 + Ca1,12 - Ca1,13 +T Ca1)13 + Ca1,14 -2T Ca:|_114 +
2 2 2

T Ca1,14 -2 CC1,3 +4T CC1,3 -2T7T CC1’3> gj‘,i' + € (Ca1,3 -T ca1,3 + Ca1,5) gj+)j+ +
€ (2 Cay,7 — 2T Cay,7 - 4 Cay,g + 8T Cay,g — 4 TZ Cay,g + Cay,10 — 2 Cag,11 + 2T cal,ll) 8i+,i gj‘,j‘ -
2T e (—2 Cal’g +2T Ca]_}g - cal,n) gi‘,j‘ gj‘,j' +
1 2 2 3
—2€ (Calj7 -2T Ca1,7 +T Ca1’7 -2 Cal’g +6T Cal,g -6T Callg +2T Cal’g + Cal)la -T Cal)lg -2 CaLll +
T

4T Caz 11 — 2 T2 Caz, 11 + Ca1,13 - 2 Caz 14 + 2T Caz 14 + 2 CCq1,3 — 2T CC1’3> gj*,i’ gj+)j+ +

2¢€ (Cal,g -2T Cal,g + T2 Cal)g + Ca]_,]_l -T ca1,11 + Ca1’14> g?w)Jw
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(Alt) In[ = ]:=
rhs = CF[Module[{es = {i, j, i*, j"}},
Times [
Normal@Series [Exp[rq[1, i, j1]1, {€, O, d}],
EXp [Sum[gq,5 e €5, {a, €S}, {B, €s}]]
1 /7 Zip (5 g/ees)y(x,&/@es) // EXxpand
] 77. gRules, ; ;

(Alt) Out[ - |=
1+e Ca1,1 + € (Cal,z - Ca1,3 +T Ca1,3) gi*,i’ +

2¢ (Cal,s —-Cay,y +T Ca,,7 + Cay,g — 2T Ca,s +T2 Cal,g) g%*,i* +Te Cay,s gi‘,j' +

2Te (ca;,;-2cajg+2Tcayg) ir,i 8ir,j +2T €casg gi,y -

€ (—cal,z +Tcay,,+cay,3-2Tcag,s+T?cag,s—Cagg+Cays—T cal,s) 8,1

T
1

—2€ (—2 Cal’s +2T Caljs +2 Ca]_,7 -4T Ca1,7 +2 Tz Ca1)7 -2 Cal)g +6T Cal)g -6 T2 Cal,g +
T

3 2
2T7 cay,g-Cayo+Caz,e - T1Ca1,10-Ca1,11+2TCag11 - T C31,11> 8ir,i~ 857,i" +

€ (2 caj,;-2Tcay,;-4ca;,g+8Tcayg-4T Ca;g+Cay,1p-2Ca,1+2T cal,ll) 8i,5 By ,i +
1 2 2 3 2
— 2¢€ <Ca1)6—2Tca1’5+T Cal,s—ca1,7+3Tca1,7—3T Ca1,7+T Ca1’7+cal)3*4Tca1,g+6T Caljgf

TZ
4 T3 Cal)g + T4 Cal,g + Cal)g -T Cal)g - Cal)lg +2T Cal)lg - Tz CalJlg + Ca1,11 -3T Ca1,11 +3 T2 Ca1,11 -
T3 Caljll + Cal,lz - Cal)13 +T Ca1)13 + Ca1,14 -2T7T Ca1,14 + T2 Ca1,14> g%‘,i’ + € <Cal)3 -T Ca1)3 + Ca1)5)
gj‘,j‘ + € (2 Cay,7 - 2T Cay,7 - 4 Cay,g + 8T Cay,s — 4 T2 Ca;,g + Cay, 10 — 2 Cag,11 + 2T Ca:[)]_l) 8ir,i g]‘,] -
2T e (—2 Cal’g +2T Cal,g - cal,n) gi‘,j‘ gj‘,j’ +

1

—2€ (Ca1,7 -2T Ca1,7 + T2 Ca1,7 -2 Cal’g +6T Cal,g -6 TZ Caljg +2 T3 Cal’g + Cal)le -
T

2
T Ca1,19 -2 ca1,11 +4T Cal’ll -2T7T Ca1,11 + Cal’13 -2 Ca1)14 +2T Ca]_)14> gj*,i* gj+)j+ +

2¢€ (Cal,g -2T Cal,g + T2 C31)8 + Ca]_,]_l -T Ca1,11 + Ca1’14> g?w)Jw

(Alt) Inf - J:=

me = Exponent [lhs - rhs, T, Min]
(Alt) Out[ - |=

-2

(Alt) In[ = |:=

covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb|cc|cd) ]
(Alt) Out[« |=

{6) 8i,i's 85,1 83‘33‘*}

(Alt) In[ =
eqnsSwp = {}
(Alt) Out[« |=

{1
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Solution
(Alt) In[ « ]:=
vars = Cases [Variables[rd[l, i1, ji] +rgq[-1, i2, j2] +¥4[1, k]], (ca|cb | cc | cd) ]
{sol} = Solve[eqnsR3 |J eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
I"d[:l-.v i) j]
r‘d[']-.v i: J]
¥dal[1, k]
Yal[-1, k]
(Alt) Out[« ]=
{€as,1, Ca1,2, CA1,3, CA1,4, CA1,5, CA1,6, CA1,7, CA1,8, CAL 0,
Cay,10, Ca1,11, Cay,12, Cajz, 13, Cai, 14, Cb1,1: Cb1,2: Cb1,3: Cb1,4: Cb1,5: Cb1,61
cby,7, cby,g, Cb1,g, Cb1 16, Cb1 11, Cby 12, Cb1 13, Cby 14, CC1,1, CC1 2, CC1,3}
Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[« |=
Cag,2
{{Cal,l - - Ca1,3 - 0, Ca1)4 - —Cal,z, Ca1,5 4 @, Cal)s - 0, Ca1,7 - @, Cal)g - 0,
2
1 1
Cajo > —— (-1+T) cag, e, Ca1,11 > 0, Caz,10 > -— (1-T) Cag, 1p, CA1,13 > —CaA1,10,
2 2
Cay,»
Caj,14 = 0, Cbl,l - —, Cbl,z — —Caz, 2, Cbl,g - @, Cb1)4 — Ca1,2, Cbl’s - 0,
2
(*1 + T) Ca1, 10
Cb1)6 - 0, Cb1,7 - @, Cb]_)g - 6, Cbl,g - -, Cbl’lg — —Ca1,10, Cbl,ll - @,
2T
(1-T) cas,ie Ca >
cby,1p > - —————, ¢by,13 > €ay 18, Cby,14 > 0, €Cy 1 > » CC1,2 = Ca 19, CC1 3 > 9}}
2T
(Alt) Out[« |=
1 1 5 1 )
- — €Cag+€P; Xy €A, -~ €PjXiCAy,2+— €P; PjX;Ca1,0— — T EPi PjXjCaz,ie -
2 2 2
1 2.2 2.2 2
- € pJ X3 Cal)lg + E Te p] X3 Cal)]_@ + € Pi pJ Xi Xj Ca1,1@ - € p] Xi Xj Cal,le
(Alt) Out[« ]=
2
1 1 5 € Pi Pj Xj Ca1,10
—€Cay,p-€PiXjCa,+€ pj Xj Cay,2 - — €Pj pj XyCag,g0+ ——————— +
2 2T
2,2
1 ) 2 € Pj Xj Ca1,10 )
—E€PjXyCare - T ~€PiPjXiXjCa1,18 + € Py Xi Xy Cay,ie
2 2T
(Alt) Out[ - |=
1
— € Cay,2 + € Pk Xk Ca1,10
(Alt) Out[ - |=

1
—E € Cay,2 — € Px Xk Caq,10
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(Alt) In[+ I:=
lhs = CF[(ry[1, i, j] // px2g) //. gRules, ; j /. {€ » 1, ca;; » 1, Cay 10 > -1} ]
rhs = CF[Ry[1, i, j] //. gRules, ; 4]
Simplify[1lhs == rhs]
(Alt) Out[« ]=
1 (-1+T) 8i-,i" 85,1 (-1+T) g5 s
—5 +8iv,it — Bj,it — T - 8i,5* 854,10 f - 8i-,i 8,5 + 285 ,i 8,5
(Alt) Outf - J=
1 (-1+T) 8i',i 8,1 (-1+T) g5 s
*; +8iv,im — 857,i" — T - 8iv,j" 857,i" + f - 8i,i- 87,5 + 2 85",1i" 857,53
(Alt) Outf - J=
True

Non-Universally Solving at d=2

(Al In[« J:=
d=2;
vars =
Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
(Alt) Out[ = ]=
{€a1,2, Ca1,105 CA2,1, CA2,2, CA2 3, CA2 4, CA2 5, CAz,6, CA2,7, CA2 8, CA2,9, CA2 10,
Caz, 11, Caz,12, CAz,13, CA2,14, CA2,15, CA2,16, CA2,17, CA2,18, CA2,19, CA2,20, C3A2,21,
Caj, 22, Caz,23, Ca2,24, CaA2,25, CAp, 26, CA2,27, Cd2,28, CaA2,29, CA,30, Cbz,l.- Cbz,z.- Cb2,3.-
Cby,4, €by,s, Cby s, Cby 7, Cby g, Cby 9, Cby 10, CD2 115 CDa 12, €D 13, Cbyj1g, by as,
cby 16, Cby 17, Cby 18, Cby 19, €Dy 20, Cba 21, €Dy 22, Cby 23, Cby 24, Cby 25, Cby y6,

cby 27, €by 28, €by 29, Cby 39, CCy 1, CCy 0, CCy 3, CCpa, Cdy a1, Cdy o, Cdy 3, Cdy 4}

cC
(A1) Inf + ]:=
lhs = Module[{x1, p1},
{x1*, p1*} = {p1, x1};
Normal[
Log[0[e]™ + Zip s [Exp[0[e]™ + (¥a[1, ] /. X3 » X +X1) + (ya[-1, 1] /. ps > ps-p1)]]]]
rhs = 0
(Alt) Out[« |=
€2 <p1 Xi caila + CC2,1 + Pi Xi CCZ,Z + pi Xi CC2)3 + pi X? CC2,4 + Cdz,l + Pi Xi Cdz’z + pi Xi Cd2)3 + pi X? Cd2,4>

(Alt) Out[ = ]=
0

(Al) In[ - ]:=
covars = DeleteCases [Variables[lhs - rhs], T | (ca|cb|cc|cd) ]

(Alt) Out[ = ]=
{6, Pi, Xi}
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(Alt) In[ = |:=
eqnsCCbar = (# == @) & /@Union[Last /@ CoefficientRules [Expand[lhs - rhs], covars]]
(Alt) Out[« |=
{CCZ,l + Cdz)l == @, Cai}le + CCZ,Z + Cdz)z == @, CC2)3 + Cd2)3 = 0, CC2,4 + Cd2)4 == 0}
(Al) In+ ]:=
vars =
Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
{sol} = Solve[eqnsCCbar, vars]
sol /. Rule - Set;
Yall, K]
Yal-1, k]
(Alt) Out[« |=
{ca1,2, Ca1,105 CA2,1, CA2,2, CA2 3, CA2 4, CAz 5, CAz,6, CA2,7, CAz,8, CA2,0, CA2 10,
Cajz,11, Caz,12, Caz,13, Caz,14, CAz,15, Caz,16, Ca2,17, C3A2,18, CA2,19, Ca2,20, Cd2,21,
Caz,22, Caz,23, €Az 24, Cay 25, Cdp 26, Ca2,27, CaA2,28, CA2,29, CA2 30, Cbz,l: Cbz,z: Cb2,3:
cby 4, Cby 5, Cby 6, Cby 7, Cby g, Cby 9, Cby 10, Cby 11, Cby 12, Cby 13, Cby 14, Cby) 15,
Cb2,16: Cb2,17, Cb2,18) Cb2,19: Cbz,za: Cb2,21: Cbz,zz: Cb2,23: Cb2,24: Cbz,zs, Cbz,zs:
cby, 27, €by 28, €by 29, Cby 39, CCp 1, CCp2, CCp 3, CCp 4, Cdy 1, Cdy 2, Cdy 3, Cdy 4}
Solve: Equations may not give solutions for all "solve" variables.
Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[ = ]=
2
{{Cdz,l 4 —CC2J1, Cdz)z i —Cal’la - CC2,2, Cd2,3 g —CC2,3, Cd2,4 - —CC2)4}}
(Alt) Out[« ]=
1
2 2 2.2 .2 2 .33
— € Cal,z + € Pk Xk Cal,le + € ch,l + €7 Pk Xk Cc2,2 + € pk Xk CC2)3 + € pk Xk CC2)4
(Alt) Out[« ]=
1
2 2 2 2 2. 2.2 2.3 .3
—E € Ca,2 — € Pk Xk Ca1,10 — € Pk Xk ca1,10 —€7CCy1 —€ Pk Xk CC2 — € Py X €CCy 3 — €7 Py X CCo 4
(Al) In+ ]:=

Short[1lhs = CF[Module|{es = {i, j, k, i*, J*, k"}},
Times [
Normal@Series[Exp[rq[1, j, k] +rq[1, i, k'] +rq[1, i*, j*11, {e, 0, d}1,
EXp [SUM[8q,p 7o €5, {a, €S}, {B, €5}]]
1 /7 Zip 5 g/es)|(x,8/ees) // EXpand
] 77/. gRules, ; , UgRules, ; - UgRules, ;. ;-], 5]

(Alt) Out[ = ]//Short=

3 3 ) )
1-—€ecay,+— €’ (3caj,+8cay) + <<560> +
2

2ca? 2 2 2 2 2 2
24 €7 cay 1 Bk,i 8kt,j Bk, k- + 12 €7 €AY 19 8+, 5+ B,k — 12 €
(*Caz)lg +3T Caz)lg -3 Tz Caz’lg + T3 Cazllg - C32)22 +2T Ca2122 - T2 Ca2)22 — Ca2,26 + T Caz,zs _ Caz)30>

3
8+ Sk
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Alt) In[« ]:=
o Short[rhs = CF[Module|[{es = {i, j, k, i*, %, k"}},
Times [
Normal@Series [Exp[rq[1, i, j] +rq[1, i*, k] +rq[1, %, k*11, {e, O, d}1,
Exp[Sum[gy,5 7a €5, {a, €S}, {B, €s}]]
1 /7 Zip (5 8/0es) | (x,&/ees) // EXxpand
| 77. gRules, ; j;UgRules, ;. UgRules, j ], 5]

(Alt) Out[ = ]//Short=

3 3 5 5
1-—ecag,+— €’ (3caj,+8cCa) + <<557> +

2 .2 2 2 .2 2 2 2
24 €7 cay 1 Bk, i Bk'r,j B,k + 12 €7 €AY 14 8 50 B, ier — 12 €

(—C32)18 +3T Cay 18 - 3 TZ Caz 18 + T3 Cap 13 —Caz,22 + 2T Caz 22 - TZ Cay 22 —Caz, 26 + T Caz 26 — C32)39>

3
Bk
(Alt) In[ = |:=
me = Exponent[lhs - rhs, T, Min]
(Alt) Out[« |=
-6
(Alt) In[ ]:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc|cd) ]
(Alt) Out[« ]=
{6, gi”,i”! gi‘*,j“) gi”,k“) gj“,i“) gj”,j”-‘ ng+)k++, gk”,i“) gk“,j“) gk”,k”}
(Alt) In[ = |:=

Short |
eqnsR3 = (# = @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (lhs-rhs)], covars]]]

(Alt) Out[ = ]//Short=
T T® =0, Tt T’ -9
{* Caz,z3+ 1" Caz3 =20, Caz 3 - Cay <15 «<1> =9,

<1255, <<1>> =08, <<68>> + 36 T° cay 30 == 0

R2b@d =2
(4 nf - =
Short[1lhs = CF[Module|[{es = {i, j, i*, 3*}},
Times [
Normal@Series [Exp[rq[1, i, j] +rq[-1, i*, j*11, {e, O, d}1,
EXp[Sum[gq,p 7o €5, {a, €S}, {B, €s}]]
1 /7 Zip (5 8/0es) |y (x,&/ees) // EXxpand
| 77. gRules, ; jUgRules 4 ;. ;- ]]
(Alt) Out[ = ]//Short=

2 2 3
<«<1>> <«<1>> 6 <<3>> 8 1 6¢c ( <<1>> ) g<<1>>, <<1>>
+ <<37>> + - +

T «<1> T3 T3

1+e® (cayy+chyg) +
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(Alt) In[ = |:=

rhs =1
(Alt) Out[« |=

1
(Alt) In[ = |:=

me = Exponent [lhs - rhs, T, Min]
(Alt) Out[« ]=

-3
(Al Inf » |:=

covars = DeleteCases [Var-iables[lhs -rhs], T | (ca|cb|cc|cd) ]
(Alt) Out[« ]=

{e, 8i,is Bi,js B ,ivs gj**,j**}
(Alt) In[« ]:=

Short [egqnsR2b
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs-rhs)], covars]]]

(Alt) Out[ = ]//Short=
{T? (cap,1 + cby,1) =0, T? (Tcay,s +Chy3) =0,

<«<30>>, 3 <T3 <«<1>> + «<63>> + <<1>>) =0, 3 («<l>) = 0}

(Alt) In[ - ]:=
vars = Cases [Var‘iables[rd[l, i1, j1] +rgq[-1, i2, §2] +¥q[1, k]11, (ca|cb | cc | cd)__]
{sol} = Solve[eqnsR3 | eqnsR2b |J eqnsR2c |J eqnsR11l | J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rql1, i) j]
Yall, k]
(Alt) Out[« ]=

{€a1,2, Ca1,105 CA2,1, CA2,2, CA2 3, CAz 4, CAz 5, CAz 6, CAz,7, CAz,8, CA2,9, CA2,10, C32,11, CA2,12;
Cay 13, Caz 14, Caz 15, Caz, 16, Cd2,17, Ca2,18, CA2,19, CA2,20, CA3,21, CAy 22, Cd3,23, Cap 24, CaA2 25,
Caz,26, CA2,27, CA2,28, CA2,29, CA2,305 CD2,1, Cby 2, Cby 3, Cby 4, Cby 5, Cby 6, Cby, 7, Cby g,

Cbz,g: Cbz,le, CbZ,ll) Cb2,12) Cbz,13: Cb2,14: Cb2,15) Cb2,16: Cb2,17: Cb2,18: Cb2,19, Cbz,ze, Cb2,21:

cby 22, €by 23, €by 24, Cby 25, Cby 26, Cba 27, Cby 28, €Dy 29, Cby 39, CCp 1, €Cp 2, €Cp 3, CC 4}

Solve: Equations may not give solutions for all "solve" variables.
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(Alt) Out[ - |=

{{CaZ,Z - —Cai,z - Cbz,z, Caz,z — 0,

Caz)4 - Caiz + Cb2,2 +T Cb2,5, Ca2,5 - *Cbz)s, Caz)s - 0, Ca2,7 - @, Caz)g - 0,

1
Caz)g - — (—Ca1)2 Cal,le +3T Ca1,2 Cal)le + Cai 10 ~ T Ca% 10 ~ 2T Cbz]g -2 CbZ,le +2T Cb2,10 5
2 > >

2
Caz,10 > —2Cay,» CA1,10 + CA7, 10 — cby, 10, Caz,11 ~ 0,

1
Caz, 12 > — (Cal,z Cajy,10 — 3T Cay,» Caz,1e + TZ Cay,» Cag, e —
2

caile +T caile +2T Cbz,g -2 T2 Cbz)g +2 Cbz}lg -3T Cbz)lg + Tz Cb2)1g> >
1 2
Caz, 13 > — (4 Cay,» Caz, e — T Cay,» Cajg,1e — 2 Caj 19 + 2T Cbz’g +3 Cbz)le -T Cbz)]_g) >
2 s
Caz 14 = 0, Caz 15 = 9, Caz 16 = 0, Caz 17 = @, Caz 18 0,
1 1

2 2 2
Caz 19 = g (callle +2T Ca1,1@ -6 Caz’29> » Caz 20 = *E calJla, Caz 21 — 0, Caz 2 — 0,

1 1 1
2 2 2 2
cay, 3 - e (-1+T) (2cal 1o+ TCa] 16 +6Caz20), Caz,2 - E (2+T) caj i, Caz, s = > €ai, 105

Caz)zs - 0, Caz,27 - — (—3 +2T+ T2> Cai 109 Caz)zg - —Cai 10 + Caz,zg -T Ca2,29,
6 > 5

-Tcby,, -cbys

Caz)39 e 0, Cbz’l - *Caz,l, Cb2,3 - 0, Cb2)4 B — Cbz,s - 0, Cb2)7 e 0,
T
-T Ca1,2 Cal)le +2T Cbz)g -2 T2 Cbz,g + Cbz’le -T Cb2,10
Cbz)gﬁe, Cbz,llﬁe, Cb2,124) 5
272

T Cal,z Ca1J10 -2T7 Cbz)g - Cbz,lg -T Cbz,le

cby 13 = » €by 14 > @, cby 15 > 0, cby 16 - 0,
2T
-ca?,,-2Tca?,,+6¢ca
1,10 1,10 2,29 )
Cb2)17 - 0, Cbz)lg - 0, Cb2,19 - 3 Cbz)zg - - — Cal,le,
6T 2
(-1+T) (4ca?,,+5Tca? ,,-6ca
1,10 1,10 2,29
cby 21 > 0, cby 25 > 0, cby y3 > s
6 T2

(1+2T) cai 4 1, (-1-2T+37%) cai 4

Cby,a > ——————, Cby,25 » —— €a7 195 CD2,26 > 0, Cby 27 > - s
27 2 612
—ca ,-T?ca? ,,+2Ca-2Tca ca? ,,+Tca2,,-2ca
1,10 1,10 2,29 2,29 1,10 1,10 2,29
cby 28 > > €by 9 = > €by 3 > 0}}
2T 2T
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(Alt) Out[ - |=

1 1
2 2 2 2 2
*; €C31)2+€pi Xi Cal,z—epj Xi Caljz—e Pi Xji C31)2+€ pJ Xi Ca1)2+£ € pPi p] Xi Caljlef

1 T 2 1 2,2 T 2,2
E € Pi Pj Xj Caz,1e — 5 € Py XjCag,ie + ; € Py Xj Caz,10 + € Pi Pj Xi Xy Ca1,10 -

2 1 2 2 3 2 2 1 2,22
€ Py Xi X5 Ca1,10 - E €7 Pi pj Xj Cag,z Cai,1e + 5 Te” pipjXjcCag,Ca e+ ; € Pj Xj €a1,2 Cay,10 —

1
2 .22 2 2,22 2
E Te p] Xi Cal)z Cal,la + E T e p] Xi Caljz Cal)le -2¢€ pPi p] Xi Xj Ca1,2 Cal’le +

1 1 1
2,2 2.2 2 2 2 2 2 2
2 €”pj Xi Xj Cay,2 Cay, 1o - E T e pjXi XjCay,2 Cay, 1o+ 5 €" Pi Pj Xj Ca7 19 - E Te® pipjXjcag p-

1 1 1 1
2 .22 2 2 .2 .,2 2 2 .2 3 2 2 .2 3 2
Ee P Xi ca1)18+£Te Pj Xi Cal,10+g €° pi Pj X3 ca1)18+gTe Pi Pj Xi €Ca1,10 +

1

1 1
2 2.3 2 2 2.3 2 2 2 2.3 2 2..3.3
;e pipjxical,le—gTe pipjxical,le—gT € pipjxical,m—ze

2
P Xj €aj 10 +

1

1
2 .33 2 2 2 .33 2 2 2 2 .2
- Te"pixg cal,le+gT €° Pj Xj €A1, 19 + € Pi Pj Xi Xj CAT, 19 ~ € Pj

2
5 Xi X5 callm -

1
2 .2 2 2 2 2,2 2 2 2,2 2 2.3 .2 2
; €7 Pi Pj Xj X5 cal)la + €" pi p] Xi X5 cal,la + ; Tep; pj Xi X5 cal)la - € pJ Xi X5 cal)le -
1
2 2 2 2 2 2 .2 3 2 2,3 2 2.3
E € pi p] Xi Xj cal,le + € C32)1 - € pi pj Xi Caz,zg + € Pi pJ Xi C32)29 -Te pPi p] Xi Caz,zg +

2 .3

2 2 .32 2.3 2
€ pJ Xin Caz,zg—TG p] Xin Ca2,29+€ p] Xi X5

2 2
3 Caz)zg - €7 Pi Xy Cbz)z + € pJ Xi Cbz,z +
2 2 2 2 2.2 .2 2 2.2 .,2
Te“pjXicbys-€°pjXy¢cby s -Tepipjxichyo+Te P Xi cby,o-T € Pj X3 cby,o +

3
2.2 2 2 2 2 2.2.2 2,22
T e” pjXi Xy Cba,g - €7 pi pj Xj Cba 10 + T €7 s Py Xi by, 10 + €7 P§ X Cbz,le*ETE Pj Xi €by,1e +

3 1
2 2 .2.,2 2 2 .2 2 .2
E T e pj X3 Cbz,le - € Pi pj X3 Xj Cbz’le + ; € pj Xi Xj Cbz)lg - E Te pj Xi Xj Cbz,lg

(Alt) Out[» ]=
1
2 2 2.2 .,2 2 .33
*ecaljzﬁ-ekak Cal,19+€ CC211+€ Pk Xk CC2,2+€ kak CC2)3+€ kak CC2)4
2
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R2c@d =2
(Alt) In[ ]=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normal@Series[Exp[rq[-1, 0, 1, i, j°] +rq[1, i*, j11, {e, 0, d}1,
Exp[sum[ga,ﬁ 7e Eps {, €5}, {B, €s}]]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
] /7. gRules_, ; ;- UgRules, ;. ;]
(Alt) Out[« |=
1 1 ) )
1+—€ecay,+— €’ (caj,+8cCCy1) -
2 8
(—1 + T) 62 (Cal,z Cal)lg + Cb2,10 + CC2,2> gj*',i” 2 (71 + T) 2 62 Cc2,3 gﬁ**,i**
i _
T T
6(—1+T)3€2cc2)4g§” i 1
3 + € Cal,le gj++’j+, + E 62 (Cal,z Ca1,10 +2 CC2,2) gj++’j++ =
T
4 (-1+T) €*ccy3 85,1 By, 18 (-1+T)?€’ccragle ;o By, 5
+ +
T T?
18 (-1+T) €®cCa8y 1 85 1o
2 2 2 ’ ’ .3 2 3
€? (cal o +2CCy3) g5 5o - - +6€?ccy a8l 5
(Alt) In[+ ]:=
rhs = CF[Module[{es = {(3*)"}},
Times [
NormaleSeries [Exp[¥q[1, (3")*1], {€, @, d}],
Exp[sum[gu,ﬁ 7 Eps {a, €5}, {B, es}]]
] // Zip(p,,&/@es)U(x,,&/@es) // Expand
(Alt) Out[« ]=
1 1 ) )
1+—¢€ CaLz + — € (cal’z +8 CC2)1> + € Cal)]_@ gj++,jf+ +
8
1 2 2 2 2 2 3
E € (Cal)z Cal’le + 2 CC2)2> gj“,j” + € (Cal,le + 2 CC2’3> gj“,j“ +6¢ CC2)4 gj’+,j”
(Alt) In[ - ]:=
me = Exponent [1lhs - rhs, T, Min]
(Alt) Out[ - |=
-3
(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[ - |=

{€s 85,15 85,5}
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Alt) In =
o CoefficientRules [Expand[T™™ (1hs - rhs)], covars] // Column
(Alt) out[~ ]=
{2,3,0} 56¢Cy,,-18TcCy,a+18T?CCyq-6T?CCa
{2,2,1) >18TcCy,4-36T?CCyq+18 T CCy
{2,2,0) 52Tccy,3-4T?ccy3+2T3cey3
{2,1,2) >18T?ccy,4-18T cCy
{2,1,1} 54T%ccy,3-4Tccy3
{2, 1,0} > T?cay,,cas, 10~ T €as,,Cas 10+ T2 Cby,19 — T Cby 1 + T2 CCa,0 ~ T €Cy,0
(Al) In[ - J:=
eqnsR2c =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) out[« ]=
{-((-1+T) T? (cag, car 1o+ Cba,10 + CCa2) ) =@, -4 (-1+T) T?cCp3 =0, 2 (-1+T)?Tccy 3 = 0O,
~18 (-1+T) T?CCaq =0, -6 (-1+T)%CCp s =0, 18 (-1+T)? TcCy 4 = 0}
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(AR) Inf - =
vars = Cases [Var‘iables[r‘d[l, i1, j1] +rg[-1, i2, §2] +¥q[1, k]11, (ca|cb|cc | cd)__]
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqf1, i) j]
Yall, k]
(Alt) Out[ = ]=
{ca1,2, Ca1,10, CA2,20, Cby 2, Cby 5, Cby 9, Cby 10, CCa,1, CCp 2, CCp 3, CCo 4}

Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[ - |=
{{cca,2 » —cay,5 Ca1,10 - Cby 10, CC2,3 >0, CCo8 > 0} ]

(Alt) Out[ - |=
1 2 2 2 2 1 2
—E € Cay,x + € Pi Xj Ca1,2 - € PjXjCas,-€ PiXi ca1)2+e Py Xi ca1)2+£ € Pi Pj Xj Cai,1e —

1 T 2 1 2.2 Tep? x2
; € Pi Pj Xj Ca1,10 — E € Py Xj Caz,1e + E € Pj Xj Ca1,10 + € Pi Pj Xi X5 Ca1,10

1 3 1

2 2 2 2 2 2,22
€ P Xi Xj €a1,10 - E € Pi pj Xj €Ca1,2 Cag,10 + E Te® pi pjXj €ay,n Cay, 10+ E €7 Py Xj Ca1,2 Ca1,10 -

1
2 .2 .,2 2 2 .2.,2 2
- Te pJ Xj Cay,2 Caz,1e + E T e p] Xj Caq,2 Cai,10 — 2¢ Pi pj Xi Xj Cay,» Caz,1e +

1 1 1
2.2 2 .2 2 2 2 2 2 2
2¢e pJ Xi Xj Cal’z Cal)le - E Te p] Xi Xj Cal,z Cal)le + E S pi pJ Xi Callle - E Te pi p] Xi Cal,la —

1 1 1 1
2 .2 .2 2 2 .2 .,2 2 2 .2 3 2 2 2 3 2
— €°Pp3jXjCal 1o+ — TEPyXjCay 19+ — € P; PjXjCaAL 19+~ TE" Py PjXjCaAL 10+
2 6 3
1 2 2,3 2 2 2,3 2 1 2 2 2,3 2 1 2 .3.3 2
;e Pi P3 Xi Cal,le*gTE Pi P3 Xi Ca1,1e*gT €7 pi Pj Xj Ca1,1e*56 Pj Xj €ay 10 +

1
2 .33 2 2 2 .33 2 2 2 2 .2 2
— Te“pjx; Cal,16+gT €% Pj Xj €1, 19 + €° Pi Pj Xi X§ €A1, 19 — € PJ Xi Xj €CAT 19 -

1

2 .2 2 2 2 2,2 2 2 2,2 2 2 .3
;6 Pi Pj Xj X5 ca1110+e pPi pj Xi X5 ca1,10+£Te pPi pj Xy X5 callle—e o

2 2
3 Xi Xy €ag 49 -

1
2 2 2 .2 2 2.2 3 2 2,3 2 2,3
E €7 pi Pj Xi Xj €AY 19 + € CAz,1 — € Pj P§ Xj Ca2,29 + €” Pi Pj Xj Ca2,29 — T €7 Pps Pj Xj Ca,29 +

2 .3 .2 2 .32 2 .3 2 2 2

€7 Pj X{ X§ Caz,29 — T €7 pj Xi Xj CA2,20 + € P X1 Xj CA2,20 ~ €” Pi X1 cby o +€“pjXxicby o+
2 2 2 2 2.2 .,2 2 2,2 .,2

Te“pyXicbys-€pjxjchbys-Te“pspjXjcbyo+Te p3 Xi cby o -T € p3 Xi cby, g +

3
2 .2 2 2 2 2 2.2 ,2 2.2 .,2
Te p] Xi Xj Cbz’g - € pi pJ Xi Cbz)lg +Te pi p] Xi CbZ,lO + E p] Xi CbZ,lO - E Te p] Xi Cb2,10 +

3 1
2 2.2.2 2 2 2 2 2
- T e Pj Xi cby 16 — €7 Pi Pj Xi X4 cb2,19+£e Pj Xi X4 Cbz,le*ETe P3 Xi X4 cby, 10

(Alt) Out[ - ]=
1 2 2 b 2
; € Cay,2 + € Pk Xk CA1,10 — € Pk Xk CA1,2 CA1,190 — € Pk Xk CD2,190 + € CC3 1
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R1l
(Al In[ - J:=
lhs = CF[Module|{es = {i, i"}},
Times [
Normale@Series [Exp[rq[1, 1, ©, i*, i]], {e, O, d}],
Exp[sum[ga,ﬁ 7e Eps {, €5}, {B, €s}]]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
] //- {gi+)ﬁ7 B4 T_l 6i+,ﬁ + gi“’,/J’J gi)/j, » 61)/): + gi+)/,'}]
(Alt) Out[« |=
) 1
1+e (CaZ,1+CC2,1) - —
TZ
2 2 2 2 2 2 2
€ (T Cap,» Cajz 1e + 3 Cal,le +3T Cal)w -6 Cay 29 — 6T Cay o9 + T Cb2)5 -2T Cbz,g -T Cb2,10 +T Cb2,19>
3e? (caljo-2cay20) 815 1
Biv,i~ + =
T T
2 2 2 2 2 2 2
€ (T Cal)z Cal,le +3 Cal’le +3T Cal)le -6 Ca2)29 -6T Caz)zg +T Cbz)s -2T Cbz,g -T Cbz,le +T Cb2,19>
62 (TZ Cal)z Cal,le +6 Cai)le -12 Caz,zg -2 T2 Cbz)g -T Cbz)lg + TZ Cbz)]_g) gi”,i gi”,i*
8iv,ir ~ -
T
3¢’ (Cai,le -2 C‘3‘2,29> g%*‘,i 8i~,i* +
62 (Tz Casz, 2 Cal,le +6 Cai,le +3T Cai)le -12 Caz,zg -6T Caz,zg -2 -|-2 Cbz}g -T Cbz}lg + Tz CbZ,lO) gi”,i* +
3 (-1+T) €e? (caj1p-2Ca,20) 81,1 81,5 +3T € (cal 1p-2Caz20) 8] ;-
(AIt) In[ J:=
rhs =1
(Alt) Out[ - |=
1
(Alt) In[ = |:=
me = Exponent [lhs - rhs, T, Min]
(Alt) Out[« |=
-2
(Al In[ - J:=
covars = DeleteCases [Var-iables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[ - |=

{€5 8iv,is Bir,i'}
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(Alt) In[» ]:=
egqnsR11l =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]

(Alt) Out[« ]=
{-37T (cal jp-2caz) =0, -3T% (caj jp-2Caz,2) =0,
3T° (ca jp-2Ca,) =0, 3 (-1+T) T (caf 15-2Caz,2) = 0,
~T?cay,, Cay, 10 - 3€a 1o~ 3TCal 1+ 6Cay 0+ 6T Cay 00~ T2 Cby s +2T° cby g+ T by, 10 - T? Cby, 10 == O,
~T (T? cay,2 cay, 10 + 6 Ca3 15 - 12 Cag,20 - 2 T Cby 9 - T Cby, 10 + T2 Cby 10) = O,
T (T2 Cay, Cay,qe +3€as 19 +3TCal 19~ 6Ca,59 - 6T Cay 20+ T2 Chbys ~ 2 T2 Cby g~ T by 10+ T cby,10) =
@, T2 (T? cay,; Car 10+ 6 Caj 1+ 3T Caj 15~ 12 Caz,20 — 6 T Caz,20 - 2 T2 Cby g -~ T Chy 10 + T2 Cby 1) ==

0, T2 (C32,1 + CC2,1) = 0}
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(Alt) Inf - J:=
vars = Cases [Var‘iables[r‘d[l, i1, j1] +rg[-1, i2, §2] +¥q[1, k]11, (ca|cb|cc | cd)__]
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqf1, i) j]
Yall, k]
(Alt) Out[ = ]=
{ca1,2, Ca1,10, CA2,29, Cby 2, Cby 5, Cby 9, Cby 10, CCo,1}

Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[ - |=

T Cay,» Cajz, e — Cb2,10 +T Cbz,lg

ca?
1,10
{{Caz)zg - Cb2,5 - @, Cbz)g g 5 CC2)1 4 —Caz,l}}
2

2T
(Alt) Out[« |=

1 1
2 2 2 2 2
*E € Cay,p +€Pi Xj €A1, -€PjXjCag—-€ PiXi ca1)2+<—: Py Xi ca1)2+£ € Pi Pj Xj Cai,1e —

1 1 1
T Tepipixica;p-—cepixica;p+— Tep2x2cag1g+€ PP Xy XiCay 10
€ Pi Pj Xj Cai,1e 5 P5 Xi Ca1,10 5 P53 Xj €a1,10 Pi Pj Xi Xj Ca1,10e

2 1 2 2 T2 2 1 2. 2.2
€ P Xi Xj €Ca1,10 - E €7 Pi pj Xj Cag,p Caz,1e + | € Pi Pj Xj Caz,2 Cag,ie + ; € Py X Cay,2Cay,10 -

T 2.2 ,2 2 2 0 nv. v, 2 2 .2, . } 2 a2 2
€ pJ Xi Ca1)2 Cal,le - € pl pJ Xi XJ Ca1,2 Cal)lg + € pJ Xi XJ Ca1,2 Cal)le + 5 € pl p] Xi Cal,le -

1 1
2 2 2 2,22 2 2. 2.2 2 2.2 32
E Te® pipjXjcag,p- E € PyX;Cay et E T e pjxjcay p- 5 € PiPjXjCap o+

1 5 2 1
2 .2 3 2 2 2.3 2 2 2.3 2 2 2 2.3 2
;Te pi Pj Xi ca1,10+ge Pi Pj Xi cal,m—;Te Pi Pj X3 cal)m—gT €° pi Pj X €a7, 10 -

1 1 1
2 .33 2 2 .33 2 2 2 .3.3 2 2 2
—€"pix; ca1)19+;Te P3 X3 Ca1,1e+gT €% P Xj €Ay 19 + € Pi P§ Xi Xj €A, 10 -

1 1
2.2 2 2.2 2 2 2 2,2 2 2 2,2 2
€7 p3 Xj Xj €ay 14 - E €7 Pi Pj X1 Xj €AY 19 + €” Pi Pj Xj X5 €AY 19 + E T e” pi p3 Xi Xj €ay 14 -

1 1 1 1
2 .32 2 2 .3 .2 2 2 2 2 2 2 .3 2 2
E €7 p3 Xi Xj €ay ip - E Te Pj Xi Xj €A 10 - ; €7 pi Pj Xi Xj €A 10 + E €7 p3 Xi X €ay 19 +

2 2 2 1 2 2 1 2 2
€°Caz, - € pi Xy Cby o + €7 pyXiCby o - E €7 Ppi pj Xj by, 10 + ; Te”pipjXicby i+

1
2.2 .,2 2 .2 ,2 2 2 .2
; € p] Xi CbZ,l@ - 5 Te p] Xi CbZ,lO - €7 pi p] Xi Xj Cb2,10 + € p] Xi Xj Cb2,19

(Alt) Out[« |=
1 2 2 2
5 € Cag,2 + € Pk Xk CA1,10 — € Pk Xk €Ca1,2 CA1,10 — € Caz,1 — € Pk Xk Cbz,le
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R1r

(Alt) Inf - J:=
lhs = CF[Module|{es = {i, i"}},

Times [

Normal@Series[Exp[rq[1l, 0, -1, i, i']], {e, 0, d}],

EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]

1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
177.{
Bip P O6isg+T8ir, s+ (1-T) i+, 55 8iv,p > Oi+,5+8i*, 5

gaf,i b4 T_l (gar,i+ - 6a,i+) k) gari,i+ Exd Tga,i++ - (1 - T) éjaf,i+ -T 6a,i” }

(Alt) Out[« |=
1
1+-—-¢€
2

2 (—cai2 +4cay,y-2chby;)

(Alt) In[ = |:=
rhs =1
(Alt) Out[« ]=

1

(Alt) In[ - ]:=
me = Exponent [1lhs - rhs, T, Min]
(Alt) Out[ = ]=
0

(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[ = ]=
{e}
(Alt) In[ = |:=
eqnsR1r =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs -rhs)], covars]]

(Alt) Out[ = ]=
1 2

{7 (-cai,+4cas1-2chby,) = 0}
5 ,
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(Alt) Inf - J:=
vars = Cases [Var‘iables[r‘d[l, i1, j1] +rg[-1, i2, §2] +¥q[1, k]11, (ca|cb|cc | cd)__]
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqf1, i) j]
¥al[1, k]
(Alt) Out[ = ]=
{ca1,2, Ca1,10, CA2,1, Cby,2, Cby 10}

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Out[ - |=
1 2
{{cbz,z - — (-cai, +4cay) }}
5 ,

(Alt) Out[ - |=
1 1, 2 1, 2 1 2
- — €Caz, 2 +€PiXjCa,-€PjXi Cal,Z*E € Ppi Xj ca1’2+5 € Pj Xi Ca1,z*£ € Pi Pj Xy Caz,18 —

1 1 1
—Tepipixicaj1p-—€epixica;p+— TeEpP2X2Cay 10+ € Ps Pi X Xi CA7 10 —
Pi Pj Xj Ca1,10 ) P5 Xj Cai1,10 5 P53 Xj €a1,10 Pi Pj Xi Xj Ca1,1e

2, . 12A.2 Te2ps ps X2 1222
€ Pj Xi Xj Ca1,1a—£6 Pi Pj Xj €a1,2 Caz,1e+ 1 € Pi pj Xj Cag, C31,1e+£€ Py Xji €a1,2 Caz,1e -

T 2.2 .,2 2 2 2 2 .2 1 2 2 2
€ pJ Xj €Cay,2 Ca1,10 — £ € Pi pJ Xi Xj Ca1,2Caj,1p+ 4 € pJ Xi Xj Caz, > Caj,10 + E € pi p] Xy Cal,la -

1 1 1
2 2 2 2 .2 .2 2 2.2 .,2 2 2 2 3 2
— Te’pipyxi Ca1,1e*£ € pj Xi ca1,19+ETe P3 Xi cal)w—;e Pi Pj Xj €a1 10 +

1 5 2 1
2 .2 3 2 2 2.3 2 2 2.3 2 2 2 2.3 2
- Te”pipjXi ca1,10+ge Pi Pj Xj cal,le—;Te Pi Pj X3 Cal,w—gT €” pi Pj X €aj 10 -

1 1 1
2 .33 2 2 .33 2 2 2 .3.3 2 2 2
— € pix; ca1)19+gTe P3 X3 Ca1,1e+gT €% P Xj €A1, 19 + € Pi P§ Xi Xj €A, 10 -

1 1
2 .2 2 2 2 2 2 2 2,2 2 2 2,2 2
€ pJ Xi Xj cal)le - 5 € Py p] Xi Xj cal)le + € Pi II)J Xi Xj callla + E Te Pi pJ Xi Xj cal)le -

1 1 1
2 .32 2 2 .32 2 2 2 2 2 2 .3 2 2
— €7 p3 Xj Xj €A1, 1q - 5 Te® p3xi Xy cay o - ; €° pi Pj X1 Xj €a1, 10 + ; € p3 Xi Xj cay o +

2

2 2 2 1 2 2 1 2 2
€ Ca2,1—26 pPi Xi Caz’1+2€ p] X3 Ca2,1—£€ pPi p] Xi Cb2’10+ET€ Pi p] Xi Cb2)19+

1 1

2.2 .,2 2.2 ,2 2 2 .2
; € p] Xy Cb2,10 - E Te pJ Xy Cbz,le - €7 pi pJ Xi Xj Cb2,10 + € p] Xi Xj Cbz,lg
(Alt) Out[ = ]=

1
2 2 2
— €Cay,2 + € P Xk €Ca1,10 — € Pk Xk €Cd1,2 Cd1,19 — € CaA2,1 — € Pk Xk Cbz,le
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+

Sw
(Alt) Inf - J:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normal@Series[Exp[rq[1, -1, -1, i, j] +¥q[1, i*] +¥q[2, jJ*11, {€, O, d}],
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
] /7. gRules, ; ;
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(Alt) Out[ - |=
1 1 2 2 2 2
1-—ecay,+— €’ (caj,+8Ca,) +€Cay8i,i +€° (-Car,-2Cay1) Gi,i +
8 , ,

9 , 5 (-1+T) €cag,ie 8ir,i* 85,1i"
€’caj,8f - -€Ca 8y ,i € (ca1,2+2ca2,1) 8,1 + - -

€® (4Tcaf ,-7cay,pCay,10+5TCay,,Ca1,10+2Ca3 15-2TCaT 15~ 2Cby 10+ 2T Chy 10) 85,1 85,1
+

2T

2 2
(-1+T) €® (3 cag,p-Cay,ipe) Ca1,ie 8i,i* 85",i"

+€Ca1,10 8i',j B5',i" +

T
Lo 2ca? 2cb
5 € (—5 Cay,» Caz,je+2Caj 19— 2C 2,1e> 8i*,5* 8j,i* +
2
5 (*1+T) € Ca1,10 gj*,i*
2€” (2cay, - Cay,1e) CA1,10 Biv, it 8i,j* 8j',i" +

T

€® (2Tcaj ,-7cay,pCag 0+ 5T Cay,,Cay,10+2Ca3 19-2TCaT 15— 2Cby 10+ 2T Cby 10) 85 5

2T

2 2
(-1+T) e”cag,ie (6T Car,2-2Ca,10 - T Ca1,10) 8iv,i' 85,1
.

TZ

2 .2 2 2 2 2 2
3 (*1+T) € Cal)le gi‘,i* gj*,i* E Callle (4Tcal,2*anl,le*Tcallle) gi+lj+ gj*,i*
- +

T2 T

2 .2 2
6 (-1+T) e”cay 1p8i,i' 8i',5 85,1
2e?ca g% - gh i+
+ 1,10 &i*,j* ©j7,1i"

T

(-1+T) e®> (3Tcay,,-2Care) Care8l,;- 6 (-1+T)2e’cal 158 i 83 ,i

T2 TZ

2 2 3 2 .2 2 4
6 (-1+T) € €aj, 10 8i',5 85,i" 3(-1+T)%€ €ai, 1o 85,i"
+ +€Cay,10 8iv,i B5°,5° +
T T2

1
2 2 2 2
E € (*5 Ca,» C31)10+2C31,1e*2Cb2,1e> 8i,ir gj+lj+ + € (2 Cay,» *Cal,le) Ca1,10 gi*,i* gj*,]” -

2 2
2€ecar,ie8i,i 85,j + € (5 Cay, Cay,1p - 2 Ca3 10 + 2 Cb2 10 85,1 85,5 -
2 2 2 2
2ecage (4T cCag,p-2cag, 10 - TCag,10) 8iv,i* 8,i* 8',5¢ 6 (-1+T) €°caj 108i-,i- 85,i" 85,5
. _

T T

2 2 2 2
2¢€” cay 10 8i',5° 85,1 85,5 + 8 € CaL 10 8i+,i" Bi',5" 85,i" 85,5 *

2 2 2 2 2
6 e (T Cal,zfcal,le> Cal’le gj‘,i’ gj+)j+ 18 (71+T) e Callm gi*,i* gj’,i‘ gj*,j*

T T
2 2 3
- 5 12 (-1+T) € Cay 10 85 ,i 85,3 , R
12 € cay 10 81,5 85,1 85,5 * T ~ €7 Ca1,10 817,17 85,50 F

2 2 2 2 2 2 2 2 2 2 2 2 2 2
2€e” cay 1 8i+,i- g5, + 3 €e” cay, 10 85,1 85,5 - 12 €” ca, 1p 8i*,i* 85,1 85,5 + 12 €” caj, g 85,1 85,5
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(Alt) In[+ ]:=
rhs = CF[Module[{es = {i, j, i*, 3*}},

Times [
Normal@Series [Exp[rq[1, i, j1]1, {€, O, d}],
EXp [Sum[gq,5 e €5, {a, €S}, {B, €s}]]
1 /7 Zip (5 g/ees)y(x,&/@es) // EXxpand

] 77. gRules, ; ;
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(Alt) Out[ - |=
1 1 2 2 2 2
1-—ecay,+— €’ (caj,+8Ca,) +€Cay8i,i +€° (-Car,-2Cay1) Gi,i +
8 , ,

9 , 5 (-1+T) €cag,ie 8ir,i* 85,1i"
€’caj,8f - -€Ca 8y ,i € (ca1,2+2ca2,1) 8,1 + - -

€® (4Tcaf ,-7cay,pCay,10+5TCay,,Ca1,10+2Ca3 15-2TCaT 15~ 2Cby 10+ 2T Chy 10) 85,1 85,1
+

2T

2 2
(-1+T) €® (3 cag,p-Cay,ipe) Ca1,ie 8i,i* 85",i"

+€Ca1,10 8i',j B5',i" +

T
Lo 2ca? 2cb
5 € (—5 Cay,» Caz,je+2Caj 19— 2C 2,1e> 8i*,5* 8j,i* +
2
5 (*1+T) € Ca1,10 gj*,i*
2€” (2cay, - Cay,1e) CA1,10 Biv, it 8i,j* 8j',i" +

T

€® (2Tcaj ,-7cay,pCag 0+ 5T Cay,,Cay,10+2Ca3 19-2TCaT 15— 2Cby 10+ 2T Cby 10) 85 5

2T

2 2
(-1+T) e”cag,ie (6T Car,2-2Ca,10 - T Ca1,10) 8iv,i' 85,1
.

TZ

2 .2 2 2 2 2 2
3 (*1+T) € Cal)le gi‘,i* gj*,i* E Callle (4Tcal,2*anl,le*Tcallle) gi+lj+ gj*,i*
- +

T2 T

2 .2 2
6 (-1+T) e”cay 1p8i,i' 8i',5 85,1
2e?ca g% - gh i+
+ 1,10 &i*,j* ©j7,1i"

T

(-1+T) e®> (3Tcay,,-2Care) Care8l,;- 6 (-1+T)2e’cal 158 i 83 ,i

T2 TZ

2 2 3 2 .2 2 4
6 (-1+T) € €aj, 10 8i',5 85,i" 3(-1+T)%€ €ai, 1o 85,i"
+ +€Cay,10 8iv,i B5°,5° +
T T2

1
2 2 2 2
E € (*5 Ca,» C31)10+2C31,1e*2Cb2,1e> 8i,ir gj+lj+ + € (2 Cay,» *Cal,le) Ca1,10 gi*,i* gj*,]” -

2 2
2€ecar,ie8i,i 85,j + € (5 Cay, Cay,1p - 2 Ca3 10 + 2 Cb2 10 85,1 85,5 -
2 2 2 2
2ecage (4T cCag,p-2cag, 10 - TCag,10) 8iv,i* 8,i* 8',5¢ 6 (-1+T) €°caj 108i-,i- 85,i" 85,5
. _

T T

2 2 2 2
2¢€” cay 10 8i',5° 85,1 85,5 + 8 € CaL 10 8i+,i" Bi',5" 85,i" 85,5 *

2 2 2 2 2
6 e (T Cal,zfcal,le> Cal’le gj‘,i’ gj+)j+ 18 (71+T) e Callm gi*,i* gj’,i‘ gj*,j*

T T
2 2 3
- 5 12 (-1+T) € Cay 10 85 ,i 85,3 , R
12 € cay 10 81,5 85,1 85,5 * T ~ €7 Ca1,10 817,17 85,50 F

2 2 2 2 2 2 2 2 2 2 2 2 2 2
2€e” cay 1 8i+,i- g5, + 3 €e” cay, 10 85,1 85,5 - 12 €” ca, 1p 8i*,i* 85,1 85,5 + 12 €” caj, g 85,1 85,5
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(Alt) In[« ]:=
me = Exponent[lhs - rhs, T, Min]
(Alt) Out[« |=

[ee}

(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb | cc|cd) ]
(Alt) Out[« |=

{}

(Alt) In[ = |:=
eqnsSwp = {}
(Alt) Out[« ]=

{}

Solution

(Alt) In[ = |:=
vars =
Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
(Alt) Out[ = ]=

{cai,2, Cay 10, Ca2,1, Cby 10}

(Alt) In[ = |:=
{sol} = Solve[eqnsR3 | eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
Solve: The solution set contains a full-dimensional component; use Reduce for complete solution information.

(Alt) Out[« |=

({13

(Alt) In[ = |:=
sol /. Rule » Set

(Alt) Out[ - |=

{}
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(Alt) In[ =
Column[Collect[#, €, CF] & /@ {rq[1, i, j1, ra[-1, i, j1, val1, k1, wa[-1, k1}]
(Alt) Out[« |=

Cai,2 1 2
€ (*72 +PiXi€a1,, - PjXic€a,y—; (=1+T) pipjXicay, e+

2,2 2
(=1+T) pjXi Cay,1e + Pi P5 Xi Xj Ca1,10 — P§ Xi Xj Ca1,1a) +

m
N

1 1
(-1+T) p%pjxicaiw——s (-1+T) (5+T) pip§x§caim+g (-1+T) (3+T) pjxi caj j4-

2 2 1 2.2 2 1 3,2 2 1 2
i Pj Xi Xj€a1,10 + (2+T) pi P5 Xi X5 Cai, e (1+T) pjxiXxj€ai 90—

2 2
Pi P Xi Xj €A1, 19 +

.

J

w

2
2 .2 1 2 1 2
§ X1 X5 caf jo + 5 Pi X (-cal,-4cayy) +cays+ 2 P3 X (caj,+4cayy) +

© ©
[

J

NIRr NIk Wik Nk
N

2 2 2
Pi PjXiXj (-2Cay,5Cay1,10 + Ca3 10 -~ Cba 1) + P5 Xi X5 (2 Ca1,2 CA1,10 - €A1, 30 + Cby,10) +
2 p2x? 27T 2 o+ Tcal ba,10 - T b

> p] Xj |€a1,2 Caz, 10 — Cap,» Cai, 10 — callle + cal’m +CDy,10 - 1 CD3 10) +

1 2 2 2
= pi pJ Xi (*CB]_,Z Cal’le +2T Cal’z Ca]_,19 + Cal,le -T Cal)le - Cbz)lg +T Cb2,10) )

2
ca,» (-1+T) pypy X2 cage  (-1+T) 3 X} cag,10 )
(72 = Pi Xj Caz,2 + Py Xj Cag,n — 2T - + 2T — Pi Pj Xi X4 €a1,10 + Pj Xi X5 CA1,10| +
> (-1+T) p? py x} caj 1o (-1+T) (1+5T) p; p§ X3 cal 1 (-1+T) (1+3T) p? X3 cal 1, 1 5 5 5
S e o1? - o2 — 5 PiPjXiXjCag 49+
(1+2T) ps p5 %} x5 cai 1o (1+T) pIxixycal e 1 5 P 1 3 2 o
T - 7T — 5 PiPjXiXjCag 49+ 5 PjXiXj€a7 39+
1 2 1 2
5 p] Xi (Cal)z -4 C32)1> - Caz,l + E Pi Xji <7C31,2 +4 Caz,l) + Pi p] X3 Xj Cb2,10 -
cps X2 _ 2 x2 -cb T cby,10)
2 ps Py X; (T cag,; €ay 10-Cby,10+T Cby 10) P Xj (T cay,> Ca1,10-Cby,10+T Cby, 10
P Xi Xj €ba,10 + T - .-
cas,» 2
(7 + P Xk Ca1,1e> +€° (-Caz,1+ Pk Xk (-Cay,» Caz 10 - Cby,10) )
cay,y 2 2
e (- =2 P X cay,ie) +€> (Caz,1 + Pk Xk (Ca1,2 Ca1,10 — €CA3 19 + Cb2,10) )

Non-Universally Solving at d=3

(Alt) In[ = |:=
d=3;
vars =
Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
(Alt) Out[ = ]=

{cai,2, Ca1,10, Ca2,1, Ca3,1, Ca3,2, Ca3,3, Ca3,4, Ca3,5, CA3,6, Ca3,7, Ca3,3, CA3,0, Ca3,10, Ca3,11,
Casz 12, Casz,13, Casz 14, Cas 15, Casz 16, Ca3,17, Ca3,18, CaA3,19, Caz 209, Caz 21, Caz 2z, Caz, 23,

Cas3, 24, Ca3,25, CaA3,26, CA3,27, CA3,28, CA3,29, CA3,39, CA3,31, CA3,32, CA3,33, CaA3,34, Ca3,35,

Cas3, 36, Casz,37, Casz 3g, Casz 39, Cd3z 49, Ca3,41, CA3,42, CA3,43, CA3,44, CA3 45, CA3 46, Ca3,47,

Cas, 4, CA3,49, CA3,50, CA3,51, CA3,52, CA3,53, CA3,54, CA3,55, CDy 10, Cb3 1, Cb3 5, Cb3 3,

Cb3,4: Cb3,5: Cb3,6: Cb3,7: Cb3,8: Cb3,9: Cb3,1e, Cb3,11, Cb3,12: Cb3,13; Cb3,14; Cb3,15) Cb3,16:
cbs 17, €bs 18, Cb3 19, Cb3 20, Cb3 21, Cb3 22, Cb3 23, Cb3 24, Cb3 25, Cb3 26, Cb3 27, Cb3 28,

Cbs 29, Cb3 39, Cb3 31, Cb3 3;, Cb3 33, Cb3 34, Cb3 35, Cb3 36, Cb3 37, Cb3 35, Cb3 39, Cb3 40,

Cbs 41, Cb3 42, Cb3 43, Cb3 44, Cb3 45, CD3 46, Cb3 47, Cb3 48, CD3 49, Cb3 50, Cb3 51, Cb3 52,

Cbs, 53, Cb3 54, Cb3 55, CC3,1, CC3,2, CC3,3, CC3,4, CC3,5, Cd3,1, Cd3 5, Cd3 3, Cd3 4, Cd3 5}
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cC

(Al) Inf - ]:=
lhs = Module[{x1, p1},

{x1*, p1*} = {p1, x1};
Normal |
d . d . .
Log[0[e]®" + Zip . [Exp[0[€]™ + (¥al[1, 1] /. X3 » X3 +X1) + (¥a[-1, 4] /. ps > ps-p1) ]]]]
rhs =0
(Alt) Out[ - |=
e3 (—2 pi Xj cay,, ca%)w + Pi Xi cai,10 -2 pj Xj €Cag,10 Cby 10 + CC3,1 + P3 X3 CC3,5 + pf x% CC3,3 +
Pi X; €C3,4 + P X§ €C3,5 + Cd3,1 + Ps X3 €32 + pi X§ cd 3 + 3 X] cd3 4 + p§ X§ cd35)
(Alt) Out[ = ]=
%]

(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[ = |=

{€, pis Xi}
(Alt) In[ = |:=

eqnsCCbar = (# == @) & /@Union[Last /@ CoefficientRules [Expand[lhs - rhs], covars]]
(Alt) Out[« |=

{ces,1+cds,1 =@, ~2cay,, cal 1o+ Ca3 g5 - 2 Ca1 10 Cba, 10 + CC3,5 + Cd3,2 = O,

C€C3,3+Cd3,3 = @, CC34+Cd3 4 = @, CC3,5 + Cd3,5 == O}
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(Alt) In[ = |:=
vars =

Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q4[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
{sol} = Solve[eqnsCCbar, vars]
sol /. Rule - Set;
¥dal[1, k]
Yal-1, k]
(Alt) Out[« ]=
{cai,2, Ca1,10, CA2,1, CA3,1, Ca3,2, Ca3,3, Ca3,4, Ca3,5, CA3,6, CA3,7, CA3,3, CA3,9, Ca3,10, CA3,11,
Cas 12, Casz,13, Casz 14, Cas 15, Casz 16, Ca3,17, Ca3,18, CA3,19, Ca3,20, CA3 21, Caz 22, Ca3, 23,
Cas3, 24, Ca3,25, CA3,26, CA3,27, CA3,28, CA3,29, CA3,39, CA3,31, CA3,32, Ca3,33, CaA3,34, CA3, 35,
Casz, 36, Casz,37, Caz, 33, Ca3,39, Ca3,49, CA3,41, Ca3,42, C3A3,43, CA3,44, CA3,45, Cda3,46, C33,47,
Cas, 48, Ca3,49, CA3,50, CA3,51, CA3,52, CA3,53, CA3,54, CA3,55, CDy 10, Cb3 1, Cb3 5, Cbs 3,
cbs 4, cbs,s, Cbs 6, Cbs,7, Cbs g, Cb3,g, Cb3 16, Cb3 11, Cb3 12, Cb3 13, Cb3 14, Cb3 15, Cb3 16,
cbs 17, €bs 15, Cb3 19, Cb3 20, Cb3 21, Cb3 22, Cb3 23, Cb3 24, Cb3 25, Cb3 26, Cb3 27, Cb3 28,
Cbs 29, Cb3 30, Cb3,31, Cb3 32, Cb3,33, Cb3,34, Cb3 35, Cb3 36, Cb3 37, Cb3 38, Cb3 39, Cb3 40,
Cb3,41, Cb3,42: cbs, 43, Cb3,44: Cb3,45: Cb3,46: cbs, 47, Cb3,48) Cb3,49: Cba,se, Cb3,51: cbs, s,
Cbs, 53, Cb3 54, Cb3 55, CC3,1, CC3,2, CC3,3, CC3,4, CC3,5, Cd3,1, Cd3 5, Cd3 3, Cd3 4, Cd3 5}

Solve: Equations may not give solutions for all "solve" variables.
Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[« ]=
2 3
{{Cd3,1 4 —CC3J1, Cd3,2 -2 Caljz Cal)m - Cal,la +2 Caljle Cb2,10 - CC3,2,

Cd3)3 — —CC3,3, Cd3’4 — —CC3,4, Cd3,5 - fCC315}}

(Alt) Out[« ]=

1
2 2 2
; € CAy,7 + € Pk Xk CA1,10 — € Pk Xk €A1,2 CA1,19 - €° CA,1 — € Pi X Cby 10 +

3 3 3 2.2 3. 3.3 3.4 4
€7 CC3,1 + €7 P Xk CC3,5 + €7 Py X| CC3,3 + €7 P Xj CC3,4 + €7 Py X CC3.5

(Alt) Out[ - |=
1 2 2 2
*; € Cay,3 ~ € Pk Xk CA1,19 + € Pk Xk CA1,2 CA1,18 —~ € Pk Xk €A1 19 +

3 2 3 3 2 2 3
2 €7 pi Xk €Ca1,2 €T, 19 — € Pk Xk €A, 19 + € CA2,1 + €” Pk Xk Cba,10 + 2 €7 Pk Xk CA1,10 Cb2,10 -

3 3 3.2.,2 3.3.3 3.4 .4
S CC3)1*€ kak CC3’2*€ kak CC3,3*€ kak CC3,4*€ kak CC3,5
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R3@d=3
(AR) In[ = ]:=
Short[1lhs = CF[Module|[{es = {i, j, k, i*, J*, k"}},
Times [
Normal@Series[Exp[rq[1, j, k] +rq[1, i, k'] +rq[1, i*, 3711, {e, 0, d}1,
EXp [SUM[8q,p 7o €5, {a, €5}, {B, €5}]]
1 /7 2ip 5 g/es)|(x,8/ees) // EXpand
] /7. gRules, ; , UgRules, ; - UgRules, ;. ;.], 5]

(Alt) out[ - J//Short=
3

1-—ecag,+ <<3655> +
3 2 3 4
48 € <C33)35 —4TC33)35+6T Cas, 35 -4T Cas, 35 +T Casz, 35 + Ca3}4g—3TC33}4e+

2 3 2 4
3T Ca3,4e -T Ca3,4e + Ca3’45 -2T7T Cag’45 +T Ca3’45 + Ca3)50 -T Ca3,59 + Ca3,55> gk”,k”

(Alt) In[« |:=
) Short[rhs = CF[Module[{es = {i, j, k, i*, *, k*}},
Times [
Normal@Series [Exp[rq[1, i, j] +rq[1, i*, k] +rq[1, %, k*]11, {e, O, d}1,
Exp [Sum[gq,5 7o €5, {a, €S}, {B, €5}]]
1 /7 Zip (p 8/ees) U (x.8/ec5) // Expand
| 77. gRules, ; ;UgRules, ;. UgRules; j ], 5]

(Alt) Out[ - J//Short=
3

1- - ecap,,+ <<3649> +
48 3 ( 2 3 4
€ Ca3’35 -4T7T Ca3’35 +6T Ca3,35 -4T7T Ca3,35 +T Ca3,35 + Ca3,4e -37 Ca3’40 +
2 3 2 4
3T Ca3,4e -T Ca3,4e + Ca3)45 -2T Ca3)45 +T Ca3)45 + Ca3)59 -T Ca3,59 + Ca3’55> ngJkH
(Alt) In[ = |:=
me = Exponent[lhs - rhs, T, Min]

(Alt) Out[« ]=

-8
(AR) Inf - }:=

covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb|cc|cd) ]
(Alt) Out[ - ]=

{6: Bivr,ivs Bitvr,jvrs Bitvr,kts Bi,its 85,570 B,k Bkr,itts 8Bk, gk“,k”}
(Al In[ - J:=

Short |

eqnsR3 = (# = @) & /@Union[Last /@ CoefficientRules[Expand[T™ (lhs-rhs)], covars]]]
(Alt) Out] - J//Short=

{-T'cas,;3+T8cas;3 =0, TPcag. - <1>> <1 =0,

<<345>>, <<53>> +8T2Ca; .1 2o cby, 10 = 0}
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R2b@d =3
(AR) In[ = ]:=
Short[1lhs = CF[Module[{es = {i, j, i*, 3*}},
Times [
Normal@Series [Exp[rq[1, i, j] +rq[-1, i*, j"11, {e, 0, d}]1,
EXp [SUM[8q,p 7o €5, {a, €5}, {B, €5}]]
1 /7 2ip 5 g/es)|(x,8/ees) // EXpand
] /7. gRules, ; ;UgRules_; ;. 5.]]
(Alt) Out[ » ]//Short=

24 <<3> <<1>> 24 63 (T4 <«<1>> + <<21>>) gt<1>>,<<1>>

1+ <85> + +
T T
(Alt) In[ = |:=
rhs =1
(Alt) Out[« ]=
1

(Al) In[ - ]:=
me = Exponent [lhs - rhs, T, Min]
(Alt) Out[ = ]=
-4

(Al) In[ - ]:=
covars = DeleteCases [Variables[lhs - rhs], T | (ca|cb|cc|cd) ]

(Alt) Out[ = ]=
{e, 1,17 Bi,is B ,ivs gj**,j**}
(AID) In - ]:=
Short [eqnsR2b =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs-rhs)], covars]]]

(Alt) Out[ = ]//Short=
{T4 (caz,; +Cbs,1) =0, <«<62>,7 T Cai,10 + <<189>> +24 T8 cbs 55 = 0}

(Alt) Inf - ]:=
vars = Cases[Variables[rg[1, i1, j1] +rgq[-1, i2, j2] +va[1, k]], (ca|cb|cc|cd) |

{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;

I"d[:l-.v i) j]

¥all, k]
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(Alt) Out[ - |=
{cai,2, Ca1,10, Ca2,1, Ca3,1, Ca3,2, Ca3,3, Ca3,4, Ca3,5, CA3,6, Ca3,7, Ca3,8, CA3,9, Ca3,10,
Casz 11, Casz, 12, Casz 13, Cas 14, Caz 15, Caz 16, Ca3,17, Ca3,18, Casz, 19, Casz 29, Caz 21, Caz 22,
Cas3, 23, Ca3,24, Ca3,25, CA3,26, CA3,27, CA3,28, CA3,29, CA3,39, CA3,31, CA3,32, CaA3,33, CA3,34,
Cas3, 35, Casz, 36, Casz 37, Casz g, Cdsz, 39, Ca3, 49, CaA3,41, CA3,42, CA3,43, CA3 44, CA3 45, CA3 46,
Cas,47, CA3,48, CA3,49, CA3,50, CA3,51, CA3,52, CA3,53, CA3,54, C3,55, Cby 10, Cb3 1, Cb3 2,
Cb3,3: Cb3,4: Cb3,5: Cb3,6: Cb3,7: Cb3,8: Cb3,9: Cb3,1e; Cb3,11, Cb3,12: Cb3,13; Cb3,14:
cbs, 15, €b3 16, Cb3,17, Cb3 18, Cb3 19, Cb3 20, Cb3 21, Cb3 22, Cb3 23, Cb3 24, Cb3 35,
€bs, 26, €b3 27, Cbs 28, Cb3 29, Cb3 30, Cb3 31, Cb3 32, Cbs 33, Cbs 34, Cb3 35, Cb3 36,
Cbs 37, Cbs 35, Cb3 39, Cb3 40, CD3,41, CD3 42, Cb3 43, Cb3 44, CD3 45, Cb3 46, Cb3 47, Cb3 4,

Cbs 49, Cb3 s, Cb3 51, Cb3 5y, Cb3 53, Cb3 54, Cb3 55, €C3,1, CC3,5, CC3,3, CC3,4, CC3,5}

Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[« |=

{{Cag’z -4 Cay,» Caz;1 - Cb3,2, Caz,;z —» 0,

Caz,g > -4cag,cay,+cbs,+Tcbss, cas,s » -cbsy s, cas,¢ > 0, cas,;; >0,
2 2 2 2
Ccasz;g > 0, Ccaz,g > — (—ca1 2Ca1,19-3TcCay ,Cay,19-4Cay,,CaT 15 +6TCag,»CAT 15+
4 s s s s

2 caim -2T caila +4 Cajy,10 Ca2,1 — 12T Cajy,19 Caz,1 + 2 Cay,» Cb2,10 -
6T Ca,» Cbz,lg -4 Ca,10 Cbz)lg +4T Ca1,10 Cbz)lg -4T7 Cb3)9 -4 Cb3)1g +4T Cb3)1a) >

2 2 3
Ca3)1g -2 Callz Cal’le -3 Cal)z Cal,la + Cal’le +4 Cal)lg Caz’l +2 Cal’z Cb2,10 -2 Cal,]_@ Cbz)lg - Cb3,19,
2 2 2 2 2
cas;y;p = 9, caz;pn - — (ca1 2 Ca1,19+3TcCay ,Cag,19+T7CaT ,Ca1,19 +4Ca1,5 CAT 15 —
4 > 5 5 >

6T cay,, Cas 1p-2Ca; 1+2TCa3 19~ 4Cay1,10 Ca,1 + 12T Cay, 10 Caz,q —
472 Cay,19Caz,1 -2 Cay,5Cby 16+ 6T Cay,p Cby 16 - 2T Ca1,5 Cby 19 + 4 Ca1,10 Cby 10 -
4T cag, 10 Cby 10 +4 T Cbs g~ 4T? Cby o+ 4Cby 10— 6T Cbs 10 +2 T Cbs 1),
1
cas, 13 - . (-8cal ,caie - Tcal ,ca, e+ 12 Cay,; €aj 1 - 4 Ca3 1o - 16 Cay 10 Caz,1 +
47T cay 10 Caz,1 - 8Cay,5 Cby 10+ 2T Cay,5 Cby 10 + 8 Ca1,16 Cba 10 + 4 T Cbs g + 6 Cb3 10 — 2 T Cbs 10)

Casz 14 = 0, Casz 15 — 0, Casz 16 ~ 0, Casz 17 = 6, Casz 18 —~ 0, Casz 19 —

1
2 2 3 3
; (*Caljz Cal}le -4T Casz, 2 Cal,le + Cal,le +2T Calyle -3 Caz 29 — €Az, 10 Cb2,10 -2T Cas1, 10 Cb2,10> 5

2
Caz,np » —Cai,1g (*2 Cay, Caz,1e + C37,10 — Cbz,le> » C33,21 > 0, caz » ~> 0,
1 2 2 2 2 3 3
Cas,oz > — (-1@cay,,ca) 15+ 10T Cay,p €Ay 1o+ 3T7 Cay,5CaT 15+ 6Ca3 15 -4 T Ca3 46 -
p , , , , ,

2 T2 Cai,le +6 Ca3,29 -6T Ca3’29 -4 Ca1)19 Cbz’le +2T Callle Cbz,le +2 -|-2 Ca]_,19 Cbz)]_e) >
1 2 2
Ca3)24 - — Cal)lg (—10 Ca1,2 Ca1,10—3Tca1,2 Ca1,19+ 5cal 10+2Tca1 10—4Cb2,10—2TCb2,1e>,
2 > >

1
2
Ca3)25 - *5 Cal,le (*3 Ca]_JZ Cal,le +2 Cal)le -2 Cbz)]_e) N Ca3’26 - 0,

1
Casz, 27 & — Ca1,10 (12 Cay,» Caj, 10 — 11T Cay,z Caj, 10 — 3 TZ Cay,» Cai 10 —
6

8caj 1p+6Tcal jp+2T°cal 1o+ 6Chy10-4TChy10-2T cba,10) 5

1
2 3
Casz g — E (9 Cay,» cal)m -5 cal,la +2 Caz, 29 — 2T Casz, y9 + 4 Ca1,10 Cbz’lg) N
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Ca3)39 - 0, Ca3’31 e 0, Ca3,32 e 9, Ca3,33 - @, Ca3)34 e 0,

1
3 3
Cas,3s — 0, Caz,36 > — (-Ca; 1 - 3T CaY 19~ 24 Ca3,54) ,
24
3
€aj 10
Caz,37 = » Caz 33 > 0, Caz,390 > 0, Caz 40 > 0,
1 3 3
Caza > — (-1+T) (2caj 15+3Tca3 1o-12Ca3,54),
3 s s
3 3
Ca3)42 - *g T Cal,le, Ca3’43 - Cal)la, Ca3,44 - 0, Ca3145 - 0,
3 3 2 3
Cazge > - — (-1+T) (9ca; 15+26TCaj 15+ T2 Ca3 15— 24 Caz,5q +24 T Ca3,54) 5
24
1 2 3
Cas,a7 > — (-6+17T+T?) a3 14,
6
1 3 Cai,l@
Ca3)48 - - — (1@ + T) Cal,la, Ca3,49 - T, Ca3)5g - @,
4 6
1 3 3 2 .3 2
Cazsy > - — (-1+T) (-2caj 16-17T a3 1+ T7Ca3 10 + 12 Ca3,54 - 24 T Caz,54 + 12 T Ca3,54) ,
24
3 3 2
Ca3J52 - Cal,le -2T Cal,le + Ca3,54 - 2 T Cag)54 +T Ca3,54,
3
ca3)53 - — (7 cal,le +6 ca3,54 -6T ca3,54> > ca3,55 - 0, Cb3)1 - —ca3,1,
-Tcbs,; - cbs s
cb3,3 >0, cb3 g > —————, cb3 >0, cb3; >0, cb3 3 >0, cb3 11 >0,
T
-T ca%,z Caj,1e + 4T Caj,19 Ca2,1 + 2T Cay,» Cbz’le +4T Cb3’9 -4 T2 Cb3,9 +2 Cb3,19 -2T Cb3,1e
cbz 1 ) »
4T
T cai2 Caj,10-4TCag,10Cay,1-2TCag,,Cby 16 -4TCbs,g-2Cbs 10-2TcCbs, e
Cb3,13 - >

aT

Cb3)14 - 0, Cb3’15 - 9, Cb3,15 - 0, Cb3,17 - @, Cb3)18 - 0,

cbs, 19

N

2 2 3
9 Cal,z Cal)le +T ca1,2 Cal)le -6 Ca:l)]_a +6 Ca3,29 +2 Cal,le Cbz)lg +4T Caljlg Cbz)le

3

6T

cbs 29 = Ca1,16 Cby 10, Cb3 21 > @, Cbs 5 > 0,

1
cbs 23 > — (18cay; caj 1o-12Tcay,; cas 1o - T2 Cay,5 Ca3 10 - 6 Ca3 45 + 8T CAT 40 -

6T?

2 TZ Cai)le +6 Casz, y9 - 6T Casz y9 + 8 Cay, 10 Cbz)le +2T Cai,1e CbZ,lO -10 Tz Cai,1e Cbz,le) >

cai, e (cal,z Cay,1e-2TCay,pCay e+ TCal 1o+2Chy 10+4T Cbz,m)

cbs o4 > - 5

Cb3,25

N

2T

1
— Cay,1e (Ca1,2 Cag 19 +2Cby 19), Cbs 26 > 0, Cb3 57 >

Cay, 10 (*Cal,z Caj,10 + 3T Cay,» Cajz,1e — 2T caiw + 2 TZ caile -2 Cbz’le -4T CbZ,lO +6 TZ Cb2,19>

6 T2

cbs 28 > — (3 cay; caj 1p-2Tcay,r€al 1p-2T%Cay,rCal 15 2Cas 1o+

272
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3 2 3 2
2Tca1’19+T Cal’le+2ca3)29—2Tca3)29+2C31,19 Cb2)19+2T Cal,le Cb2,19>,

-3cas,; cai10 ~Tecas,, ca%)16 +2 cai,10 ~2Ca3,59 2 Cay,10 Cby, 16 — 2 T Ca1,10 Cby, 10
Cb3,29 - >
2T

Cb3)39 - 0, Cb3’31 - 0, Cb3,32 - 0, Cb3,33 - @, Cb3)34 - 0, Cb3’35 - 0,

3 3
7caj,ip-3Tcaj o+24Ca3,5 1
Cb3)36 - 5 Cb3)37 - - — Cal’le, Cb3)38 - 0,
24T 6

(-1+T) (cai,10 +4Tca3 j5-12 ca3,54)
cbs 30 > @, Ccb3 49 - 0, Cb3 41 > s
8 T2

7 cad 1,
, 3
cbz 42 —» 7 » Cb3,43 > —Ca7 14, CD3,44 > 0, Cb3 45 > 0,

X (-1+T) (5ca3 10+ 18T a3 14+ 13T a3 14 + 24 Ca3,54 - 24 T Ca3,54)
CD3,46 » — >
2471

(-1-17T+6T?) ca3 4 (1+107T) caj 4 1,
cbsz 47 > 5 Cb3 g > ————————, b3 49 » - — a7, 19, Cb3,50 > O, Cb3,51 >
6 T2 4T 6

(-1+T) (-2ca3 15+5TCa3 15+11T%Ca; 15 +4T7Ca3 1 - 12 Caz,sq + 24 T Ca3,54 - 12 T? Ca3,54)

24 T4
-ca 3Tcal 9T2ca3,,-5T3ca’,,-6ca 12T cas s, -6T?ca
€aj 10 *+ €aj 10 *+ €ai, 10 €ai, 10 Casz 5q + Caz,sa Cas,sq
cbs 5o > s
6T
cal ,,-2Tca’,,-6T?ca2,,+6casss-6Tca
1,10 1,10 1,10 3,54 3,54
Cb3)53 - N )
aT
- cai16 +T cai,10 - 6cas,sy
cbs,sq > » Cb3 55 > 0}}
6T
(Alt) Out[« ]=
1 1 1 1

2 2 2 2 2
- — €Cai,y +€PjiXjCa,y-€Pp;jXjCag, ;- E € PiXjCag,+ 5 € pjXicay,+ E € Pi Pj Xy Caz,18 —

1 1 1
—Tepipixicaj1p-—epixica o+t — Tep2X2cay 10+ €PiPiXiXiCay 1o - € P> Xi Xi Ca1 10 —
€ Pi Pj Xj Ca1,10 5 P5 Xj Ca1,10 ) P53 Xj €a1,10 Pi Pj Xi X5 Ca1,10 P53 Xi X5 €az,10

1 1
2 2 2 2 2 .2 ,2 2.2 .,2
— € Pp3 p] Xi Ca1,2 Cal)lg +Te pPi p] Xi Ca1,2 Cal)lg + E € p] Xi Cal’z Cal)le -Te pJ Xi Cal)z Caljle -

26€2p; ps Xy Xs Cay  Cag 10+ 2€2p2x; X5 Cay ,Ca ,E€3 . psx2ca?, cag 1o -
Pi Pj Xi Xj Cay,2 Caz,10 P5j Xi X§ €a1,2 Ca1,10 4 Pi Pj Xj €A1 , Ca1,10

3 1

1
3 2 2 3.2 .,2 2 3.2.2 2 2 3.2.,2
— Te” pipjXxjcag,,casg, e+ Zl €7 pj Xj cay , Cay, 1o + :L Te Pj Xj €ay , Ca,1e + :L T e

2
p] X3 Ca]_,z Caj,10 +

3 2 3.2 2 1 3 ..2 2
2€”pi pjXiXjCay,,Ca1,10-2€ Pj Xi X4 €aj,, Cay, 10 - Zl T e pjXi Xj€ay ,Cay e+

1 1 1
2 2 2 2 2 2 2 .2 .,2 2 2 .2 .,2 2 2 .2 3 2
Ee Pi Pj Xi Ca1,1e—£T€ Pi Pj Xi Ca1,1e—£€ pj X§ cal,le+£Te pj X§ Cal,m—;e Pi Pj Xi €A1, 10 +

2 1
2 .2 3.2 2 2.3 .2 2 2.3 .2 2 2 2.3 .2
— Te”pipjXi ca1,1@+ge Pi Pj Xj cal)le—gTe Pi P§ Xj Cal,m*gT €7 pi P Xj €ay 19 -

1

1 1
2 .33 2 2.3.3 2 2 2.3.3 2 2 2 2 .2
— €7 p3 X} ca1)10+;Te Pj Xi Ca1,1e+gT €7 p3j Xj €a1,10 + €” Pi Pj Xi Xj €37 19— €” P3

2
3 X4 Xj caljw -

http://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution.nb 2022-11-04 09:18:15

e’ P% P; X% X Cai,m v e’ Pi P§ X% X5 Cai,w + ; Te? Pi P% X% X5 Cai,m - E e’ P? Xi X3 Cai,le -

Te? p3 x§ xj caj 4o - B €2 p; p5 x; X5 caj 1o+ ; €2 p3 xy X5 caj 1o - €7 pi P X cayp cas g+

Te?p; pyx§ cay,,cal o+ € p% X§ cay,, €aj qp - B T3 p% x§ cay,, cal jo - 3 €’ pl pj X} cay,; cal -
Te® pipyX; cag,, cas 4o - B €’ pi p5 X3 cay, cal g + ; Te® py pj xj cag,p cal jp+

11

2 3 2,3 2 3.3,.3 2 3.,.3.3 2
€™ Pi pJ Xj Cay,»2 C31,10+2€ p] Xj Cai,»2 Caljle*;TE pJ Xj Cag,»2 cal,le—

2.3 .33 2 3 2 3.2 2
T® €™ pj Xj €ay,2 Ca] 19— 3 €™ Pi Pj Xi Xj Ca1,2 €CA] 19 + 3 €~ Pj Xi X§ €CA1,5 €A 19 +

NIRrNIPwWIANIWNIRLRDNI]IPR
_|

3 .2 2 2 3 2,2 2 3 2,2 2
2 €’ pj pj Xj Xj Ca1,2 Ca7, 19 — 5 € Pi Pj Xi X €A1, €A, 10 - E Te” pi pj Xi Xj €Ca1,2 €a7 19 +

3 1
3 .32 2 3 2 2 2 3 2 3 3 2 .3
€7 pj X X4 €A1, €AY 10 + E €7 pi Pj Xi Xj €Ay, €A7,1q + E €” pi Pj Xi €a3,10 - E T e pi pj Xj €a1,10 -

3

2
3.2.,2 3 2,2 3.2 3 3 3.2 3 3 3 2.3 3
€ Py XjCay 1o+ — TE PIX] ca1 10+ — 3 €” pi Py Xi ca1)10+gTe Pi Pj Xi €a1,10 + € Pi Pj Xi €710 -

3 3.3,3

1
3 2.3 3 2 3 2.3 _..3 3.3 .3
Te” pi pj xical,m—;T €7 Pi PjXi Ca1,10 — — € Pj X €A1, 19 + TE~ PI X} ca1 10+

1
2 3.3.3 _3 3 3 4 __3 3 3 4 3 3.2, 2.4 3
€7 P3 X3 €A1 10 ;1 €7 Pi P§ X; €A1 1 g Te™ pipjX;cCay ip- :1 €7 Pi Py X; €A1 10

3 17
3.2 2.4 __3 2 3.2 2.4 __3 3 3.4 .3 3 3.4 .3
Te p; Pj X ca1,19+gT €7 p3 P3 X3 ca1,19+ge Pi P3 X3 cal,10+2—4Te Pi P3 Xj Ca1 1p -

Ol RrWIRrRwWINMNNIRLRNIO

25

— 128 plp]x c:a110
24

3 3

1
3 3 4 3 3.4 .4 4 4
€ Pi pj X5 cal)le - ?2 € pJ Xy ca1 10 — p] Xj cal 10

2 3

1
4.4 T3 3
e’ pi xica3 1o - - €

4 4 3.2 3
P3 Xi ca1 10+ € Pi P5 Xi X5 ca1 10— € P XiXj€ay 10 -

5 5
3 2 2 3 3 2.2 3 3 2.2 3 3. 3.2 3
€” pi Pj Xi Xj ca1,1@+£ €7 Pi Pj Xi Xj €A1 19 + T €7 Pi P X X5 ca1,1@—£ €” Py Xi Xj €A1, 10 +

1 7 17
3.3 3 3 3..2.2.3 3 3 3.3 3 3 3.3 3
ge Pi Pj Xi X5 Ca1,1a*gT€ Pi P Xi Xj €A1 1 — € Pi Pj Xj Xj ca1)10+€Te Pi P3 Xj Xj Ca7 10 +

1
2 3 3.3 3 3,43 3 3,43 3 3 2 2 .3
— T2€” pi PjXj Xj €Ay, 19 + € Pj Xi Xj Ca1,19 - 2T €7 P35 Xj X5 €7 1 -~ € Pi Pj Xi Xj €A1 10 +

5 7
3.2.2.,2.,2 3 3 3,22 3 3 3,22 3 3.4.2
€’ pi Pj Xi Xj Ca1,1a—£€ Pi P3 Xi Xj Ca1,1a—ZT€ Pi P3 Xi Xj ca1110+ze P35 X§ xJ ca1 10+

1 3 3 3.3 2 2 2 3
— €7 PiPjXiXjCa1 19+ € Cay,1 —2€"piXjCap+2¢€ Py Xi Cap,y +4€” p; Xj Cag pCayg -

3 3 2 3 2 3..2 .2
4 ¢ pJ Xi Ca:[JZ C32,1 + €7 Pi pJ Xi Calllg Caz,l -3Te Pi p] Xi Cal)le C32,1 - € p] Xi Cal,lg C32)1 +
3.2.,2 2 3.2 .,2 3 3 .,.2
3Te Pj Xj Ca1,10 Ca2,1 - T e Pj Xi Ca1,10 Ca,1 + 4 €” p; Pj Xi X Cag,19Caz,1 -4¢€ Pj Xi Xj Ca1,10 CA2,1 +

T 63 pi Xi Xj Cal,le C32,1 + 63 Ca3)1 - 63 pf p] Xi Ca3,29 + 63 Pi pi Xi Ca3)29 -T 63 pPi p§ Xg Ca3,29 +

3
3.3,2 3.3.2 3.3 2 3.3 4 3,224
€ pJ X3 Xj Cag)zg -Te p] X3 Xj ca3,29 + € p] Xi Xj ca3)29 - € p; pj X Ca3,54 + E € P; pJ Xi ca3)54 -
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1
3 2 2.4 3 3.4 3 3.4 2 3 3.4 3,44
— T e pipjXjCas,sa-€ PiPjX;Cas,sa+2TeE p;iPjX; Cazsa—T € p; p3X; Ca3,54+£ €7 p5 X; Caz,sq -

3 3 1
3.4 .4 2 3 .44 3 3.4.,4 3 .4 .3 3.4.3
- Te P5 Xi ca3,54+£T €7 Py X; ca3154—ET €7 Py Xj Casz,sq + € Py Xj X4 Caz;su-2Te P Xj Xj Cas,sq +

1
2 3.4 3 2 2
j €a3,sq4 + €7 Py Xj X5 €a3,54 — E €7 Pi Pj Xj by, 10 +

J

2

3 3
2 3,43 3.4 2 3.4 .,2
T e p] Xi Xj Ca3,54+* S pJ XiX Ca3’54—*T€ p] Xi X]
2 2

1 1

2 2 2,22 2. .22 2 2.2
- Te pPi p] Xi Cb2,19 + ; € pJ Xi Cbz)lg - ; Te p] Xi Cb2,10 - €7 pPi p] Xi Xj Cb2,10 + € pJ Xi Xj CbZ,le +
1 3 1 3

3 2 3 2 3.2.2 3.2.2

— €7 pi pj Xj €as,, cby 16 - E T e’ p; pj Xj €a1,2 Cby 10 - ; €” pj Xj €a,» cby,1p + E T e’ pj xj cag, 2 cby,1p -
ETZ 3922 b 23D Ds Xs Xs b 23 p x; X+ b

€7 P53 Xj €Ca1,2 €Dy, 10 + 2 €7 Pij P§ Xi Xj CA1,2 CO3,19 — 2 €™ Pj Xj X5 €aA1,2 CD2 10 +

3 2 3 2 3 2 3.2.2
— Te”pjXi Xy €ay,, Cby 16 — €7 Pi Pj Xi CaA1,10 Cba, 10 + T €7 i Pj Xi €A1,10 Cba,16 + €7 P§ Xi Ca1,10 Cb2,10 -
j i

1 2
3.,.2,.,2 3,2 3 3 .2 3
T €7 pj xj cay, i Cby,10 - 3 €7 Pi Pj Xj €a1,10 Cb2,10 - 3 T €7 Pi Py X; ca, 10 by, 10 -

2 1
3 2.3 3 2.3 2 3 2.3
— € pi P Xi €a1,10 Cby,10 + ; T e” pi pj Xj Ca1,10 Cba,10 + ; T €7 pi pj Xi Ca1,10 Cba, 10 +

3

3,33 25 3.3 123533 3
€” p3 Xj Ca1,10 Cby,10 - 3 T e” pj Xj cay, 10 Cby,10 - 3 T €7 pj Xj cay,10 Cba,10 - 2 €7 Ps P5 X3 X5 Ca1,10 Cby,10 +

3 2 3.2 2 3 2.2
2 € pj Xi X3 €a1,10 Cba,10 + €7 Pj P X X§ CA1,10 Cbp,10 ~ 2 €7 pi Pj Xj X§ Ca1,10 Cby, 10 -
3 2.2 3.3 2 3 2 2 3
T € pi Pj Xi X4 Ca1,10 Cba 10 + 2 €7 Pj Xi X5 Ca1,10 Cby 10 + €7 P1 Pj X1 Xj Ca1,10 Cb2,10 - €7 P31 X3 Cb3 2> +
3 3 3 3 2 3,22 2 3,22
€”pyXiCbs o+ Te”pjxichbys-€”pjxycbss-Te pypjxjchyo+Te p3 Xi cbs,o-T € p3 Xi cbs g +

3
3.2 3 2 3 2 3..2.,2 3.,.2,.,2
Te” pjXi X4y Cbs,g - € pi pj Xj Cbz 10 + T €7 ps Py Xj b3 10 + €7 Pj X cb3,107£Te Pj Xi Cbs, 10 +

1 3 1
2 3 .22 3 3 .2 3.2
E T e pj X5 Cb3,1e - €7 Pi Pj Xi X5 Cb3’19 + ; € pj Xi X5 Cbgllg - E Te pj Xi X5 Cb3,19

(Alt) Out[ = ]=
1 2 2 2
E € Cay,7 + € Pk Xk CA1,10 — € Pi Xk €CA1,2 CA1,19 - €° CA,1 — € Py Xk Cby 10 +

3 3 3.2.,2 3.3.3 3.4 .4
S CC3)1+€ Pk Xk CC3’2+€ kak CC3’3+€ kak CC3,4+€ pk Xk CC3,5
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R2c@d=3
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normal@Series[Exp[rq[-1, 0, 1, i, j°] +rq[1, i*, j11, {e, 0, d}1,
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
177 Zip ,8/ees)y(x,8/ee5) // Expand
] //. gRUIeS-l,i,j* UgRUleSLi*,j]

(Alt) Out[« |=
1 1 2 2 1 3 3
1+—ecay,+— €’ (caj,-8cayy) +— € (caj,-24ca Cay 1 +48cCCs 1) +

2 8 48

(—1 + T) 63 (Cai,z Cal)lg +4 Cang Caz)l + 2 Cal)z Cb2,10 -2 Cb3,1e -2 CC3)2> gj”,i”
+
2T
2 .3 2 3 .3 3
2 (-1+T)%€ CC3)3ng)iu 6(-1+T) € CC3’4gj-\)iu
- +
TZ T3
24 (-1+T)* e ces s 85 5o 1
’ 2
+€Cay,10 8jr,j + — € (-Cay,2Ca1,10 ~ 2Cby,10) 85,5 +
T 2

1 3 2
g € (—3 Caljz Cajg,10 — 8 Cajy,10 Ca2,1 — 4 Ca,» Cbz,le + 8 CC3,2) gj”,j“ -

- 3 e g gae e 18 (14 T)2€3cc3 482 o B g
4 (-1+T) e €C3,3 85+,i* 8§, 3,4 gjﬂ)lﬁ 85,5

+ —
T T2

96 (-1+T)3>e3cess g;‘,i” gy, 5+

2 2 2
+€°cal o855 +

T3
1o 110-4 b 4 :
5 €’ (-3 cay,;cay 1 - 4Cay,10 Cby 10 + 4 CC3,3) B 5o -

3 2 2.3 2 2
18 (71 + T) € CC3,4 gj”,i” ng)jH 144 (*1 + T) S CC3,5 gj“,i“ gj’*,j”
+ +
T T2
96 (-1+T) €’ cc i g 83
3 3 3 (-1+T) e 3,5 85,1 B3, 5 3 4

€’ (caj 10+ 6CC3,a) B 5 - +24¢€°ces s 85

T
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(AIY) In[ - J-=
rhs = CF[Module[{es = {(3*)"}},
Times [
Normal@Series [Exp[v¥q[1, ()% 11, {e, O, d}1,
Exp[Sum[gq,5 7a €5, {0, €S}, {B, €s}]]
1 /7 Zip (5 8/0es) | (x,&/ees) // EXxpand

I

(Alt) Out[ = ]=

1 1, 2 1, 3
1+—ecag,+— €’ (caj,-8cay,)+— € (caj,-24ca;,Cay1+48¢CCs ) +
2 8 48
1,
€ Cay,10 85,5 + 5 €° (-Ca1,2Ca1,10 — 2Cby,10) 8y 5 +
1, 2 2 2 2
g € (*3 Cal,z Cal)le -8 Ca]_,:lg Caz)l -4 Cal)z Cb2,10 + 8 CC3,2) gj”,j” + € Ca]_)19 gj+-,j++ +
1, 2 2 3 3 3 3 4
B €’ (-3 cay,,cat 19 -4Ca1,10Cha 10 +4CC3,3) 85 5 + € (CAT 19+ 6CC3a) B3 5 +24 €7 CC3,5 85 5

(Alt) In[ = |:=

me = Exponent[lhs - rhs, T, Min]
(Alt) Out[+ ]=

-4

(Alt) In[ = |:=
covars = DeleteCases [Var-iables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[ - ]=
{e, &0 8550 )
(Alt) In[ = |:=
CoefficientRules [Expand [T™™ (1hs - rhs)], covars] // Column

(Alt) Out[« |=
{3,
{3,

4,0) > 24cc3s-96TcCs,s+144T2ces3,5 - 96 T2 ¢35+ 24 T4 cC3 5
3,1} > 96Tccs,s -288T?ccy,5 + 288 T3 cc3,5 - 96 T* cc3,5
(3,3,0) 56TcC3,4-18T%cC3,4+18T%cC3,4-6TCC3,4
{3,2,2) >144T%cc3,5 - 288 T  cc3,5 + 144 T cea 5
{3,2,1) >18T?cc3,4-36T>cC3,4+18T%cC3 4
{3,2,0) »2T%cc3,3-4T ce3,3+2T ces) 3

(3,1, 3} >96T?cc3,5 - 96 T* ce3,5

{3,1,2) >18Tcc3,4-18T*cc3 4

{3,1,1} »4T3cc3,3-4T ces3,3

(3,1, 0} > —% T cai , caj 1o + % T*caf , cai0- 2T cay,ip Ca,1 +

2 T4 Caljle Caz)l = T3 Cal:z Cb2,19 + T4 Ca1,2 Cb2,10 + T3 Cb3,1e = T4 Cb3,1e + T3 CC3,2 - T4 CC3,2
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(Alt) In[ =

eqnsR2c =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) Out[« ]=
1 3 2
{* (—1 +T> T (Cal 2 Ca1,19 +4ca]_,19 Caz)l + anl)z Cb2,10 -2 Cb3)1e - 2CC3)2> == 0,
5 ,
~4 (-1+T) T?cc3,3=0,2 (-1+T)*T?cc3,3=0, -18 (-1+T) T’ cc3,4 == O,
-6 (-1+T)>Tccs,4=0, 18 (-1+T)2T?cC3,4 =0, -96 (-1+T) T>ccs,5 == 0,
~96 (-1+T)?>Tces,5 =0, 24 (-1+T)*cc3,5 =0, 144 (-1+T)>T?cca5 == }
(Alt) In[ = |:=

vars = Cases [Variables[rd[l, i1, j1] +rg[-1, i2, §2] +¥a[1, k11, (ca|cb | cc | cd)__]
{sol} = Solve[eqnsR3 | eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rafl, i, jl
¥al[1, K]
(Alt) Out[ = |=
{ca1,2, Ca1,10, CA2,1, CA3,29, CA3,54, Cby 10,
cbs,z, cbs,s, cbs,g, Cb3 10, CC3,1, CC3,2, CC3,3, CC3,4, CC3,5)

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Out[ = ]=

{{CCg’z - — <cai 2 Cal,le +4 Cal)le Caz,l +2 Cal,z Cbz)lg -2 Cbs)lg) > CC3’3 - 0, CC3,4 - 9, CC3’5 - 0}}
2 B

(Alt) Out[ = ]=
1 1 2 2 1 2 2 1 2
*; €C31)2+€pi Xi Cal,z—epj Xi Ca1,2—£ €7 Pi Xi Ca1)2+£ € p] X3 Ca1,2+£ € pi pj Xy Cal’lef

1 T 2 1 2,2 T 2,2 2

— 1 €PiPpjXjCaie - 5 € Py X; Cag,ie + 5 € Pj Xj Ca1,10 + € Pi Pj Xi X CA1,10 — € P5 Xi X§ CA1,10 -

1 2 2 2 2 1 2.2 .,2 2.2 .,2

— € Ppi pj Xj Cajq,2 Cai 10 + Te pPi pj Xj €Cajq,2 Cai,10 + 5 € p] Xj Caq,2 Cai 10 — Te pJ Xj Cay,2 Cajz,1e —

1
2 2 2 3 2 2
2€°p; pjXiXjCag,pCagp+2e Pj Xi Xj €a1,2 Ca,10 - Zl €7 pi Pj Xj €A1, Cag,10 -

3 1

1
3 2 .2 3,22 .2 3.2,2 .2 2.3 2.2
— Te’ pipjxjcag, cal’le+ze Pj Xi cal,zca1,19+ZTe Pj Xi cai ca1,19+ZT €

2
p] Xy Cal,z Cajy 19 +

3 2 3.2 2 3 .,.2 2
2€7pi pjXiXjCay,,Ca1,10-2€ Pj Xi X4 €@y, Cay, 10 - Zl Te Pj Xi X4 €A1, Cay,10 +

1

1 1
2 2 2 2 2 2 2.2.2 2 2.2 .2
E € pi Ppj Xj €Ay, 19 - E Te” pipjXjcay p- E € PyX;Caz et 5 Te

1
2 2.2 3 2
P53 Xi €A1 19 — ; € P PjXjCag et

2 1
2 .2 3 2 2 2.3 2 2 2.3 2 2 2 2.3 2
- TepipjXi Ca1,1a+g€ Pi P§ Xi cal’le—;Te Pi Pj X3 Cal,m—gT € pi Pj Xi €A1, 10 -

1 1
2.3,.3 .2 2,33 .2 2 2,33 2 2 2 2.2 2
— €7 p5Xj ca1,10+;T€ Pj Xi ca1,10+gT €7 P Xj Ca1 19 + € Pi Pj Xi Xj CA] 19 — € PJ Xi Xj €AY 19 ~

1 1 1
2 .2 2 2 2 2,2 2 2 2,2 2 2 .3 .2 2
— €7 pi pj Xi Xj €aT,10 + € Pi Pj Xi Xj ca1,10+£Te Pi Pj Xi Xj Ca1,1e—56 P3 Xi Xj €A1, 10 —
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NIRrNIPWIRANIWNIPR
_|

1

2.3 .2 2 2 2 2 2 2,3 2 2 3 2 2
Te” pjxixjcag, - 5 €" Pi Pj Xi X5 €A1 19 + 5 € Pj XiXjCaj,19~ € PiPjXjCa1,2Ca1 19+

3 2 2 3,22 2 3. 3200 2 15, 3 2
Te” pi pj Xj Ca1,z Cay 19 + € Pj Xj Ca1,2 €] 14 - E Te” pjxj cay,; cay 1 - 5 €7 Pi Pj Xj Ca1,2 Ca3 19

3.2 3 2 3 2.3 2 3 2,3 2
T e’ pi pj Xj Cay,2 €aj 1p - ; €7 Pi Pj Xi €a1,2 CAT, 10 + ; T e’ pi pj X; €a1,2 €A1, 10 +

11

2 3 2.3 2 3.3,.3 2 3,.3,3 2
€7 pi Pj Xj Ca1,2 Caj,e*2€ Pj Xi €a,> callm—zTe Pj Xj Ca1,2 Caj 1q -

2 3.3.3 2 3 2 3.2 2
€7 pj Xj Cay,> €Al 10—~ 3 € Pi PjXiXjC€A1,2CA 19+ 3 € Pj Xi X4 €a1,2 €A 19 +

3.2 2 2 3 2,2 2 3 2 .,2 2
2.7 pi pjXj Xj €A1, €AY, 19 — 5 € Pi Pj Xi Xj €Ca1,2 €T, 10 — E Te” pi p§ Xi Xj €ay,5 €A1, 19 +

3

3

Ol RrPrWwWIlrRrwINMNIRLRNIO

25
24

&3 pt
€’ p5 Xi ca110

-b\w

m

2

Alr olRr

3.2 .2
e’ pi pi xi x4 ca3 5o -

1

2.2 .3
e’pjxicaj o+ — T
3,33 .3

P3 Xj €a1,10

1
2 3 3 3,4 3 4 4
— T%E3 plpjx ca1 10— 24 € pipjxicaljla—ﬁe p3 X3 ca1 10 —

3 1

3,2 2 3 2 2 2 3 2 3 3 2 3
€7 P Xi Xj €A1, €AT 10 + E €7 Pi Pj Xi Xj €Ca1,2 €Ca7 1 + E €” pi Pj Xj €31 10 - E T e’ pi PjXj €ag,10 -

2
3 p2 2 3.2 3 .3 3. 2 3 __3 3 2,3 3
€’ pj Xi ca1 1e+;€ pi P Xi ca1)10+gTe Pi P§ Xi €A1 10 + € Pi P§ Xi CA7 10 —

1 4
3 2.3 3 2 3 2.3 3 3..3.3 3 3..3.3 3
Te p; Pj X3 Ca1,1e—;T €7 pi Pj Xi Ca1,1e—;€ Pj Xi caj e+ TE Pj Xj €a3 10 +

1 1 1
3.3 4 3 3.3 4 3 3.2 2.4 3
:6 Pi Pj X; Ca1,1e‘§T6 Pi Pj X3 (35‘1,19‘216 Pi Pj Xj Ca3, 19 -

3 17

3
3.2,.2.,4 3 2 3.2 .24 3 3 3,4 3 3 3,4 3
Te” pipj xica1,19+§T €’ pi Pj Xi Ca1,1a+§€ Pi Pj Xi ca1,10+2—4Te Pi Pj Xi €a7, 10 -

1 3 3

4 4
€ Py X4 C5‘11(aJr

T3 23 pt 8 3 2 3
€ pi xica; o+ €2 PiPj Xy XjCa3, 1€ P]Xi Xj €AY 10 -

3.2 2 3 3 2,2 3 3 2,2 3 3,32 3
Pi Pj Xi Xj Cal,19+£ €7 Pi Pj Xi Xj Ca3 19 + T €7 P5 Pj Xj Xj Cal,la‘g €7 P3 Xi Xj€Ca3,19 +

17

3.3 3 3 3,.2,2,.3 3 3 3.3 3 3 3.3 3
€7 Pi Pj X3 Xj Cal,m*gTe Pi Pj Xi Xj Ca1 19 — € Pi Pj Xi Xj Cal,m*zTe Pi Pj Xi Xj Ca1 1p +

3 3.3 3 3.4 .3 3 3.4.3 3 3 2 2 3
€7 Pi Pj Xi Xj €Ca3,19 + € P3 Xi Xj €CA7,19 ~ 2 T €7 P5 Xj Xj Ca3,19 — € Pi PJ Xi Xj €A1, 10 +

5 7
3 3,22 .3 3 3,22 .3 3. .42
e pipjxixjcal,le_ZTe pipjxixjca1)19+ze p3 X§ x ca119+

— €% P3P X1 X Ca3 1o+ €7 Caz,1 — 2 €7 Py Xy Caz,1 +2 €7 Py Xy Caz,1 +4 € Pi Xy €Ay, Cay, g -

3 3 2 3 2 3.2.,2
4 e’ pjXjCay,2Cax1 + € PiPjXiCal,1eCaz,1~3T € pipjXjCag, ipCazi-¢€ Pj Xi Ca1,10 Caz,1 +

3.2.,2 2 3 .2.,2 3 3.2
3Te p] Xi Cal)le Caz,l -T € pJ Xi Cal)le Caz)l +4 ¢ Pi pJ Xi Xj Cal,le C32,1 -4¢ pJ Xi Xj Cal,le Cazjl +

3.2 3 3.2 3 3 2,3 3 2,3
Te pJ Xi Xj Cal’le Caz,1+€ Ca311—€ pi p] Xi Ca3,29+€ Pi pJ Xi Ca3)29—T6 pPi p] Xi Ca3,29+

3

3 .32 3.3.2 3.3 2 3.3 4 3,.2.2.4
€ pJ Xy Xj Cag’ZQ*TE p] Xj Xj €dz, 9 + € pj Xi Xj Casz, 29 — €7 P; Pj X Ca3,54+£€ pi pJ Xj Ca3z,5q —

3

1

3.2 2.4 3 3.4 3 3.4 2 3 3.4 3. 4.4
— Te™ pipjXjCas,sa-€ piPjXjCassa+2TeE” p;iPjX; Caz,sa—T € p; p3X; C?=‘3,54+£6 Pj Xj Cas,sa -
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3 3 1

-TE3 pg! x‘i1 Caz sy + ; T2 3 p‘; xg Cas, 54 - ; T3 el p‘; x‘; Cas, 54 + e3 p‘; xi XjcCaz5q-2T e3 p‘J! xi Xj Ca3,s4 +

T2 23 pt 33 33422 3T3422 3.4 3 12 2 p
€ pJ Xi X5 ca3,54+£ € pJ X3 Xj C33}54—; € p] X3 Xj Caz,;sq + € pJ Xi Xj Ca3,54—£ € Pi Pj Xj CD3,10 +

1 1
2 2 2.2 .,2 2 .2 ,2 2 2 .2
—Te pi p] Xi Cb2,10 + ; € pJ Xi Cbz)lg - 5 Te p] Xi Cb2,10 - € pPi p] X3 Xj Cbz)lg + € pJ Xi Xj Cb2,10 +

1, 2 33 2 3.2.2 3 350
— €° pi PjXjiCag,chy g - E Te” pi pj Xi €az,, Cby 16 - E €” pj Xj ca,» cby,1e + E T e” pj xj cag, s cby, 10 -

2 3.2.,2 3 3.2
— T2 €’ pj xj cay,» cby 16 +2 €7 p; Py Xy X4 Ca1,5Cby 19 -2€ Pj Xi Xj €a1,2 cby, 10 +

1
3 2 3 2 3 2 3. 2.2
— T €7 pj Xi Xj Cay,p by 19 ~ €7 pi P§ Xi CA1,10 by 10 + T €7 pi P§ Xi CA1,10 €D, 10 + € PJ Xi CA1,10 Cb2,10 -

1 2
3,22 3.2 3 3.2 3
T e” pj xj cay,1e Cba, 10 - ; €7 pi Pj Xi €a1,10 Cby, 16 - ; T e” pi pj Xi €a1,10 Cby, 16 -

2 1
3. 2.3 3. 2.3 2 3, 2.3
— €7 pi Pj Xj Cay,10 Cby 10 + 3 T e pi pj Xj Ca1,10 Cba,10 + 3 T €7 pi pj Xi €a1,10 Cb2,10 +

2 1
3.3 3 3.3 3 2 3,33 3
€” p3 Xi €a1,10 Cby, 10 - g T e” pj X €ai,10 €ba,10 - ; T €” pj Xi €a1,10 €ba,10 — 2 €7 pi P§ Xi Xj €A1,10 Cb2,10 +

3 .2 3 .2 2 3 2,2
2 €7 pj Xi X3 Cay,10 Cba,10 + €7 Pi P X Xj Ca1,10 C2,10 - 2 €7 pi P Xj X§ Ca1,10 €Yy, 10 -
3 2,2 3.3.2 3 2 2 3
T €” pi pj Xi X§ €Ca1,10 Cby,10 + 2 €7 Pj Xi X5 Ca1,10 Cb2,10 + €7 Pi PJ Xi Xj CA1,10 Cb2,10 — €7 Pi X4 Cb3 5 +

3 3 3 3 2 3,22 2 3.2.2
€’ pyXi bz +Te’pjxichbsys-€”pjxycbss-Te  pypjxjchso+Te P3 Xi cbs,o-T € Pj Xi cbs, g +

3
3.2 3 2 3 2 3.,.2,2 3.2,2
Te pJ Xi Xj Cb3’9 - € pi pJ Xi Cb3)1g +Te pi p] Xi Cb3,19 + € l:)J Xi Cb3,19 - E Te p] Xi Cb3)19 +

3 1
2 3.2.,2 3 3.2 3.2
- T e p] Xi Cb3,1e - € pi pJ Xi Xj Cb3)1@ + E € p] X3 Xj Cb3)19 - ; Te p] X3 Xj Cb3,19

(Alt) Out[« ]=
1 2 1 3 2 2
E € Caz, + € Pk Xk Ca1,10 — € Pk Xk €Ca1,2 Ca1,10 + E € Pk Xk cal)z Cay,19 — € Cay;1 +

3 2 3 3 3
2 €7 pi Xk Ca1,10 CA2,1 — € Pk Xk Cba,10 + €7 Pk Xk CA1,2 Cbz 10 — €7 Pk Xk Cb3,10 + €7 CC3,1
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R1l

(Alt) In[ = |:=
lhs = CF[Module|{es = {i, i"}},
Times [
Normale@Series [Exp[rq[1, 1, ©, i*, i]], {e, O, d}],
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand
] //. {gi+,ﬁ7 N Si+, 5+ Bitt, 55 Bi,p ¥ 61,5+ gi+)/j}]
(Alt) Out[ - ]=
1+¢€’ (cas,q+CC3,q) -
211_3 € (T’ cal ,car 10 -18Tcay ,cal 1o - 18 T% cay,, Cal 1o - 8Ca3 1o+ 4T Ca3 15+ 4T Ca] 4 -
4T3 cay,1pCas,1 - 12T Cas, 00 - 12 T? Ca3,29 - 48 Ca3,54 - 48 T Ca3,54 - 48 T2 Ca3,50 - 2 T2 CA1,5 Cby 10 -
12T cay, 10 Cba,10 - 12 T2 Cay,10 Cby 10 + 2 T2 Cbs,s -4 T2 Cbs o - 2 T by 10 + 2 T° by 10) 81,1 +

3 63 (3 T Cal,z Ca%)la + 2 Cai)la +2T Ca3)29 +12 Ca3,54 +12T Ca3,54 +2T Ca1,19 Cbz)]_e) gi”,i

+
TZ
3 3 3
4¢€* (ca3 o+ 6Cas,sa) 8] 3
4
T
1 3 3 2 2 2 2 3 3 2 3
— € (T caj,, cag,1e — 18T cay,, caj 1o - 18T  Cag,5€a] 19 - 8CaA7 19 +4TCA7 1 +4 T CaT 10 -
272
4T cay 10 Cay,1 - 12T cas,p9 - 12 T? caz, 9 - 48 Caz, 54 - 48 T Ca3,54 - 48 T2 Ca3,54 - 2 T2 Cay,5 Cby 10 -
12T Cal)lg Cbz,le -12 T2 cal,le Cbz,lg +2 T3 Cb3)5 -4 T3 Cbg’g -2 TZ Cb3,1g +2 Ts Cbs)lg) gi”,i* -
1 3 3 2 2 3 3 3
— € (T Cal,z Cal’le -36T Ca1,2 Cal’m - 24 Cal,le +24T Ca1)19 -4T7T Cal)le Cazjl -247T Ca3,29 -
272

144 ca3,54 -2 Ts Cal)z Cb2,10 24T Cal)]_@ Cbz)lg -4 T3 Cb3,g -2 TZ Cbg)lg +2 T3 Cb3)1g> gi”,i gi“,i* +

3e® (3Tcay, caf 15+4¢a3 15-2TCa7 15+2TCas,20 + 24 Caz,54 + 2T Ca1,10 Cba10) 85 5 81,10

+

T

3 3 3
4e (ca1,19+6ca3,54) gi*',i 8i+ i +

1 3 3 2 2 2 2 3 3 3
— € <T caj , Cal)le -36T Cal,z Caj 19 — 18T ca1,2 Caj 19 — 24 Caj 19 + 12T Caj 19 — 4T Cal,le Cazjl -
T B > 5 5 5

24T cas, 0 - 12 T? cas,p9 - 144 Cas 54 - 72 T Caz 54 - 72 T> Ca3,54 - 2 T> cay,5 Cby 16 -
24T Cajy,1e Cbz,le -12 T2 Caj,1e Cb2,10 -4 T3 Cb3)g -2 TZ Cb3’1e +2 T3 Cb3,1e> gi

ar =
1

.

3(-1+T) e (3Tcay, caf 15+4Ca3 15-2Tcaj 15+2TCas,z0+24Cas,54 +2 T Ca1,10 Cba10) 81,1 85 3

I
-6 (-1+T) € (ca3 1o+ 6Cas,sa) 8 5 B 5 +
€ (-9Tcay,pcal 1p-12ca; 1o+ 6T Ca; 45 -4 T Caj 4 -

6T cas,p0 - 72 Caz,sq - 24 T% Caz 54 - 6 T Cay 10 Cbyj10) 83 50 +

4 (-1+T)?€> (caj 1p+6Cas,ss) Bi,1 815 —2T (2-T+T?) € (ca3 1o+ 6 Caz,sa) 85 5
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(Alt) In[» ]:=
rhs =1
(Alt) Out[« |=
1
(Alt) In[ = |:=
me = Exponent [lhs - rhs, T, Min]
(Alt) Out[+ ]=
-3
(Al) In[ » ]:=
covars = DeleteCases [Var-iables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[« ]=
{€, 81,15 81,1}
(Al) In[ » ]:=
egnsR1l =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) Out[« |=
{4 T? (ca3 10+ 6Cas,sa) =0, 4T (caj 1o+ 6Caz,ss) =0, -6 (-1+T) T° (caj 15+ 6 Caz,sq) = O,
4 (-1+T)2T? (caj jp+6Casss) =0, -2T" (2-T+T?) (caj 1o+ 6Caz;ss) = 0,
3T (3 T Ca:l,z Cai’le +2 Cai)le +2T Ca3)29 +12 Ca3,54 +12T Ca3154 +2T Cang Cb2)19> == O,
3T% (3T cay, ca3 15 +4Ca3 1-2TCa3 1 +27TCas, 00 + 24 Caz s + 2T Cay 10 Cyy10) = O,
-T (9T cay,zca jp+12€aj 15-6TCaj 45+
4 T2 Cai)le +6T Ca3)29 +72 Ca3,54 + 24 Tz Ca3)54 +6T Ca1)19 Cb2,19> == 0,

=3 (-1+T) T? (3T cay,2€a3 15+4Ca3 15 -2TCay 1o +2TCaz 00 + 24 Caz 50+ 2T Cay 10 Cby 10) = 0,

1
— (-T?cal ,car 10+ 18T cay, s cal 1o+ 18 T2 Cay,» €aj 15+ 8Ca3 1o -4TCay 15-4T7Ca3 g5+
2 s B B B B B
4 T3 Cal)lg Caz’l +12T Ca3)29 +12 T2 Ca3,29 +48 Cag)54 +48 T Ca3,54 +48 T2 Ca3’54 +2 T3 Ca1,2 CbZ,lO +
12T Cal)le Cbz,le +12 T2 Cal,le Cbz,lg -2 T3 Cb3)5 +4 T3 Cb3’9 +2 TZ Cb3,19 -2 T3 Cb3)1a> == 9,
} 32 2 3 3 3
-—=T (T Caj , Cay 19 - 36T Cay,, Ca] 19 -24Ca7 15 +24TCay 14-4T" Cay,10Caz,1 - 24T Caz, p9 -
2 s B s s
144 ca3,54 -2 Ts Cal)z Cb2,10 24T Cal)]_@ Cbz)lg -4 T3 Cb3,g -2 TZ Cbg)lg +2 TS Cb3)1g> == @,
1
— T (T’caj ,cay0-18Tcay,caj 1o - 18 T2 cay,2 a3 1o - 8Ca3 15+ 4T Ca3 15 +4 T2 €3 4 -
2 B s 5 s s s
4T cay 10 Cay,1 - 12T cas, 09 - 12 T? caz, 9 - 48 Caz, 54 - 48 T Ca3,54 - 48 T2 Ca3,54 - 2 T2 Cay,5 Cby, 10 -
12T Cal)le CbZ,le -12 T2 Cal’le Cbz,lg +2 T3 Cb3)5 -4 T3 Cb3’9 -2 T2 Cb3,1@ +2 T3 Cb3)1g) == @,
1

— T2 (T?cal , cas 10 - 36 Tcay,, €aj 1 - 18 T2 cay,; €af 1 - 24 Ca3 45+ 12T a3 1 - 4 T> Cay 10 Cap,1 -
5 , , , , ,

24T Ca3:29 -12 T2 Ca3)29 - 144 Ca3)54 -72T Ca3,54 -72 T2 Ca3’54 -2 T3 Cal,z Cb2,10 -24T Cal,le

Cbz)lg -12 T2 CaLlB Cb2,10 -4 T3 Cb3:9 -2 TZ Cb3,19 +2 T3 Cb3)19) == 0, T3 (Ca3,1 + CC3,1) == 0}
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Alt) In[« ]:=

o vars = Cases[Variables[rg[1, il, j1] +rgq[-1, i2, j2] +v4[1, k]], (ca|cb|cc|cd) |
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
I"d[:l-.v i) j]

Yall, k]
(Alt) Out[ = ]=
{ca1,2, Ca1,10, CA2,1, CA3,29, CA3,54, Cby 10, Cb3 2, Cb3 5, Cb3g, Cb3 10, CC3,1}
Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[ - |=
1 2 3 3
{{Ca3,29 4 E (—3 Cal,z Callle +2 Cal,la -2 Caljle Cbz)lg) 5 Ca3)54 - —g Cal,le, Cb3,5 4 0,
T Ca%,z Cal)lg -4T Cal)lg Caz,l -2T Cal,z Cbz)lg -2 Cb3)10 +2T Cb3,19
Cb3)9 - F) Cc3,1 - _Ca3,1}}
4T
(Alt) Out[ + ]=
1 1 1 1

2 2 2 2 2
7; € Cay,p +€Pi Xy €A1, - €PjXjCag, - E € Pi Xi cal)z + 5 € Pj Xi cal,z + E € Pi Pj Xj Caz,1e —

1 T 2 1 2.2 Ten?x2 2
E € Pi Pj X5 Ca1,10 — ; € Py Xj Caz,ie + ; € P Xj Caz,10 + € Pi Pj Xi X4 €a1,19 — € Py Xi X5 CA1,10

1
2 2 2 2 2 .2 ,2 2.2 .,2
— € Pp3 p] Xi Caljz Cal)lg +Te pi p] Xi Ca1,2 Cal)lg + E S p] Xi Cal’z Cal)le -Te p] Xi Ca1,2 Caljle -

2e%p;ps Xy X4 Ca ca +2e?p?x; x4 ca ca —Ee3 (psx2ca’,ca -
Pi Pj Xi X5 €a1,2 Ca1,10 P53 Xi Xj €ag,2 Ca1,10 4 Pi Pj X;j €a;1 5 Ca1,10

1
3 2 2 3.2.,2 2 3.,.2 .2 2 3 2
Te” pipyXjcar,,Ccay e+ :L €” Py Xj €aj , Ca,e+ T € PjXjCai,Carie+2€ PiPjXiXjCar,, Cal e -

1 1 1
3.2 2 2 2 2 2 2 2 2,2 2
2€”pyx;xjcay, ca1)19+£e Pi Pj Xi Ca1,1e—ET€ Pi Pj Xi Ca1,1e—£€ P3 Xj €aj 10 +

1 5
2 2.2 2 2.2 32 2 2 32 2 2.3 .2
— Te"pjxjcay, p- ; € Pj PjXjCag j0+ ; Te”p;pjXjcal, e+ g € PiPyXiCay 10—

2 1 1
2 2.3 .2 2 2 2.3 .2 2.3.3 .2 2. 3.3 __2
- Tep; Pj Xi €ay 16 - Z‘, T e’ p; Pj Xi €aj 19 — E €7 pj X Cal 1p + ; Te Pj Xj Caj 1 +

1 1
2 23,3 2 2 2 2.2 2 2.2 2 2
— T2 e” pjXj cay 1o+ € Pi Py Xi Xj €7, 19 — €° Pj Xi X4 Ca1,1e—£ €7 pi P§ Xi X4 €AY 19 +

1 1
2 2.2 2 2 2.2 2 2,32 2 2.3 .2 2
€ Pi Pj X3 Xj ca1,10+£Te Pi P3 Xi X5 Cal,m‘ge Pj X3 Xj Ca1,1e‘£T€ Pj Xi Xj €A1 4q -

1
2 2 2 2 2 .3 2 2 3 2 2 3 2 2
— € Py p] Xi Xj Ca]_)la + ; € pJ Xi Xj cal,le - €7 pi pj Xj Cay,2 cal,le + 5 Te Pi Pj Xj Ca1,2 cal,le +

3 7
3,.2.,2 2 3.,.2 .2 2 3.2 3 2 3 ,.2 3 2
€ pJ X3 Cal’z Cal’m - E Te pj X3 Ca]_,z cal)m + g €” pP; pJ X3 ca1,2 Caljle - ; Te p3 pJ X3 Cal’z cal,le -

19 19 1
3 2.3 2 3 2.3 2 2 3 2,3 2
— €7 pi PjXj €a1,» €Ay 10 + z Te” pi p§Xj €a1,, €Ay g9 + E TS €’ ps pj X €ay,, €a7 19 +

11 1
3.3.3 2 3.3,.3 2 2 3 .33 2 3 2
2¢€ p] X3 Ca1,2 Cal,le - ; Te p] X3 Caljz Callle - E T e p] X3 Ca1,2 Cal)m -3¢ pPi p] Xi Xj Cal)z Cal,le +

3.2 2 3.2 2 2 3 2,2 2
3 €7 pj Xy XjCay,, Ca] 19+ 2 € Pi Pj Xj Xj Ca1,2 €AY 19— 5 €™ Pi Pj Xj Xj C1,2 €AY 19 -
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3

3
3 2.2 2 332 2 3.2
T e’ pi pj Xi Xj €Ca1,2 €7 19 + 3 €~ Pj Xi Xj €Ca1,2 ca1,10+£ P3 X Xj calzca1 10+

3 2 2 2 3.,.3 2 2 3 2 3 3 2 3
€7 Pi Pj Xi Xj €Ca1,2 €a7 19 - E €7 pj Xi Xj €ay,2 €aT, 19 + E €” pi Py Xj €A1 16 - E Te” pi pjXi €a1,10 -

1 2 2
3.2.,2 3 3.2.,2 3 3.2 3 3 3.2 3 3 3 2,3 3
€’ p3 x§ ca1)w+£Te P3 X§ callle—;e pi p; Xi ca1)w+;Te PiPj Xi €Ca7,10 + 2 € Pi Pj X €A1, 10 -

3 3.3,3

1
3 2.3 .3 2 3 2.3 .3 3.3 __3
Te” pi pjxi Ca1,1e—§T €” pi P§ Xi €a7,10 - P Xi €ay, 10 + T€° Pj Xj ca1 10+

1 1
2 3.3.3 .3 3.3 4 __3 3.3 4 __3 3.2 2.4 3
L R ca1,10+§ €7 PiPj Xy Cal,le‘gTe Pi Pj X4 Cal,le‘ze Pi Pj Xj €33 10 +

3 13
3.2 2.4 __3 2 3.2 2.4 __3 3 3.4 .3 3 3.4 .3
Te p; Pj Xi ca1,1@+§T €7 p3 P3 X3 ca1,19+2—4€ Pi Pj X; ca1)10+§Te Pi Pj Xi Ca71 1p -

1 1
2 3 3,4 3 3 3 3.4 3 3.4.4 3 4 4
T e pipjxical)m—;‘T € pinXicaLle—ge P Xi ca1 10 — €7 py X3 ca1 10+

1
3,44 3 3.3 4.4 3 2 3
Pj X €ay 1q + 24T e pixica; 1o+ €’ pipjXiXjCas p-€ Pj Xi X3 €a7 19 -

NIRrPoOINOIPWIRPwWwIiNMNIRPNIWNIW
_|

5 3
3.2 2 3 3 2,2 3 3 2,2 3 3,32 3
€7 Pi Pj Xj Xj €a3,19 *+ E € Pi Pj X Xj €A1 19+ T €7 Pi PJ Xj Xj €A1 19 — E €7 P3 Xi X4 €a3,10
3,32 3 3.3 3 3 7 3 3.3 3
Te” pjXi Xy €ay 1o+ g €” pi Pj Xi Xj €Ca3,10 ~ . ~Te3p? p] X; X ca1 10— € PiPjXi Xj €A1 10 +

17 1 5 5
3.3 3 3.4.3 3 3,43
zTe plpjx cha1 10+ T2 3 plpjxixjca1)10+ge pjxixjcal,le—;Te P X3 cha1 10 —

2 .3 4.3 3 2,22
g T° € pj Xi X5 €ay 10 - e p; pJ Xi xJ ca1 10+ € pJ Xi x] ca1 16+ € P2 Pj X Xj ca1 10~
E 30 03 %2 %2 cad iL Te3pe 3 X2 X2 cad 7 382 %2 3l il &3 pt 2 a

€7 Pi P3 X; X5 €A1 19 €7 PiP3 Xy X5€a; 19+ ~ €7 Py Xy X5Ca7 g1t €7 Py X3 X c 11@Jr
2 4 2 4
1, 3 15, 3.3 2 2 2
— €7 piPj XiXjCag, e g €7 P53 Xi Xj €Ay, 19+ € CA2,1 —2€° Py Xj CA,1 +2€° Py Xj Caz,q +

3 3 3 2 3 2
4 €7 p; X3 Ca1,2 CAz,1 ~4 € PjXiCa1,2Caz,1+E PiPyXjCaA1,1eCaAz,1-2Te€E pi pjXjCa1,10 CA2,1 -
3.2.2 3.2.2 3 3.2
€7 p3 Xj Cag,1p Caz,1 + 2Te Pj Xj Cai,1e Caz,1 + 4¢€” p; Pj Xi Xj Ca1,10 CA2,1 - 4 ¢ Pj Xi Xj Caz,19 Caz,1 +
1 1 1 1
3 2 2 2 2 2.2 .2 2. 2.2
€ Ca3)1— E e pi pJ Xi Cb2)19+ E Te pi p] Xi Cb2,19+£ € p] Xi Cb2,10_ E Te p] Xi Cbz)lg—

1
2 2.2 3 2 3 2
€7 Pi Pj Xi Xj Cba, 10 + €7 P§ Xi X4 Cby, 10 + E €7 P1 Py Xj €a1,2 Cby,19 - T €7 s pj Xj €A1, Cby, 10 -

3 2,2 3.,.2 .2 3 3 ,.2
pJ Xj Cag,»2 Cb2,10 +Te pj Xj €Cai,2 CbZ,lO +2€ pPi p] Xi Xj Ca,»2 Cb2,10 -2¢€ pJ Xi Xj Ca,»2 Cb2,10 -

P1P3X cay, e Cby,10 + TE> P:LPJX cay, 1 Cby, 10 + € P]X cay, 10 Cby,10 - TE> PJX Cay, 10 Cby 10 +

2 5
3.2 3 3.2 3 3 2.3
€7 Pj Pj X5 Cai,1e Cbz,la - ; T €™ pi Pj Xj Ca1,10 Cbz,le - ; €” Pi Py Xj €Ca1,10 Cbz,le +

1
3 2,3 2 3 2.3 3.3.3
T €” pi Pj Xi Ca1,10 Cby,10 + ; T €7 pi Pj Xi Ca1,10 Cba,10 + €7 Pj Xj Ca1,10 Cb2,10 -

3 3
Xj €Ca1,10 Cby 10 — 2 €7 pi Pj Xi Xj CA1,10 Cby 10 +

1
3.3.3 2 3.3
Te p] Xi Cal,le CbZ,lO - ; T e p]

Nwivwibdwin O N\l—l

3.2 3.2 2 3 2,2
€7 P53 X1 X4 €a3,10 Cby 10 + €7 Pi Pj Xi Xj €a1,10 Cb2,16 — 2 €7 P P5 Xi X4 €a1,10 cby, 10 -
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3 2,2 3 .3.,2 3.3.,2
Te” pi pj Xi X4 Ca1,10 cby 10 + € P3 Xi Xj €a1,10 Cby 19+ Te P3 Xi Xj €a1,10 cby, 10 +

1

2 3 3 3 2
i Cay,1e Cby 10 - €7 pi Xj Cb3, 2 + € pj Xj Cbz 5 - E €7 pi Py Xi cbs, 16 +

]

3 2 3.3 2
€7 Pi Pj Xi Xj €a1,10 Cb2,10 — €7 PJ X1 X]
1 3 2 155 1 3,22 3 3.2

— T€”p;i pj Xi cbs, 10 + ; €” Pj Xi cbs, 10 - ; Te” p5xj cbs 10 — €7 pi P§ Xi X4 Cb3 1 + € Pj Xi X4 cbs 10

(Alt) Out[« ]=
1 2 1 3 2 2
; € Caz,2 + € Pk Xk Ca1,10 — € Pk Xk €Ca1,2 Ca1,10 + E €7 Pk Xk cal)z Cay,19 — € Cay;1 +

3 3 2 3 3
2 €” pi Xg €Cay,1p CAz,1 — € CAz,1 — € Py Xk Cby, 10 + €7 Pi Xk €CA1,2 Cby 10 — €7 Pi Xk Cb3, 10

R1r
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, i*}},
Times [
Normale@Series [Exp[r4[1, 0, -1, i, i*1], {e, 0, d}],
Exp[sum[ga,ﬁ 7e Eps {, €5}, {B, €s}]]
] // Zip(pn&/@es)U(xa&/@eS) // EXpand
177.{
Bip P O6isg+T8ir s+ (1-T) i+, 55 8iv,p > Oi+,5+8i*, 5
8o ,1 0 T (Bay1r = 64,10) 5 B ir P T8ayivr = (L=T) 6,50 =T 8,50 }
(Alt) Out[« |=
1 3 3
1+-—-¢€ (—cal,z +12 Cap,p Caz,q + 12 Caz,1 — 6 Cb3)2>
6
(Alt) In[ = |:=
rhs =1
(Alt) Out[« ]=
1
(Alt) In[ ]:=
me = Exponent [1lhs - rhs, T, Min]
(Alt) Out[ = ]=
0
(Alt) In[+ ]:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[ = ]=
{e}
(Alt) In[+ ]:=
eaner‘ =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs -rhs)], covars]]
(Alt) Out[ = ]=

1
{7 (-ca3 ,+12cay,, cay,1 +12cas,; -6Chs o) = 0}
6
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(Alt) Inf - J:=
vars = Cases [Var‘iables[r‘d[l, i1, j1] +rg[-1, i2, §2] +¥q[1, k]11, (ca|cb|cc | cd)__]
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqf1, i) j]
¥al[1, k]
(Alt) Out[ = ]=
{ca1,2, Ca1,10, CA2,1, CA3,1, Cby 10, Cb3,2, Cb3 10}

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Out[ - |=
1 3
{{cblz - — (-caj ,+12cay,, a1 + 12 cas,) }}
p ,

(Alt) Out[ - |=

1 1 2 2 1 2 2 1 3 3
7; € Cay,p +€Pi Xy €A1, - €PjXjCag,n— E € Pi Xi cal)z + 5 € Py Xi cal,z + g €™ Pi Xi CaLZ -

1, 1 1 1 1

3 2 2 2,2 2,2
— € pJ Xi cal)z + ; € Pi pj Xi Cal,lg - E Te Pi pJ Xi Cal)lg — ; S pj Xi Cal)lg + 5 Te p] Xi Cal)lg +

1
2 2 2 2 2
€ Pi Pj Xi Xj €a1,10 — € Py Xi X4 Ca1,10 - E € Ppi PjXjCaA1,2CaA1,10 + T €" P1 Pj X CA1,2 CA1,10 +

1,.. 2,22 2 2.2
— €7 p3jXjCay,xCayie - TE" PjXj Cay,nCa,10 -~ 2 € Pi Pj Xi X4 €Ca1,2 Ca1,10 + 2 €” PJ Xi Xj Cay,2 Cay1,10 -

1 1
3 2 2 3 2 2 3.2.2 2 3,.2.,2 2
:L €7 pi Py Xj €ay ;€A e - T €™ pi pjXj €ag , Cag,ip + Zl €7 pj Xj cay , Cag, e+ Te Pj Xj €ay , Ca,1e +

1 1
3 2 3.2 2 2 2 2 2 2 2
2€” pi pjXiXj€a7,,Ca1,10-2€ Pj Xi X4 €a7,, Cay, 10 + E €° pi Py Xj €A1, 1p - E Te® pipyXicCag, p-

1 1 1 1 5
2,22 .2 2. 2.2 2 2.2 3.2 2.2 32 2 2.3 .2
; € Py X3 €A 10t E T e pjxjcay p- ; € Pi PjXjCay jp+ g Te”p;pjXjcay, e+ g €7 Pi Py X; €A1 10

3

1 1
2 2.3 .2 2 2 2.3 .2 2 32 2. 3.3 __2
- Tep; Pj Xi cal,le—gT €7 pi P X3 Ca1,1a*£€ P; Xi ca1)10+;Te Pj Xj Caj 19 +

1
2 23,3 2 2 2 2.2 2 2.2 2 2
— T2 e” pjXj €ay 1o+ € Pi Py Xi Xj €T, 19 — €7 Pj Xi X5 Ca1,1e—£ €7 P31 P§ Xi X4 €AY 19 +

3

1 1
2 2.2 2 2 2.2 2 2 2 2 2.3 .2 2
€7 Pi Pj X3 Xj ca1,10+£Te Pi P3 Xi X5 Cal,m‘ge Pj X3 Xj Ca1,1e‘£T€ Pj Xi Xj Caj 4q -

1 1
2 2 2 2 2 3 2 2 3 2 2 3 2 2
; €° Ppi Pj X1 Xj €AY 10 + E €7 Ppj X1 Xj €aT, 19 — € Pi Pj Xi CA1,2 €AT 10 + E T e’ p; pj Xj Ca1,2 €Ca7 1 +

7
3,.2.,2 2 3.,.2 .2 2 3.2 3 2 3 ,.2 3 2
€ pJ X3 Cal’z Cal’m - E Te pj X3 Ca]_,z cal)m + g €” pP; pJ X3 ca1,2 Caljle - ; Te p3 pJ X3 Cal’z cal,le -

19 19 1
3 2,3 2 3 2,3 2 2 3 2,3 2
— €7 piPjXj €a1,» €Ay 10 + o Te” pi p§Xj €a1,, €ay g0 + E TS €” ps pj X €ay,, €A1 19 +

11 1
3.3.3 2 3.3,.3 2 2 3 .3.3 2 3 2
2¢€ p] X3 Cal)z Cal,le - ; Te p] X3 Cal’z Callle - E T e p] X3 Ca1,2 Cal)m -3¢ pPi p] Xi Xj Cal)z Cal,le +

3.2 2 3.2 2 2 3 2,2 2
3 €7 pj Xi Xy Cay,, €AY 19+ 2 € Pi Pj Xj Xj Ca1,2 €CA7 19— 5 €™ Pi Pj Xj Xj €CA1,2 €AY 19 —

3 3
3 2,2 2 3.3,2 2 3.3.,2 2
E Te pPi p] Xy Xj Cal)z Cal,le +3€ p] Xy Xj Cal)z Cal,la + E Te pJ Xy Xj Caljz Callle +
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3 1
3 2 2 2 3.3 2 2 3 2 3 3 2 .3
€7 Pi Pj Xi Xj Ca1,7 €A 19 - — € Pj Xi Xj Ca1,2€Ca] 15+ — € Pi PjXj €A1 19~ = TE Pi PjXjCa] 4p -
2 2 2
3.2.2 3 1 &3 p2 x2 2 5, 3 __3 25, 3 __3 3 2.3 .3
€7 pj Xi ca1)10+7 €7 pj Xi c:a1 10~ — € PiPjXjcCag o+ — Te™ pipjXi ca1)19+2€ Pi P35 Xj €a3 10 -
2 3 3
3 2.3 .3 1.5, 2.3 .3 3.3.3 3 3.3.3 3 15 3533 3
Te” p;i p3 Xi Cal,le‘;T €7 Pi PjXiCay19- ~ € PjX;Caj 19+ TE PjX] Cal,10+;T €7 Pj X; Caz 10 *

1 1 1
3 3 4 __3 3.3 4 __3 3.2 2.4 .3 3.2, 2.4 .3
€7 Pi Pj X3 Ca1,1e*§T€ Pi Pj X4 Ca1,1e*£€ Pi Py X3 Cal,m*gTe Pi Pj X;i €33 10 +

olwolrwli NIk, NI w
_|

13
2 3.2 .24 3 3 3 4 3 3 3.4 3 2 3 3 4 3
€7 Ppi PjXj €Ay 19+ — € PiP3 Xy Caje+— TE Pi Pj Xi Caj - — T7€7ps Pj X; €a3 19 -
24 8 8
1 1 3 1
33 3.4 .3 3,44 3 3,44 3 3t x4
— T € pipjX{Caj,jp-— € PjX;Ca1,590~ — TE PjXj €Ay 19+~ T € P5 X5 ca1 10 +
24 6 8
1 3 3 .4 4 3 .,.2 2 3
” €7 p3 Xj ca1 19+e Pi Py Xi X5 ca1 10—6 pJ Xi Xj ca1 10— € PiP§XiXyCai g0+
5

3 2.2 3 3 2.2 3 3.3.2 3 3.3.2 3
— €7 Pi Pj Xi X5 ca1)16+T<—: Pi Pj Xi X5 cal)la—zc—: Pj Xi Xj cal,le—Te Pj Xi Xj Caj 19 +

1 7 17
3.3 3 3 3.2 ..2.3 3 3 3,3 3 3 3.3 3
g €7 Pi Pj Xi X4 €a7 19 - g Te” p3 Pj Xi Xj €83, 19 — € Pi Pj Xi X§ €Ca] 19 + ; Te p; Pj Xj Xj €A1 10 +

2 3 3.3 3 3,43 3 3t 3 3t 3
ET €7 Pi P Xi Xj Cal,le+g€ Pj X3 X5 €Ca3,10~ — I €7 P5 X5 X5 Cal 10 ~ €7 Pj X3 X3 Cal 10 ~

2,22 > 3.,2.2 .3
e’ p1PJX1XJC3119+€ P3X1X]C3119+€ plpjx X3C3110 ;6 Pi Pj Xj X5 €a3 10 -

3 1 1
3 3,22 .3 3.4.2.2 .3 3 pt X2 3 3 3 .3
Te p; Pj Xi Xj C31,1a+£€ P5 Xi Xj ca1,19+:L P5 Xi x ca1 19+g €7 Pi P3 Xi Xj €ay 19 -

[ =

; € pi X1 X €a; 1o+ €7 Cap,g ~ 2€° Py Xy Caz, + 2 €7 Py Xy CA,1 + 2 €7 Py Xg €Ay, CAp,1 -

3 3 2 3 2 3.2.2
2¢€ pJ Xi Cal)z Ca2,1 + €7 pi pJ Xi Cal)la Caz,l -2Te Pi p] Xi Cal,le Ca2,1 - € p] Xi Cang Caz)l +
3.2.2 3 3.2 3
2Te pJ Xi Ca1)1g Ca2,1 +4¢€ Pi pJ Xi Xj Cal,le Caz)l -4¢ p] Xi Xj Cal,le Caz)l + € Ca3)1 -
3 3 1 2 2 2 2 2,22
2e”piXjcas+2€’pjXy ca3,175 €7 pi Py Xj Cby,16 + ; Te® p;i pj Xj cby,1e + ; €7 pj Xi cby,10 -
2. 2.2 2 2.2 1 3 2
— T e pjXj cby, 10 — €7 Pi Pj Xi X5 Cba,10 + €7 P X1 Xj Cbz, 10 + E €7 pi Py Xj Ca1,, Cby 10 -
3 2 1 3,22 3.2.2 3
Te pPi p] Xi Cal’z Cbz)lg - E € p] Xi Ca1)2 Cbz,lg +Te p] Xi Ca1,2 Cb2,10 +2¢ Pi pJ Xi Xj Cal)z Cb2,19 -
3.2 3 2 3 2 3.2.2
2€” pj Xi Xj €A1, Cby,19 — €7 Pi Py Xi €A1,10 Cba,10 + T €” pi Pj Xj Ca1,10 Cba,10 + € Pj X €Ca1,10 Cb,10 -
3.2.2 2 3.2 3 2 3.2 3
T e’ pjXi Ca1,10 Cby,10 + — €7 Pi Pj Xj CA1,10 Cby 10 — — T €” Pi Pj Xj €C31,10 Cb2,10 —
’ 3 3

5 1
3. 2.3 3. 2.3 2 3, 2.3
3 €7 pi Pj Xi Ca1,10 Cbz 10 + 3 Te” p; pj Xi Cag,10 Cba 10 + 3 T €7 pi pj Xi €a1,10 Cb2,10 +

2 1
3,33 3.3.3 2 3 3.3
€” p3 X; €a1,10 Cby, 10 - ; T e pj Xj cai,10 €ba,10 - ; T €7 pj Xj cay,10 €ba,10 -

3 3 2 3.2 2
2 €’ p; pj Xi Xj Caz,10 Cby 10 + 2 € P5 Xi X5 €a1,10 cby 10 + €7 Pi Pj Xi X§ €a1,10 Cb2, 10 -

3 2,2 3 2,2 3..3.,2
2 €” p; Pj Xi Xj €Ca1,10 Cby 10 - T €7 pi P5 Xi X5 Ca1,10 Cba 16 + €7 P3 X{ X§ Ca1,10 Cby 10 +
j j j
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2 2 1, 2
- Xi Xj Ca1,10 Cbz,10 - E €7 pi Py Xi €bs, 10 +

J

3

3
Cai, e Cby 10 - € P;

3.3,2 3 2
T e” pj Xi X4 Cay, 10 Cby,10 + €7 Pi Pj Xi X

1 1 1
3 2 3.2 .,2 3.2.,2 3 3.2
; Te pPi p] Xi Cb3,19 + E € pJ Xi Cb3)1g - ; Te p] Xi Cb3,1@ - €7 Pi p] Xi Xj Cb3)19 + € pJ Xi Xj Cb3,1e

(Alt) Out[« ]=
1 2 1, 2 2
— € Cay,2 + € Pk Xk Ca1,10 — € Pk Xk €Ca1,2 Ca1,10 + E € Pk Xk ca1)2 Cay,19 — € Cap;1 +
2 3 _ 3 _ 2 b 3 b _ 3 b
€7 Pk Xk €a1,19 CaAz,1 — € Ca3,1 — € Pk Xk CD3,19 + €™ Pk Xk CA1,2 CD3 19 — € Pk Xk CD3,10
Sw*
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
NormaleSeries [Exp[rq[1, -1, -1, i, j] +¥a[1, i'] +¥q[1, j*11, {e, 0, d}],
Exp[Sum[g,, 3 74 €5, {0, €S}, {B, €s}]]
1 /7 Z1P (p,8/ee5)U(x.8/0e5) // Expand
] 77 gRulesy ; ;
(Alt) Out[« |=
1 1, 2 1, 3
1-—€ecay+—€ (cal’2 +8cay) +— € (—cal)2 ~24cap,,ca,q +48 cag,l) +ECay, Bin,i t
8 48
2 2 1, 3 2 2 2
€® (-caj,-2cay1) gi,i + — € (13caj , +96cay,,Cay1 -48Casz,1) i, +€°€a3 , BF 5 -
, 4 ) ) ,
1, 2 2 3 .3 3 2 2
; €’ cay, (3 caj,+8 caz,l) g5 i +€’Ca; , 85 5 -€Cay s E,ir € (caL2 +2 caz,l) 8,1 +
1 3 (-1+T) €cay,ie8i,i" 85,i"
— € (*13 caj 2*96 Cag,» Caz,1+48 ca3,1> 857 ,i + -
24 ’ T

€? (4Tcaj ,-7cay, cas,10+5TCay,Ca1,10+2Ca5 19-2TCaf 1g-2Chy 10+ 2T Cby 1) 811,10 85,1

+

2T

— €’ (24T ca; ,-49caj , car 1o +25TCa; , Cay 10 + 36 Cag,p Cas 55— 28 T Cay, €AY 4 -
e , , , , ,

8 Cai,le +8T Cai,le +64T Ca1)2 Cazjl - 56 Ca1)19 Ca2,1 +40T Cal)le Ca2,1 -28 Cal)z Cb2,10 +

20T Cal’z Cb2,10 +16 Cal’le Cbz,le -16T C31J10 Cbz’le +8 Cb3)19 -8T Cb3)19> gi*,i* gj*,i* +

(-1+T) €* (3 cay,, - Cay,1e) Ca,10 gf,i‘ 8,1 1, 3 5
- — €’ (6Tcaj,-24ca; ,cas e+
T 2T ’ ’

18 Tcal , cay e + 17 Cay, €A 1o - 15T Cay 5 €a3 1 -4 €Ay 45 + 4T €A 15 - 12 Cay 10 Cap, 1 +

2
12T Cal)le ca2,1 -6 Cal,z Cbz}lg +6T ca1)2 Cbz,le +4 Cal,le Cbz,lg -4T Cal,lg Cb2,10) gi*,i* gj*,i* +

3 2 2 3
(-1+T) €’cay,e (6ca3 , - 4cCay,,Car, 0+ Cal 19) 83,1+ 5,1

+ € Cal,l@ gi+’j+ gj*,i* +
T

1 ) 5 1

E € (*5 Cal,z Calllg +2 cal,le -2 Cb2,19> gi*,j‘ gj*,i* + g IS

3

(25 Cai,z Cay,10 — 28 Ca,» cai,m +8 caile +40 Cajy,19 Caz,1 + 20 Cay,» Cbz)le -16 Ca1,10 Cbz)lg -8 Cbg,lg)
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2
8i,5* 83,1~ +2€" (2Cay,2 — Cay 1) Ca1,10 8i-,i* Bi*,j* B*,i" +
3 2 2 3
€ (—12 ca1,2 Caj,1e + 13 Cay,» cal)le -4 cal,le -8 Cajy,19 Caz,1 — 4 Cag,» Cbz,le +4 Cai,1e Cbz,la) 8i,i*

(—1 + T) S Cal,le g%',i‘

3 2 2 2
gi',j 85-,i- +3 € Cay1p (3caj, - 3caynCay 10+ €AY 10) BF i 81,5 5,1 - - +

€® (2Tcaf ,-7cay,Cag,10+5TCay,,Ca1,10+2Ca3 1 -2TCaT 15— 2Cby 10+ 2T Chy 10) 85 5

2T

1
— €” (12T ca; , - 49 caj , cas 1o+ 25T a3 , Cay, 10 + 36 Cay,, Caj 5 - 28 T €Ay, €CAT 4 -
g , , , , ,

8 Caille +8T Cai]le +32T Cay,» Caz,1 - 56 Cajy,19 Cay,1 + 40T Cajy,19 Ca2,1 — 28 Cap,» Cb2,10 +

20T Cay,» CbZ,lO +16 Caj,1e Cb2,10 -16T Cay, 10 Cbz’le + 8 Cb3)19 -8T Cb3)19> g?*,i* -

2 2
(-1+T) e”cag,ip (6T Cas,2-2Ca1,10 - T Ca1,10) 8iv,i' 85,1

+
TZ

1 3 2 3 2 2 2 2 2
— € (6 T caj,, -48Tcaj ,case+36T Caj,Cal,je+22Ca1,2Ca 19+ 7 T CaA1,2CAT 19 -

212
23T?cay,; cal 15 -10Ca; 1+ 6T Ca; 1+ 4 T2 a3 1 - 24T Cay 10 Cay,1 + 24 T? Cay 10 Cap,1 -

12T Ca,2 Cbz,lg +12 T2 Cay,» Cbz}lg +8 Cai,10 Cbz)lg -4T7T Caji, 10 Cbz)lg -4 T2 Ca1,10 Cbz):m)

3(-1+T)%e*cal o8l 5 85,0 1 3
- — (—1+T> € Ca1,1e
T2 272

(36 Tcaj , - 55 cay, Cag, 1o + 11 T cay,; Cay 10 + 30 Ca3 1o -~ 16 T CaT 55 — 12 Cby 10 + 12 T Cby 10

2
8i,i* 85+,i+ +

2 3 2 3 2
5(-1+T)%€” (3 cay,r-2cCa,10) €a7 10 8i-,i- 85,1

2 2
8i-,i* 85,1+ t+ 5 -
T

2 2
€°cay,ie (4T Cay,p - 2cCag,10 - T Ca1,10) 8iv,5° 85,4
+

T
3 2 2 2 3 3
— €’ (24T caj ,cay,10-18cay,p cal 19— 19T Cagp Cal 1o+ 10 Ca3 15+ 4T CaT 1o+
2T 5 5 5 5 5
2
16T Cal)le Ca2,1 +8T Cal,z Cb2,10 -8 Cal)lg Cb2,10 -4T Cal’le Cb2,19> gi*,j* gj*,i* +
2 2 2
6 (-1+T) e”caj p8i,i 8,5 85,1+ 1 3 )
- — € Calllg (18 T Ca1’2 -45 Cal’z Ca1,19 +
T T
15T Cay,» Cag,1e + 30 cai)le -16T caile -12 Cb2,10 +12T Cb2,1@> 8i,i* 8i',j g§+,i+ +

3 2 2 2
6 (—1 + T) S (6 Cal,z -5 Cal,lg) Cal,le gi*,i* gi*,j‘ gj',i*

2 2 2 2
T +2€ €al, 10 85,5 85 ,i —

3 2 2 2
€ Ca1, 10 (11 Cay,z Cag 10 — 8 cal,la +4 Cb2,10) gi‘,j* gj*,i* +
3 2 2 2
18 €” (cay,2 - Ca,10) Ca7,10 8i",i" 81,5 85,1 +

(-1+T) e* (3Tcay,,-2ca1,10) Ca1,10 83,1

-I-2

1 52 3 2 2 .2 2 2
— € (T cay,-12Tcaj ;cage+ 9T  caj , cag e +11cag,pcaj - 5Tcag,rcay qp-

TZ
4T%cay,cal 1o~ 5€a3 19+ 57T€a3 1o~ 6T Cay 10 Caz,1 + 6 T2 Cay,10 Ca2,1 —
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2 3
3T Ca1,2 Cb2,10 +3T Cal,z Cb2,10 +4 Ca]_,]_g Cb2,10 -4T7T Cal)le Cb2)1@> gj‘,i‘ -

6 (-1+T)%c’cal 18,1 83,1+ 1 \ .,
+— (-1+T) €’ cay,1p (18 T*cal , - 55T cay,» Ca 10 +
-I-2 T3 5
23 T2 ca 2 2 2 2 2 3
1,2 Ca1,10 + 6 €AY 19 + 24 T CaT 15 - 18T  Ca] 19 - 12T Cby 19 + 12T cbz,le) gi,i* 8,1 -

5(-1+T)?e’caf 5 (9Tcar, o -4cas,10-4TCa1,10) 855 810

+
T3

15 (-1+T)?€>ca3 1087 1 83,1

i

T3

6 (-1+T) €? cai10 8i',j g?}r

T

1
— 3€’cay,e (3T%caj , - 15T cay,; car 0+ 8 T2 Cay, Cag, 10 +
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2ca; 1p+8Tcaj ;p-6T caj 1p-4TcCby10+4T Cbz,m) 8,5 85,1 -
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45 (-1+T)> €’ caj 1o 8i,1 83
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1 ) 5 1 ;
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2¢ ca1,10 gj+,i+ gj-,j+ + € (5 Cal,z ca1,19 -2 cal,le +2 Cb2,19> gj+,i+ gjﬁj* +
1

Z 63 (*25 Ca%)z Caj, 10 + 28 Casz, 2 Cai,le -8 Cai)le - 40 Cai 10 Caz,1 — 20 Caz,2 Cb2,10 +16 Cai1,1e Cbz,le +
2
2¢e€”cay, e (4Tcag,, -2cCag 19 - T Ca1,18) Biv,i* B5,i* 8§, 5"
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1
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8¢ cay 1p 8i*,i* 8i*,j' 85,1 85,3 —
3 2
4€’cay g (11cay,p Cag o - 8Cat 19+ 4Cby ) 8i,ie 8,5 85,1 85,5 +
3 2 2
36 €” (ca1,> - Cai,1e) €Al 10 8i-,i- Bi*,j* 85,1" 85,5 +

2 2
6€” (T cay,; - Cay,ie) Ca1,10 85,5 85°,3°

T

1
—3€” (6Tcaj ,cay,10-9Ca1,2Ca3,1-3TCag,rcaf 1o+
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5 Cal,le +4T Caljle Caz)l +2T Cal)z CbZ,lO -4 Cal,le Cb2’19> g]”,i* gj+)j+ -
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18 (-1+T) €” cay 1 8i",i* 85,1 85,57 1
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T
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T
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+

T
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1
— 6¢e’cay,e (2T°ca; , - 15T cag,, Car o+ 9 T2 Cay, Cag, 10 +
T2
4 cai10 +6T cai,10 ~6T? cai,la ~4Tcby,10+4T? Cbz,m) g;-’})i‘ 8,5 +
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+
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T
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6€” (cay,, - Cay,e) Cai, 10 8i-,i 8,5 * 3e Cal 10 85,1 85,5 —

3
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3 2 2 2
9€’cay o (6T Cag, - 5ca,10-3TCay,10) 8,1 85,1 85,5

+

T

36 (-1+T) €’ca3 1083 5 85,1 85 5

+

T
3 __3 2 3 __3 2
3€e”cay  108i,5 8j,i" 85,4+ — 36 € €A1 10 8i*,i" 8i',j" 85 ,i* 85,5 +
3 __3 2 2 2 2 2 2
54 ¢ €a3 10 8i,i- 8i',j" 857,i" 85,5 + 12 € €al 10 85 ,i 85,5

3 2 2 2 2
6’ cayip (11T car,oCarne-4Cas 1o-7TCa] 15 +4TChy o) 85 5 85,5

+

T

3 2 2 2
36 (3 T ca1,2 -5 Caljlg) cal)le gi*,i' gj*,i* gj*,j*

T

216 (-1+7T) €*caj 1o 8% ;- 8% 1 83 5

+

T
3 3 2 2 3 3 2 2
72 ¢ cal,m gi*,j* gj‘,i' gj’,j‘ -216 ¢ cal)m 8i+,i* 8i,j* gj‘,i‘ g],]‘ -

3 2 3 2
30 ¢ cal,l@ (2 T Ca]_,z -5 Cal,le +T Cal,le) gj*,i* ng,j+

+

T

360 (-1+T) € caj 10 81,17 83,1 83 5

3.3 3 2
- +180¢€” cay 10 8i7,5° 85,1 85,5

180 (-1+T) € cal o84 ;- 83 5

3 .3 3
. +€”Cay 10 8i,i" 85,5 —

3.3 2 3 3.3 3 3 3.3 3

6€”Cay 10 8i-,i- 8,5 + 6 € €AY, 10 85,1 85,5+ — 4 € €A1 10 B5,i" 83,40 +
3 .3 3 3 .3 2 3

48 €” cay 14 8i',i' 85,1 85-,4- ~ 72 € Ca] 14 8i-,i- 85,1 85,5 -

3 3 2 3 3 3 2 3 3 3 3 3
60 €7 caj 4 85,1 85,5 + 180 €7 cay 1p 8iv,i" 85,1 85,5 — 120 €7 cay, 4o g5,i- 85,5

(Al) In[ - ]:=
rhs = CF[Module[{es = {i, j, i*, 3*}},
Times[
Normal@Series [Exp[rq[1, i, j1]1, {€, O, d}],
Exp[sum[ga,/s e €y {a, €5}, {B, €s}]]
] // Zip(pa&/@es)U(xﬁ&/@es) // ExPand
] 77. gRules, ; ;
(Alt) Out[ = ]=
} } 2 2 i 3 3
1- €Cal)2+ S (Cal 2+8caz’1> + € (*Cal 2*24 Cal,z Caz)1+48 Ca3,1> +€Cal,2 gi*,i* +
2 8 ’ 48 ’
2 2 1 3 3 2 2 2
€’ (-caj,-2cay1) 8ir,i + 4 €’ (13 caj , +96cay,, a1 -48Cas 1) i+, + € Cay 5 BF 4+ -
1, 2 2 3_.3 _3 2.2
E e’ cag, (3 caj,+8 caz,l) g i +e°Ca; , 85 5 -€Cay 8, E (calj2 +2 caz,l) 8,1 +
3 3 (-1+T) ecay,ip 8i,i* 85,1
— e’ (-13caj , - 96 cay, a1 +48Caz1) By ,in + -
24 ’ T
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1
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T

1 ) ) 1
p €’ (-5cay,2Cal, 10 +2Cat 10 - 2Cby 10) Bt 5 5, + . e

3

(25 cal , cai 10 - 28 cay,, €aj 1o + 8 Ca3 1o + 40 Cay,10 CAy,1 + 20 Cay,5 Cby, 10 — 16 €A1, 10 Cb, 10 - 8 Cb3, 10)
8i,j 85,1 +2 e’ (2 Cay,» — Ca1,10) Ca1,10 8iv,i* Bi',j* 8,1 +
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2T

1
— €’ (12T ca; , - 49 caj , car 1o+ 25T Ca; , Cay, 10 + 36 Cay,, Cas 15 - 28 T Cay,; €AY 4 -
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20T Cal’z Cbz,lg +16 Cal)lg Cb2,10 -16T Cal)lg Cbz)le +8 Cbg)lg -8T Cb3)13> g;*,i* -

2 2
(-1+T) e®cag,ie (6Tcas,n-2cag, 10— TCag,i0) 8ir,i* 85 i

¥
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— € (6T Cal 2—48Tca1 2C31)19+36T Cal zca1,10+22 Ca1,2 Cal 10+7Tca1’2 Cal 10 —
512 s s s s s
2 2 3 3 2 3 2
23T cay,p a9~ 10 caj 19+ 6T Cay 15+ 4T  Cay 19— 24T Cay,10 Caz,1 + 24 T Cay,10 CA2,1 -
12 T cay,; cby, 19 + 12 T? Cay,; Cby 10 + 8 Ca1,10 Cby, 10 ~4 T Ca1,10 Cby,10 - 4 T? Cay, 10 cbz)w)
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5 3(-1+T)“€e Cay 10 85,1+ 85,1 1 R
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TZ

4T ca 2 5 cas 57T cal 6T 6 T?

1,2 Cal,le - Cal)le + Cal’le - Cal)lg C32,1 + Cal)]_@ Caz)l -
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2 .2 .2 4
s R R 3(-1+T)%€”cay 1085 ,i
6¢e €al 10 83,5 83,1 * -

TZ

e (—1 +T) 63 Cay,10 (12 TZ cai)z -55T Cay,» Caj e + 27 TZ Cay,» Caz e +
21

12 caj 1o+ 18T caj 1o - 18 T?caj 15 - 12T cby 10 + 12 T2 Cby,10) 83 5+ +
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R
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+ € Cday,10 8i+,i* gjﬁj* +
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2
2 cag,ie (4Tcay, -2cas, 10 - TCa1,10) 8it,i* 85,1 84,5
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1
— €’ (24T caj , cas 0~ 18 cay,cal 1o - 19T cay,; caj o+ 10 ca3 1o+ 4T Ca3 g5+
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16 T cay,1p Caz,1 +8Tcag,r cby 19 - 8 Cag 10 Cby,16 -4 T Ca1,10 Cbz,le) 8iv,i" 85,1 85,5 +
2 .2 2
6 (-1+T) € caj 10 8i-,i- 85-,i" 85,5+ 1

. - €’ cay 0 (18 Tcaj , - 45 cay,, Cag, 1o +
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15T cay,; Cay,0 + 30 Ca3 1o - 16 TCa] 55 - 12Cby10 + 12T Cby 10) 82 5+ 85,1 85,5 +

4 (—1 + T) 63 (6 Cal,z -5 Cal,lg) ca%,le g%*,i* gj*,i‘ ng)Jw

2 2
T -2€”cay ip 8it,3 85,1 8,3+

3 2

€7 Cay,1e (7 Cay,y Cai,ie —4Caj o+ 4 Cb2,1e> 8i,5° 85',i" 85,5 *
2 2

8€7Cal 16 8i%,1 Bi',5 85,1 B5Li -
3 2

4€’cayg,np (11cag,p Cag e - 8Cas 19+ 4Cby o) 8i,ie 81,5 85,1 85,5 +
3 2 2

36 €” (cay,z - Cayie) €A1 10 85,5 8i',5 85,1 85,5 +

2 2
6€” (T cay,; - Cay,ie) Ca1,10 85,5 85°,3°

T

1
—3€’ (6Tcaj ,cay,10-9Ca1,2Ca3,1-3TCag,r a5 4o+
T , , ,

3 2
5 Cal,le +4T Caljle Caz)l +2T Cal)z CbZ,lO -4 Cal)le Cb2,19> gj*,jf gj+,j+ -
2 2 2
18 (-1+T) e Cai, 10 8ir,i 85,1~ 89,5 1

T + *2 963 Cay, 10 (3 T2 Cai,2—15Tcal)2 Cajy,10 +
T

2 2 2 2 2 2 2
8T Cag,» Cai, 19 + 2 cal,le +8T callle -6T Cal,le -4T Cb2,10 +4T CbZ,lG) 8i,i- gj*,i* 85,5 —

12 (-1 +T) 63 Caile (9T Cay,z - 5 Cay,10 — 5T Cal,lg) g%’,i* g%*,i* 85,5

+

T2

2 .3 3 3 2
45 (*1 + T) € Cal,le gi*,i* gj*,i* gj+lj+

2 2 2
i -12€" caj 10 8i7,5° 85,1 85,5 +

3 2 2 2
3e®cay,ie (22T cay s Cag 10 - 4Caf 1 - 15T caf 15+ 8T Cby 10) 81,5 85,1 85,5

T

3.2 2
18 €7 cay 19 (6T Cay,2 - 5Cay, 10 - 3T Cay1,10) 8i*,i* 8i*,j* 85,1 85°,3°

+

T

108 (-1+T) &3 caile gﬁ,i. 8,5 g§‘,i< 85,5

3 .3 2 2
-18¢” cay 10 85,5 85,i 85,5 *
T
2 .2 3
12 (*1+T> € Cal,la gj*,i* gj+,j+

33 2 2
54 €” cay 1 8i,i" 81,5 85,1 85,3 + T -

1
72 6 63 Ca1 10 (2 T2 Cai)z -15T Casz, 2 Cal,le +9 TZ Cal,z Cai 10 +
T

2 2 2 2 2 3
4caj p+6Tcas 1o-6T°cay 1p-4TcChy1p+4T cbmg) 85,1 85,5 +

8 (-1+T) e’caj jp (18 Tcay,, - 20cay, 10 - 5T Cay,10) 8iv,iv 83,1 8575

T2

180 (-1+T)?€’ca3 108% i 83 i 85,5

n
T2

3 2 3
24 ¢ (3 T ca1,2 -5 Cal)lg) cal)la gi*,j' gj*,i* gj*,j*

T
288 (-1+T) €’ca3 108,181, 83,1 85,5

3 3 2 3
T ~72¢€7ca1,108i 5 85,1 83,3 -
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20 (*1 + T) 63 (3 T Cal,z -5 Ca1,19> Cai)le géj!*,i* g]”,j*

+
TZ

225 (-1+T)%€ca;3 10 85,5 g‘;)r g5,y 180 (-1+T) €’ caj 108 5 gg.h

,it 837,3°

+
T T

90 (-1+T)%€’ca3 1851 85,5

2 2 2
- €7 cay 1 Bi',i By ,4 +
2
T
1o 7 4 ca? 4cb gl
5 € Cai,1e ( €a1,2 Cay,10 ~4CaAg 19+ 4C 2,19) 8ir,i* 85,5+

2 2 2 2 3 2 2 2
2¢e®cal 1087 ,1 85,5 — € Ca1,10 (11Cay,5 Ca1,10 - 8 CaT 19 + 4 Cby 10) B 5 85,5 +

3 2 3 2 2 2 2
6€” (Cay,» - Cay,1e) €AT 10 Bi+,s g5, + 3€e” cay,ip 85,1 85,5 —
3

2022-11-04 09:18:15

3 2 2 2 2 2
— € Cal)le (7 Cal,z ca1,19 -4 cal,la +4 Cb2,19> gj+,i, gj+1j+ -12 ¢ cal,le gi*,i* gj*,i* gj-,j+ +

2

3 2 2 2
3¢’ cag,1p (22T cay,p Cay,10 - 4€a] 4 - 15T Caf 15+ 8T Cby 10 8iv,i- 85,1 85,5

T

3 2 2 2
9€’cay o (6TCag,r-5ca,10-3TCas,10) 85,1 85,1 85,5

+

T

36 (-1+T) €’ca3 108 5 85,1 855

+

T
3 .3 2 3 .3 2
3€e”cay  108i,5 8j,i" 85,4+ — 36 € €A1 10 8i*,i" 8i',j" Bj,i* 85,5 *
3 __3 2 2 2 2 2 2
54 ¢ €ay,10 8i,i 8i',5° 84,1 85,5 * 12 €ai 10 85 ,i 85,4 -

3 2 2 2 2
6¢€ Ca1, 10 (11 T Cay,z Cag, 10 — 4 cal,la -7T7 cal,le +4T Cb2,10) gj’,jf gj*,j*

T

3 2 2 2
36€” (3Tcay,» - 5cCay,1e) €37, 10 8iv,i 85,1 85,5

T

216 (-1+T) €*caj 1o 8% ;- 8% 1 83 5

+

T
3 __3 2 2 3.3 2 2
72 ¢ €ay, 10 8i',5° 85,i* 85,5 - 216 € Caj 10 8i*,i 8i*,j' 85,1 85,5

3.2 3 2
30€” cay jp (2T Cay,n - 5cCay, 10 + T Ca1,10) 85,5+ 5,5

+

T

360 (-1+T) €’ ca3 10 8i,1 83,1 8,5

3.3 3 2
- +180¢€” cay 14 8i7,5° 85,1 85,5

180 (-1+T) €3 cal ,8% ;- 83 5

3.3 3
. +€”Cay 19 8iv,i" 85,5 —

3.3 2 3 3.3 3 3 3.3 3
6¢e Caj 10 8i-,i- 83,4 + 6¢e €ai 10 8i,i- 83,4 - 4 e €ay 10 857,i" 85,5 +

3 .3 3 3 .3 2 3
48 €” cay 14 8i',i' 85,1 85-,4- — 72 € Ca] 14 8i-,i- 85,1 85,5 -

+

3 3 2 3 3 3 2 3 3 3 3 3
60 €7 caj 4 85,1 85,5 + 180 €7 cay, 1 8iv,i" 85,1 85,5 — 120 €7 caj, 40 g5,i- 85,5
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(Alt) In[« ]:=
me = Exponent[lhs - rhs, T, Min]
(Alt) Out[« |=
[ee]
(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb | cc|cd) ]
(Alt) Out[« |=
{}
(Alt) In[ = |:=
eqnsSwp = {}
(Alt) Out[« ]=
{}
Solution
(Alt) In[ = |:=
vars =
Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
(Alt) Out[ = ]=
{cai,2, Cay,ie, Caz,1, Ca3,1, Cby 19, Cb3, 10}
(AIt) Inf » |:=
{sol} = Solve[eqnsR3 | eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
Solve: The solution set contains a full-dimensional component; use Reduce for complete solution information.
(Alt) Out[« |=
{{}}
(Alt) In[ = |:=
sol /. Rule - Set
(Alt) Out[ - |=
{}
(AIt) Inf - ]:=
r‘d[l, i, j] // CF
rq[-1, i, j]1 // CF
Yall, k] // CF
¥al-1, k] // CF
(Alt) Out[ - |=

1
2
€ Cagp +€P;XjyCan -~ €PjXi cal,z—a (=1+T) €pipjXjCay,ie+
1+7T 2%2ca L Ps Xi X4 Ca 2y % ca — (-1+T) e?p2p;x3ca?
(-1+T) € pjXjCay,ie+ € Pi Pj Xy Xj CA1,10 — € Pj Xi Xj 1,1a+3 (=1+T) €”pipjXicay -

1 1
(-1+T) (5+T) €’ p;s p} xi Caf,uﬁg (-1+T) (3+T) €’ p3x3 caile—zez pipj xi X cal jp+

1 1
2 2.2 2 2.3 .2 2 2 2 2 2
(2+T) € p; Pj Xi Xj Ca1 19 —; (1+T) € Pj Xi Xj Caj 19 - E €7 pi P Xj Xj €ay j4 +

e? p;?xixﬁcaile—g (-1+T) € pip; x‘{cai,le+§ (-1+T) (4+3T) €’ pip}xfcal jp-

NIRLrNMNIRPOODIRPNIRP O] R
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1 1
— (-1+T) (13+22T+T?) e pspixicas 1o+ — (-1+T) (4+13T+T%) € pixfcas 4+
24 24
333.3.3 ZT3223-3 }617TT23~33~3

€7 Pi Pj X3 Xj €A1 19 €7 Pi P5 X3 Xj €A1 19 + (‘ + + ) €7 Pi Pj X3 Xj €a7 19
6 6 6
1 2\ 3. 4.3 3 3.2 222 3 1 3 3.,2.,2 .3
P (-5+10T+T%) € pjxixjcaj 1o +€” pipjxiX] cal)m—:l (10 +T) €’ ps pj X; X5 €a3 10 +
1 3,422 _3 3 3 3 __3 1,5, 3 .3 2 2
— (6+T) € pjxiXxjcaj o+ — € PiP]XiXjCa; o — € P;XiX;Ca3 19+~ € PiX; (-Ca],-4Cay1) +
4 6 6 2

2 1, 2 1, 3 3
efcaz+— €°pj Xy (call2 +4 Caz,1) +— e’ pix; (cal,2 +12 cay,; cay,q - 12 ca3,1) +e’cas+

2 6
1, 3 2 2
p €’ pjx; (-ca3, -12cay,,Ca,1+12¢as,1) + € pi PjXi Xj (-2€a1,2Cay 10 + CaT 19 - Cby 10) +
2.2 2 3 2 2 2
S pJ Xi Xj (2 Cal)z Cal,le - Callm + Cbz)lg) + € pi pJ Xi Xj Cal’le <2 Cal’z Ca:l,lg — Cal,le + Cb2)19> =+
1, 2 2 2 b
p € p; P3 Xi Xj Cay 10 (3 €ay,5 Ca1,10 ~ 2CaT 49 + 2 Cby 1) -
155 2 2
E € p] Xi Xj Caljle (3 Ca1,2 Cal)lg -2 Callle +2 Cbz)lg) +
1,5, 2 2
; € p] Xi (Cal,z Cal’leszcal’z Cal,le—calyle+Tca1)10+cb2,19—ch2,19> +
1, 2 2 2
E € pi p] X3 (—Cal,z C31)19+2TC31)2 Cal,le+ca1)w—Tca1,10—cb2,19+ch2,1e) +
155, 2 2
E € pj Xi Xj Cay,10 (6Ca1,2 Ca1 10+ 3T CA1,5 Ca1, 10 - 3CAT 16~ 2T €AY 16+ 2Cby 10+ 2T Cby 10) -
1, 2,2 2 2
— € pi p] Xi Xj Cal)lg (1@ Caljz Ca1)19+3Tca1)2 Ca1,1975 Cal 19*2Tca1 1e+4cb2)19+2TCb2)19> -
) s s
15, 3 2 2
— € pi p] Xi Cal,le (*7 Cal)z Ca1,19+8Tca1,2 Ca1)19+4ca1 1@—4Tca1 19*4Cb2,1e+4TCb2,1e> -
6 , ,
135353 2
- € pJ Xj Cai,10 <—12 Cay,» Cag,1e + 11T Cay,» Cag,1e + 3T Cay,» Cajz,ie +
6
8 ca? 6T ca? 272 ca? 6 cb 4T cb 2T%cb
caj 10 - caj o - caj 1o - 6Cby 1o+ cby, 10 + C 2,19) +

1

€ ps pj X ca, 10 (-19 cay s car 10+ 19 T Cay,, Cag 10 + 3 T2 Cay,5 Cay 10 + 12 CAT g -

10T caj 15 -2T?cal 1 - 10 Cby 10 + 8 T Cby 19+ 2 T2 Cby,10) + €7 P3 Py Xi X
(2 caiz Cajy, 10 — 3 Cay,» cai,w + caile +4 Caj,19 Caz,1 + 2 Ca,» Cbz)lg -2 Ca1,10 Cbz)lg - Cb3,1@) + 63 pi
2 2 3
Xi Xj (—2 CaIJZ Caljle +3 Cal,z Callle - Cal,le -4 Cal,le C32,1 -2 Ca1,2 Cb2,10 +2 Cal)lg Cb2,10 + Cb3)19) +

3.2,2 2 2 2 2 3 3
— €7 Ppj X (call2 Cay,1e +4TCaj ,Cas,1e +4Ca1,,CaT 19-6TCa1,5CaT 19-2CAT 19 +2T CaAY 19~

4 Ca1)1g Caz’l +8T Callle Ca2,1 -2 Ca1,2 Cb2,10 +4T Cal’z Cb2,10 +4 Cal,le Cbz)lg -
b b b 1 3 2 2 2
4TC31’19C 2,19+2C 3}1@—2TC 3)1g> +Z €™ pi pj X3 (—caljz calllg—4Tca1)2 Cay,10 —

4cay;cal 1o+6TCay,,CaT 1p+2Ca3, 10~ 2TCa; 19+ 4Cay 10 Ca,1 - 8T Cay, 10 Cap,g +

2 Cag,2 Cbz,lg -4T Cay,» Cbz}lg -4 Cay, 10 Cbz)lg +4T Caji, 10 Cbz)lg -2 Cbg)lg +2T Cb3)19>

(Alt) Out[ = ]=

1 (—1+T) epipj X% Ca1, 10 (*1+T) €P§X§ Cai, 10

— ecaljz—epi Xi Ca1,2+epj Xi Cal’z— + -
2T 2T
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(-1+T)e*pipsxicaly  (-1+T) (1+5T) €®pipjxical o

€ P1 Pj Xi X§ Ca1,10 + € P X4 Xj Cay,10 - + -
3T 6T
(-1+T) (1+3T)e’pixical o 1 (1+2T) €®ps pj x§ x5 cas 14
2 .2 2 2
- T € PiPjXiXjCag 40t -
6 T2 2 2T
2 A3 2 2
(1+T)e*pjxixycaie 1, . 1, ., (-1+T) €’ ppyxicas
- —;6 Pi Pj Xi Xj ca1,w+£€ Pj Xi Xj €37 10 - T *
(-1+T) (3+4T) €3p? pgx‘i1 cai i, (-1+T) (1+22T+13T2) e3ps pgr x$ caj 14
- +
8T? 247
(-1+T) (1+13T+4T?) pixfcai, 1, , ,  7eipipixdxgcal
-~ €T Pi Py X3 Xj€Ca7 19t +
24 T3 6 6T

(-1-17T+6T) e’ pipixixgcal,yy (-1-10T+5T%) e’ pixixgealy |,
_ — €7 PiPjXiXjCa 19+
6 T2 6 T2

3 32 2 3 3.4 ,2 2 3
(1+10T) e’ ps pjxiXjcag o (1+6T) €’ pyxiXjcas o 1 3 3 .
- - g €7 Pi Pj Xi X5 €A1 19 +

4T 4

1 1 1
3.4 3 3 2 2 2 2 2
- €2 pixi X ca1,19+£ €’pjxi (cat ,-4cayy) -€ ca2,1+£ €’ pixi (-caj,+4cay) +

—

1 1
—e’pjx; (caj,-12caypcayy - 12¢cas,q) -’ cag g + p e’ pix; (-caj ,+12cay,, cayy +12cas,q) +

2 2.2 3 2 2
€7 Pi P§ Xi Xj €ba,10 — €7 Pj Xi X4 Cba,10 + €7 P P§ Xi Xj €A1,10 Cb2, 10 +

1
; e’ ps |9§ Xi X

]

1
3.3, .2
Cay,1p (Cay,2 Cay,ie +2Cby,1e) - 5 €7 pj Xy Xj Cay,19 (Ca1,2 Ca1,10 + 2 Cby,10) +

3 2 2 2
€’ p; p} x§ X cay, 10 (—cal,z Cay,1e+2TCay,pCayp-TCas 1o-2Cby10-4T Cbz,m)

2T

33,2 2
€ p3x§ Xy cay 1o (~Ca1,2Ca1,10 + 2T Ca1,5 CA1,10 - T CAT 15 - 2Cby 10 - 2T Cby 10)
N

2T

2,202
€’ pi pj Xi (Tcag,,cas, o - Cby 1o+ TCbye) €°P5Xi (TCa1,,Ca1,10 — Cba,10 + T Cby,10)
- +

2T 2T

3 2 3
€7 pi Pj Xj €Ca1,10 (T Ca1,5 Ca1 19 -4 Cby 19+ 4T Cby 10)
+

6T

63 p? X? Cal,le (*Caljz Caz 10 + 3T Casz,2 Ca]_,19 -2T Cai,le +2 T2 Cai)le -2 Cb2,19 -4T Cb2,10 +6 T2 Cbz)lg)

6T?

1
3 2,3 2 2
- €7 pi Pj Xj Cai,1e (—cal,z Cay, 10+ 3T Ca1,2Cag,19 + T° CA1,2Ca1,10 -2 T CAT 19 +

6T
2T Ca —2Cb2 9—8 I Cbz @+10 Cb2 (%) +€3p p X Cb ]0_€3p Xi X Cb 10 t+
1,10 »1 »1 »1 ) i in ] 3, j iRj 3,

3 2 2
€ Pi p] X3 (T Callz Cal)lg -4T Cal)lg Caz’l -2T Cal,z Cbz)lg -2 Cb3)19 +2T Cb3)19)

aT

63 p% X% <T caiz Cay,10 — 4T Cajy,10 Ca2,1 — 2T Cay,» Cbz,le -2 Cb3,1e +2T Cb3’1g>

aT
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(Alt) Out[ - |=
1 2 3 2
— €Cay,p + € Pk Xk CA1,16 — € CAz,1 — €~ CA3,1 + € Py Xk (—-C€A1,2 €CA1,16 — Cby,10) +
1 3 2
— € pr Xk (cal,2 Cay,1e + 4 Cay,19 Cay,1 +2Ca1,5 Cby 19— 2 cb3,10)
(Alt) Out[« |=
1 2 3 2 2 1 3
—— €Cay1,5 - €Px Xk CA1,10 + €° CAy,1 + € CaA3,1 + €~ Pk Xk (caLz Cay 10 - €AY 0 + Cbz)lg) + E €2 pr Xk
(-cal , caie +4 cag,ycal 1o - 2Cay 1o - 4Ca1 10 Cay,1 — 2 Ca1,5 Chy 1p + 4 Ca1, 10 Cby 10 + 2 Cbs, 10)
(Alt) In[ = |:=

{cai,» =1, cag 19 = -1, Caz,1 =0, cby 19 = 3/ 2};
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(Alt) In[ = |:=

Column([Collect[#, €, CF] & /@ {rq[1, i, j]1, ra[-1, 1, j1, wal1, k1, wa[-1, k]}]
(Alt) Out[« |=

€ (*i +piXi*iji+§ (-1+T) pinX%Jri (1-T) p§X%*PinXin+P§Xin) +

1 1

1 Py X 1
e? (-f PiXi+ o+ (1-3T) pipjx§+:1 (-1+3T) p§x§+S (-1+T) pipjx3

S (-14T) (5+T)pipixd e (<1+T) (3+T) pIxd+ 2 pipyXs Xy PXsx;-
%pfpjx x]+§ (2+T) pipﬁxﬁijr% (-1-T) p?xﬁxjf—;pip§xix§+%p;?xix%) +

e (i (5-6T) pipsxi+z (-16+17T+2T%) pypIxi+ (11-11T-2T2) p3xi +
;1; (-1+T) pipjx‘i‘-—; (-1+T) (4+3T) pfp§x4+£ (-1+T) (13+22T+7%) pypdxt -
2—14 (-1+T) (4+13T+T?) p§x§+§p%pjxixj+% (-9-2T) pip5xixy+ (3+T) p3xix;-
}plpjx XJ+7Tpip§X3XJ+%§ (6-17T-T2) pip§X§Xj+é (-5+10T+7%) pdxdxj+
pipjxiX-—pjxl §-PIp5xExg g (10+T) pipixd G+ (-6-T) p3xdx - pipdxixi+

1
p] X1X + - pl Xi <1*12 Ca3’1) +Ca3,1+ g pJ Xi (*1+12 Ca3)1) - Pi pJ Xi Xj Cb3’1@+
1
Pj Xi X5 C'—"3,1@Jr 5 Pj X} (-2 +cbs, 19 - T Cbs,10) + 5 PiPj x2 (Z*Cb3,1e+TCb3,1e))

(-1+T) pyps X3 (-14T) p2xd

1 2
€ EfpiXierinJr 2T - o7 +piijinfijin +
2 Pj X; (-3+T) p; p3 X2 (-3+T) pix¢ (-1+T) p2 p; x3 (-1+T) (1+57) p; P %} (-1+T) (143 7) p3x}
e T PiXir T 4T - at - 3T * 2 - 2
6T 6T
2 4,2 32
3 3 2 1 2 2 (1+2T) pi p3xi x5 (L+T) p3xi X5 1 2 2.1 3 2
2plpjxlxj_2pjxlxj_2pipjxixj+ 5T - 5T _Zplpjxlxj+2pjxlxj +
o3[ (-6+5T) p2p; 2 . (-2-17T+16 T%) p; p5 x} - (-2-117+117%) p3 x} . (-1+T) pipsxg  (-14T) (3+4T) P p3 x§ .
6T 6T? 6T? 8T 8 T?
(-1+T) (14227T+137?) p; p§ x$ - (-1+T) (1413 T+4T?) p;! x§ 3 2 NI (2+97T) p; p§ X2 Xy -
24T 247 2 PiP3XiXy 27
(1+3T) p;xij 1353 |ozp§x3xJ - (-1-17 T+6 T%) p; pj%xng . (-1-10 T+5T?) pg!x?xj -
T e PiPiXiXy 67T 6 T2 6 T2
32 2 4 .2 2
P 2 2 (1+10T) p; P3 X Xj (1+6T) PJ X Xj 1 3
plpjxlx +pJXlX +Pi Py Xi Xj - a7 + T + g PiPjXiXj-

= p] xlx + = pJ Xi (1-12caz,;) - casz,q + % piXi (-1+12cas,q) +

cps X2 (_2T- 2x2 (-2T-cb Tcbs, 1)
h.v. v. 2. v, pipj X (2T cbs,19+T Cbs,10) P X} (-2T-cbs, 19+ 3,10
Pi Pj Xji Xj Cb3,10 P35 Xi X cb3,10 + 5T 5T

1 1
-3 € Py X + € (E —Pka) +€> (-cas,q + P Xk (1-cbs,1e))

1 2 1 3
-5 € Pka+€(*5+Pka)+€ (cas,1 + Pk Xk (-1+cbs 1))

Non-Universally Solving at d=4

(Alt) In[« ]=
{caj,2 =1, ca,10 = -1, €Caz,1 =0, Cby 19 =3/2, cb3 39 = (7-12caz,;) /6, caz,; = 0};
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(Alt) In[ = |:=

d=4;

vars =

Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]

(Alt) Out[« |=

{cag,1, Ca4,2, CAs,3, CAy 4, CA4,5, CAs,6, CA4,7, CA4,8, CAs,9, CA4 10, CA4,11, CA,12, CAs,13,
Cag,14, Cag,15, Cag 16, Cag,17, CAg,18, CAs,19, CAg,20, CAs,21, CAg,22, CAg, 23, Cdg, 24, Cag, 25,
CQa4,265 CA4,27, CAg,28, CAs,20, CAs,30, CA4,31, CA4,32, CAg,33, CAs,34, CA4,35, CAy 36, CAs,37,
Cay,38, Cds,39, CAg,a0, CA4,41, CAs,42, CAs,43, CAg,a4, CAs,45, CAs, 465 CAs,47, CAg,a8, CA4,49,
Ca4,50, CAa,51, CAs,52, CAs,53, CA4,54, CA4,55, CA4,56, CAg,57, CAs,58, CAs,59, CAs,605 CA4,615
Cayg,62, Ca4,63, Cag,64, CAg,65, CAs,66, CAa,67, CAs,68, CAs,69, CAg,70, CAg,71, CAg,72, Cag,73,
CQag,74, CA4,75, CAs,76, CAa,77, CAs,78, CAs,79, CAs, 80, CAs,81, CAs,82, CAs,83, CA4,84, CAg, g5,
Cays, g6, CAg,g7, Cda,gs, CAs,89, CaAs,00, CAg 01, Cb4,1; Cb4,2; Cb4,3; Cb4,4; Cb4,5; Cb4,6)
Cbyg,7, Cba g, Cba g, Cba 10, Cba 11, Cba 12, CDa 13, CDa 14, Cba 15, Cba 16, Cbg 17, Cby 1s,
Cby 19, Cba 29, Cba 21, Cba 2z, Cba 23, Cba 24, Cba 25, Cba 26, Cba 27, Cba g, Cbs 29, Cba 30,
Cbg 31, Cba 32, Cby 33, Cbg 34, Cba 35, Cba 36, Cba 37, Cby 38, Cbs 39, Cbs a0, Cba a1, Cba a2,
Cba,43, Cba a4, Cba a5, Cby,a6, Cba,a7, Cba,ag, Cba a9, Cba, 50, Cby,s1, CDa 52, Cbyg,s3, Cbyg,s4a,
Cby, 55, Cba 56, Cba,s7, Cba,sg, Cba 59, Cba 6ps Cba 615 Cba 62, CHa 63, Cba 64, Cba 65, Cba,ess
Cbyg,67, Cba,e8, Cba,69, Cbg,70, CDa,71, Cba 72, Cba,73, Cba,74, Cby,75, Cba,76, Cbg,77, Cby,7s,
Cba,79, Cba,ge, Cbs g1, Cba g2, Cba g3, Cba ga, Cba g5, Cby g6, Cba g7, Cba g3, Cba g9, Cba,op,
Cbg, 91, CC4,1, CCq,2, CC4,3, CCq, 4, CCq,5, CCq,6, Cdg 1, Cdg 2, Cdy 3, Cdg 4, Cdy 5, Cdg 6}

cC
(Alt) In[ = |:=
lhs = Module[{x1, p1},
{x1*, p1*} = {p1, x1};
Normal[
Log[0[e]™? + Zip .\, [Exp[O[€]1™! + (vall, 1] /. X3 » X3 +X1) + (yal[-1, i] /. pi > ps-p1)]]]]
rhs = 0

(Alt) Out[« |=
Pi Xi

12

4
€

2.2 3.3 44
+CCq,1 + Pi Xj CCq,2 + P;j Xj CCq,3 + Pj Xj CCq,4 + P;j Xj CCq,5 +

5.5 2,2 3.3 4 4 55
pi Xj CC4,5 + Cd4’1 + Pi Xi Cd4)2 + P Xj Cd4,3 + Pi Xj Cd4,4 + P X4 Cd4)5 + Pi Xj Cd4’6J

(Alt) Out[« |=
0

(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb|cc|cd) ]

(Alt) Out[« |=
{6, Pi, Xi}
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(Alt) In[ =
eqnsCCbar = (# == @) & /@Union[Last /@ CoefficientRules [Expand[lhs - rhs], covars]]

(Alt) Out[« |=
1
{CC4,1 + Cd4,1 == 0, — + CC4)2 + Cd4)2 = 0,
12

CC4,3 + Cd4,3 == 6, CC4,4 + Cd4,4 == 0, CC4)5 + Cd4)5 = 0, CC4,6 + Cd4,6 = 6}

(A1) Inf + ]:=
vars =

Cases[Variables[rd[l, i1, j1] +rq[-1, 12, 2] +¥a[1, k1] +¥a[-1, k2]], (ca|cb | cc| cd)__]
{so0l} = Solve[egnsCCbar, vars]

sol /. Rule - Set;

Yall, K]

¥al-1, k]

(Alt) Out[« |=

{Cas,1, Ca4,2, Cas,3, Cas,a, Caa,5, Case, CA4,7, CAa,g, Cas,0, CA4,10, Ca4,11, CAs,12, Cas,13,
Ca4,145 CA4,15, CAsz,165 CAa,17, CA4,18, CA4,19, CA4,205 CA4,21, CAs,22, CAs,23, CA4,24, CAg, 25,
Cay, 265 CAs,27, CAa,28, CAs,29, CAs,30, CAs,31, CAg,32, CA4,33, CAg,34, CAg,35, Cdg,36, CA4,37,
CQayg,38, CA4,39, CAg 40, CAs,41, CAs,42, CA4,43, CA4, 44, CAg 45, CAs,46, CA4,47, CA4 48, CAg, 49,
Cag,se, Cag,s51, Cag,52, Cag,53, Cdg,54, CAg,55, CaAy,56, CAg,57, Cag,58, Cag, 59, Cag, 60, CAs,61>
Cag,625 CA4,63, CA4,64, CAs,65, CAa,66, CA4,67, CA4,68, CAs,69, CAa,70, CA4,71, CA4,72, Cay,73,
Cay,74, Cag,75, CAa,76, CA4,77, CAs,78, CAs,79, CAs,80, CA4,81, CAs,82, CAs,83, Cds,g4, CaAy,ss,
Cayg,86, Cag,87, Cas,83, CAg,89, Cdsg, 90, Cag,01, cba,1, Cba,y, Cba 3, Cba,a, Cby s, Cbys,
Cby,7, Cba,g, Cba 9, Cba 10, Cba 11, Cba 12, CDa 13, CDa, 14,5 CDaj15, Cba 16, Cbg 17, Chy,1s,
Cby 19, Cba 20, Cba 21, Cba 22, €ba 23, Cba 245 Cba s, Cba 26, Ca 27, Cby 28, Cba 29, Cba, 30,
Cbg,31, Cba 32, Cba 33, Cba 34, Cba 35, Cba, 36, Cba 37, Cbg 38, €4 30, CDg 20, Cba a1, Cba a2,
Cb4,43, Cb4,44, Cb4,45; Cb4,46: Cb4,47; Cb4,48: Cb4,49: Cb4,50: Cb4,51: Cb4,52, Cb4,53, Cb4,54:
Cby,s55, Cba 56, Cba,s7, Cba,sg, Cba, 59, Cba, 605 Cba 615 Cba 62, Ca 63, CDa 64, Cba 65, Cba,ees
Cba 67, Cba,eg, Cba 60, Cba 70, Cba 71, Cba, 75, Cba 73, Cbs 72, Cbs 75, Cba 76, Cba 77, Cba, 7s,
Cbyg,79, Cba,ge, Cbs 81, Cba g2, Cbs g3, Cba ga, Cba g5, Cbs g6, Cba g7, Cba g3, Cba g9, Cba,oe,
Cby 91, CCa,1, CCa,2, CC4,3, CCa,a, CCa,5, CCq 6, Cds,1, Cdy 2, Cds 3, Cds 4, Cdy 5, Cds,6}

Solve: Equations may not give solutions for all "solve" variables.
(Alt) Out[« |=

{{Cd4)1 — —CCyq,1, Cd4,2 - ——— —CCq,2, Cd4)3 — —CCq,3, Cd4)4 — —CCyq,4, Cd4,5 — —CCy,s, Cd4’6 - —CC4)6}}
12

(Alt) Out[« |=
€ 1 2 1 3 4
T TEPk Xk~ T € Pk Xk~ T €T Pk Xkt € CCq1t
2 2 6

4 4 2 2 4 3 .3 4 4 A4 4 5 5
€ Pk Xk CCq,2 +E€ P X CCq,3+€ Py X CCqa+E€ Py X CCq 5+ € Py X CCyq
(Alt) Out] - ]=
€ 1 ) 1 3 1 4 4
-~ FEPK Xk T € P Xt~ € P Xk - —— € P Xk —-€ CCqq -
2 6 12

4 4 2,2 4 3.3 4 4 4 4 55
€ Pk Xk CC4)2—€ Py Xk CC4,3—€ P Xk CC4)4—€ Pk Xk CC4,5—E Pk Xk CC4,6
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R3@d=4
(AR) In[ = ]:=
Short[1lhs = CF[Module|[{es = {i, j, k, i*, J*, k"}},
Times [
Normal@Series[Exp[rq[1, j, k] +rq[1, i, k'] +rq[1, i*, 3711, {e, 0, d}1,
EXp [SUM[8q,p 7o €5, {a, €5}, {B, €5}]]
1 /7 2ip 5 g/es)|(x,8/ees) // EXpand
] /7. gRules, ; , UgRules, ; - UgRules, ;. ;.], 5]

(Alt) out[ - J//Short=

3e

1- P <«<17759>> + 6720 «<3>> <«<1>> +1680e" g%, ;. gh . -

240 €* (- cas 61+ 5T Caser - 10 T2 Cag 61 + 10 T° Cag 61 - 5 T* cag e + T° Cag,61 -
Cas,e7+4TCage7 - 6T Cage7+ 4T Cage7 - T Cas,67 — Cas,73 + 3T Cag,73 -
37T% cag,73 + T Cag,73 - Caa,79 + 2 T Cag 79 - T2 Cag,70 - Cas gs + T Cas, g5 — Cas,01) Gpov -
(Alt) In[« ]:=
Short[rhs = CF[Module|[{es = {i, j, k, i*, J*, k"}},

Times [
Normale@Series[Exp[rq[1, i, j] +rq[1, i*, k] +rq[1, j*, k*11, {e€, 0, d}1,
EXp [Sum[8q,s 7a €5, {as €S}, {B, €s}]]
1 /7 Zip 5 g/@es)|(x,8/ees) // EXpand

] /7. gRules, ; jUgRules, ;. , UgRules, j \], 5]

(Alt) Out[ = ]//Short=

3¢ 4 4 4
1- 7 + <<17770>> + 6720 <«<3>> <«<1>> +1680€ g 1. 1. Bk, <10

240 64 (*Ca4’51 +5T Cag,e1 — 10 T2 Cag,e1 + 10 T3 Cag,e1 — 5 T4 Cag,e1 + TS Cag,e1 —
ca4167 +4T ca4167 -6 TZ ca4)67 +4 T3 Ca4’57 - T4 Ca4,57 - ca4)73 +3T ca4)73 -
2 3 2 5
3T Cag,73 + T Cag,73 — Cag,79 + 2T Cag,79 — T Cayg,79 — Cag, g5 + T Cag,ss — ca4,91> gku,ku
(Al In[ - =
me = Exponent[lhs - rhs, T, Min]

(Alt) Out[ = ]=
-10

(Alt) In[ = ]:=

covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc|cd) ]
(Alt) Out[ = ]=

{6, gi“,i”! gi’*,j”.’ gi“,k”! gj”,i“) gj“,j”’ gj’*,k”.’ gk“,i“! gk”,'“) gk“,k“}
(Alt) In[ - ]:=

Short|[

eqnsR3 = (# = @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs-rhs)], covars]]]
(Alt) Out[ = ]//Short=
{—Tg Cag,3 + Tie Cag,3 = 0, <1>, «<868>,

126 T4 + <3675 + <<1>> == 0, <<310>> + 7200 Tie Cay,o1 == 0}
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R2b@d =4
(Alt) In[ ]:=
Short[1lhs = CF[Module[{es = {i, j, i*, 3*}},
Times [
Normal@Series [Exp[rq[1, i, j] +rq[-1, i*, j"11, {e, 0, d}]1,
EXp [SUM[8q,p 7o €5, {a, €5}, {B, €5}]]
17/ Zip (,8/ees) U (x,8/ee5) // Expand
] /7. gRules, ; ;UgRules_; ;. 5.]]

(Alt) out[ - J//Short=

4 <«<1> <«<1> 10 <<3>> «<1> 120 €* (<<1>>) gi<1>>’<<1>>
1+€” (cag,1+cbyq) + + <<121> + + +
12T <<1>> T° T°
(Alt) In[ = |:=
rhs = 1
(Alt) Out[« ]=
1

(Alt) In[ - ]:=
me = Exponent[lhs - rhs, T, Min]
(Alt) Out[ = ]=
-5

(Alt) In[ = |:=
covars = DeleteCases [Var‘iables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[ = ]=
{e, 8iv,ivs Biv,jrs Bi,its gj“,j”}
(Al) I - =
Short[eqnsR2b =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™ (lhs-rhs)], covars]]]

(Alt) Out[ - ]//Short=
{T° (cag,1+cbs1) =@, T* (Tcag,3 +Cby3) =0, «<116>>, 5 (<<1>>) =0, 5 (-11T° + <«<330>> ) == 0}

Alt) In[« |:=
R vars = Cases[Variables[rg[1, i1, j1] +rg[-1, i2, j2] +¥a[1, k1], (ca|cb|cc|cd) ]
{sol} = Solve[eqnsR3 |J eqnsR2b |J eqnsR2c | J eqnsR1l | eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqll, i, j]
Yall, K]
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(Alt) Out[ - |=
{cag,1, Ca4,2, Ca4,3, CA4,4, Cay,5, CA4,6, CA4,7, CA4,8, CA4,9, CA4,10, CA4,11, CAs,12, CAs,13, Ca4,14,
Ca4,15, CA4,16, CA4,17, CAs,18, CAs,19, CA4,20, CA4,21, C34,22, C34,23, CAs,24, CAs,25, CA4,26, CA4,27,
CQag,28, CA4,29, CAy,30, CAsg,31, CAs,32, CA4,33, CA4,34, CAg,35, CAsq,36, CAs,37, CAs,38, CA4,39, CAs 40,
Ca4,415 CA4,42, CA4,43, CAs4,44, CAg,45, CAg, 46, CA4,47, CA4,48, C34,49, CAs,50, CAs,51, CA4,52, CA4 53,
CQag,54, CA4,55, CAy,56, CAg,57, CAa,58, CAs,59, CA4,605 CAs,615 CAs,62, CAs,63, CAs,645 CA4,65, CAs 665
Cayg,67, Cas,68, Cas,69, CAg,70, CAg,71, CAs,72, CAy,73, CA4,74, Cay4,75, CA4,76, CAyg,77, CA4,78,
CQa4,79, CA4,80, CAs,81, CAs,82, CAs,83, CAs,84, CAy, 85, CAsg,86, CAa,87, CAs,88, CA4,89, CAs 00,
Cag,015 Cba 1, Cba 2, Cby 3, Cba,a, Cbas, Cby 6, Cba,7, Cbag, Cby o, Cba 10, Cba,11, Cba, 12,
Cbg,13, €ba 14, Cba,15, Cby,16, Cba,17, Cba 18, Cba 19, Cba, 20, Cba 21, CDa 22, Cbg 23, Cby, 24,
Cby, 25, Cbs 26, Cba 27, Cba g, Cba 29, Cba 30, Cba 31, Cba 32, Cbg 33, Cba 3, Cby 35, Cba 36,
Cby,37, Cba 38, Cba,39, Cba a0, CDa 41, Cba 425 Cba a3, Cbg ag, €y a5, Cby a6, Cba a7, Cba ag,
Cba, a9, Cbs se, Cba 51, Cba sy, Cba 53, Cba sa, Cba 55, Cba se, Cba 57, Cba sg, Cbs 59, Cba 6o,
Cb4,61: Cb4,62: Cb4,63: Cb4,64: Cb4,65: Cb4,66: Cb4,67: Cb4,68: Cb4,69: Cb4,7e, Cb4,71: Cb4,72:
Cby,73, Cba 74, Cba,75, Cba 76, Cba,77, Cba,78, Cba 79, Cbs g0, Cba 81, Cbs 82, Cba 83, Cbs g4,

Cbg g5, Cba ge, Cba g7, Cbs gg, Cba go, Cba o, Cba o1, CCa 1, CCa,p, CCa 3, CCaa,y CCa5, CCap}

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Out] - ]=

1 1
{{Ca4’2%*7 *Cb4,2, Ca4,3%0, ca4)4» — +Cb4,2+TCb4’5, ca4,5»—cb4,5, Ca4,6a9, ca417a0,
12 12
5 5 ) 1 )
ca4)899, Ca4,19—>* —Cb4,19, ca4,1190, Ca4,12%* <2T+3T ) - (1—T) Ca4,9—* (—T+T ) Cb4,19,
4 24 2
1
Ca4)13%—i (8+3T) —Ca4’9—* (—1—T) Cb4’19, Ca4,14%0, Ca4,15%@, Ca4)16%0, Ca4)17%0,
24 2
55 1 )
Ca4)18%0, Cag,0 > ——» Ca4,21e0, Ca4J22%0, Cag, 23 » — (67*721’*451— > - (I*T) Cag, 19,
24 24
1 25 1 )
Cag,oq » — (212+25T), Cag,p5 > - — , Cag,26 > 0, Caz,27 > — (-201 +284T+25T ),
24 24 72
1 ) 1
Cag, g > — (—539+103T—110T ) - (1-T) caa, 19, Caz,p0 > — (7+110T) - Cay,19, Cag,z9 = 9,
72 72

3
Cag,31 > 0, Cag,3 > 0, Cag,33 >0, Cag g~ 0, Cagzs > 0, Cag 3y~ Zl, Cag,38 > 0, Cag390 > 0,

1 3 1
Casae > @, Caga > — (-237+46T+219T?) + — (-1+T) Cag,z6, Casaa > — (-30-53T),
96 12

2
15 1 2 3 2
Ca4)43% — Ca4)44%0, Ca4)45%9, Ca4,46—> — (119—T—132T +11T ) - (—1+2T—T ) Ca4’36,
24
1 X 1 5
Ca4,47% —_— <12+147T+5T ), Ca4,43—> - <—86—5T>, Ca4)49 - — Ca4,5@+0,
12 8 12
1 2 3 4 1 2 3
Cagsy > — (-203-92T+388T%-96T°+27T*) - — (1-3T+3T°-T?) cay, s,
96 2
1 2 3 2
Cagsy > — (61-453T+59T*-27T°) - (1-2T+T?) caa,se,
48
1

3 1
Cags3 > — (249-32T+27 TZ) +— (-1+T) cag,3e, Cag,sa > — (5-27T) - cag,z6,
32 2 48

Cay, 55 > 0, Cay 56 > 0@, Caz,57 > 0, Cay,sg > 0, Cag 59 > 0, Cazee ~ 0,
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1

Caze1 > 0, Cage3 “oa’ Cag,e4 > 0, Cages > 0, Cagee > 0, Cage7 > 0,

Cag,e8

Cag,72

Cay,75

Cag,79

Cag, 81

Cag,sa

Cay,s7

Cag,ss

Cag, g9

Cag,o1

2022-11-04 09:18:15

1 1
- — (T*T2> +2 (71+T) Cag,62, Cag,69 > — (*16+31 T), Cag,70 — *1, Cag,71 a@,

2

24

1
@, Cag73 >0, Cags > — (5-28T+21T2+2T%) +2 (1-2T+T?) cager,

N

N

N

N

N

12

5
-— (—18+23T+5T2), Cag,76 > — (9+4T), cagz7 > -1, caz,7s > 0,
24

12

1 2 3 4 2 3
0, Cas,gp > — (—21+78T—46T -10T°-T ) - (1—3T+3T -T ) Cag,e,

24
1

24

24

1
—, Caggs >0, Cagge > — (55-166T+72T2+38T° +T%),

120

1 2 3 4 2 3
—— (291-219T-199T+11T° -4 T*) - (1-3T+3T°-T?) cay e,
120

1

60
1

60

(86 +

157 T-7T2+4T%) -2 (1-2T+T%) cag, e,

1 1
— (-132+131T+60T°+T°), case, > — (-51-49T-T?), cag,g -
12

30+ T

12

1
(-94+3T-4T%) +2 (-1+T) case, Casoo> — (1+4T) - cas e,

120

Cby,s

0, Cb4)1 - —Ca411, Cb4,3 - 0, Cb4,4 - —Cb4)2 - Cb4’5 — 9,

5 (1+4T> Cay,g (1—T> Cb4,1g

Cb4)7%9, Cb4,8%@, Cb4)9%— - - >

12T T T

5(-2-T+8T?)  (1-T)case (1-3T+2T?) cbs e

Cbs,11 - 0, Cby 1 — - -

Cby,13

Cby,17

Cby, 3

cbg, 26

cby, 29

Cby, 35

Cby, a1

)

)

24 T2 T2 272
5 <2+3T> Ca4,9 (*1+3T> Cb4’1e
- + - > Cb4,14%0, Cb4,15%0, Cb4)16%0,
24T T 2T
7 (1+T) Ca4)19 55
- 0, cby,15 > 0, cby 19 > - 5 Cba 9 > ——, Cby y1 - 0, cby 5o > 0,
12T T 24
31+72T-53T? (1-T) caa,e -25-212T 25
- - - 5 Cbapa > ——————, by s > -—,
24 T2 T2 24T 24
—25-284T+201T2 68 -103T +581T%> (1-T) cas,1o
-0, cb4,27 - - ) Cb4,28 - - - )
7272 72T T2
-68+35T Cag,19
- - + > Cb4,39%e, Cb4)31%9, Cb4)32%e, Cb4,33%0, Cb4,34%e,
72T T
1 +T Ca4)36
- 0, Cb4’36 - - -

N

~213-46T+231T> 3 (-1+T) casz6 53+30T

24T T

+ s> Cbg,ap > -
96 T? 2 T2 12T

~10+131T-109T> (1-2T+T?) cas,3

Cb4,44 -0, Cb4,45 -0, Cb4,46 - = -

247 T3
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(Alt) Out[ = ]=

Cby,a7

Cby,s;

Cby,s;

Cby,s3
Cby,ss

Cb4,62

Cby, s

cby,72

Cby, 75

Cby, 79

Cby, 81

cby,sa

Cb4,87

Cby,gs

Cby, g9

€

2
1

N

-

-

-5-147T-12T2 5+86T

12 T2

5 Cbgag > —————, Cby a9 > —, Cby 56 > 0O,
8T 12

~25+92T-388T2+96T3+201 T4 (1-3T+3T°-T?) cas 36

3

96 T4 274

25-57T+455T2-63T3 (-1+2T-T?) cag,s

48 T3

)

T3

-25+32T-251T% 3 (-1+T) cas,se 25-7T casse

32T

+ » CDg,54 > ——— + s

272 487 T

0, Cb4)56 - 0, Cb4,57 - 0, Cb4,58 - 0, Cb4)59 -0, Cb4)69 - 0, Cb4,51 - 0,

Cag, 62

1

- > Cbg 63 = - 2*4) Cbs,e4 » @, Cby 65 > 0@, Cby 66 > @, Cby 67 > O,

1-T 2(-1+T) cage ~31+16T

N
272

5 Cbggo > —————, cba,70 » -1, Ccby,71 > O,

T? 24T

S2-21T+28T2-5T% 2 (1-2T+T?) case2

0, Cb4,73 - 0, Cb4,74 - - - >

1273 T3

5(-5-23T+18T?) 5(4+9T7)

24 T?

5 C€ba76 > —————, cbs,77 - -1, cby 75 > 0O,
12T

1+10T+46T2-78T3+21T% (1-3T+3T>-T°) cag,e2

0, cby ge - - - s
24 T4 T
-1-60T-131T%2+132T3 1+49T+51T? -1-30T
- 5 Cbg,gp > - ————————, Cby,g3 > -
24 T3 12 T2 127
1 -1-38T-72T2+166T>-55T*
- —, Cby g5 > 0, Cby g5 > - ’
24 120 T*
4-11T+199T2+219T3-291T* (1-3T+3T*-T°) cas.e2
- - 3
120 T4 T
—4+7T-157T2-86T> 2 (1-2T+T?) case
_ + ,
60 T3 T3
4-3T+94T% 2 (-1+T) case -4-T cage
- + > Cb4)99 - - + N Cb4,91 - 6}}
60 T T2 120T T

1 1

1

**+€P1Xi*£€2PiXi+*

3 1 4 1 2 1 3 1 4
E PiXi—-—E€ pixi—epjxi+f€ ijiffe pjxi+—e ijif
12 2 6 12

1 3 5 7

fepipjx§+fTepipjx§+fezpipjx%—fTezpipjxiJf—e3pipjx§+—T63pipjx§+
2 4 4 12 12

1
2

1 1
2.2 2 2
7epjxi—ETep§xi—Ze p

7 5
2 Ppixi- — T pixi+ — Tetpixg
12 12

3 5
2 2,22
It —Terpixg- — e
4 12

1 1 5
fTze“p%Xif;ezpim%;Tezpiij§+ge3p§iji7Te3piiji+gezpip§><§f

2

fTezpip§X?7gTzezpip§X?f

1

8 17 1 67
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15 1 1 1 11 11
3T64pip§x?—;Tze4pip§xf—£ezp;-’xiJr;Tezp§x§+gTzezp§xf+;e3p§x?—;Te3p§xf—

67 71 25 1
fT2€3p§Xg—£€4p§X§+ETe4p;.’xi+5T2€4p§Xg—g€3pipjxg+§T€3pgij§+
1 1 3 2. 4 79 23

— e pipIXi - —TelpipIxi - — T e pipixi - — et pipi X+ — Tetpipixi+ — T e pip]xi -
2 8 8 32 48 32

13 3 7 1 55 1
— e pipixi -~ Tl pipi X~ T pipixi+ — T elpipixi — €*pipixi- — Te'pipixi-
24 8 8 24 12 24
11 11 1 3 1 1
—Tze“pip;?x?h—T3e4pip;-’xi}+fe3p§x‘i‘+7Te3p§x‘i‘—fTze3p§x‘i‘——T3e3p§x‘i‘—
2 24 6 8 2
203 23 97 9 1
—e*pixi- —Tetpixt s — TPetpixi-Tetpixi s — Tt pixi - Tetpipix; -
96 24 24 32 2
2 .4 .3 .25 4235 /! 4235 7 24235 134035 7 4 4.5
—T e pipjXxi+— € piPjXi-—-Te pipyjXi+—T e pipjXi+— T € pipPjXi-— € PiPjXi~+
12 3 4 6 8
13 23 5 1 11 83
—Te4pip§x§——Tze4pip§x§——T3e4pip§x§——T4e4pip§x§+—e4p§x§——Te4p§x§+
12 12 24 24 60
19 1 3 7
fT264p§3xi+—T364p§fxi+—T4e4p;-’xi—epipjxixj+fezpipjxixj—feBpiijin+
5 60 120 2 6
5 3 7 5

5
— e pipsXi X +EPi Xy Xy - — €2 pixg Xy + — €7 pixi X5 - — €*pixg x5 - — Tet pdxy Xy -
4 2 6 3 8
1 3 55 1
;ezpﬁpjxﬁxj+£e3p§pjx§xj—2—4eApﬁpjxixjH—:zpiP%xﬁijrzTezpipﬁxﬁxj,

9 53 25
fe3pip§x§xj7Te3pip§x§xj+;e4pip§x§xj+2—4Te4pip§x§xj7£ezpﬁxﬁxj,

1 539 103 55
ET€2p§X§Xj+3€3p§X§Xj+T€3p§X%Xj—;€4D§X§Xj+;T€4p§’X%Xj—£T2€4p§X§Xj—

1 3 7 5 53
fe3p?ij§xj+Ze“piij§xj+gTe3p§p§X§xj—£e“pip%@xj—aTe4p§p§><ixj+

17 1 49
e3pip§x§xj—zTe3pip§xi’xj—gTze3pip§'xij+c—:4pip§fxixj+zTe4pip§xixj+

5 5 5 1 61
ETZe“pip;?xng—ge3p§x§xj+;Te3p§x§xj+gTze3p§x§xj+&e4p§x§xj,
151 59 9
?Te4p§x§xj+gTze“p;‘x?xj——T3e4p§xij—2—464p‘i‘pjx‘i‘xj—;e4pip§x‘i‘xj+
31 15 115 25 11
;Te“p?p%X‘i‘sze“pip?x;‘xj—T T€4p§p§X‘ilxj_£T2€4p§p§xzilxj_?GAPiPAle‘:':Xj*'
131 5 1 97 73
ZTe4pip§x‘i‘xj+£Tze4pip§xf{xj+£T3e4pip§x§:xj+Ee4p§xﬁxj—ETe4p§x§xj,
199 11 1 1
1—26Tze4p§’x‘i‘xj+1—26T3e4p§3x‘i‘xj——T4e4p§?x‘i‘xj—£ezpip§x1x§+e3pip§xix§_
25 1 7 55

4 2 2 2.3 2 3.3 2 4 3 2 4 3 2 3.2 2.2 2
— € PiPIXi X5+ — E€TPIX{ XS —€eTPIXg XS+ — €7 p3Xg X5+ — Te p:XiX;-€®pypsXy XS+
24 J it j j j 1795 j 17 36 j j LR Tt T
15 5 1 43

2
j

4 2 2.2 2 3 3.2 3 3,22 4 3,22 4 3,22
— € PinXinJrEe Pi Pj Xj X *ZTG pinXin*ZE Pi P3 X j*;Te Pi P Xj X5 -
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3 1 249 7
*€3p§X§X§7*T€3p§X§X§+7€4p§X§X§7T€4p§X§X§+fT2€4p§X§X§7€4pip§XiX§+
2 4 32 32
15 5 17 49 1
—e4p§p§’xix§+fT€4p§pjs~xixi——e4pip§X§X§——T64pip§X§X§——T2€4pip§xgx§+
3 4 12 12

43 157 7 1 1
—e4p§xix§+—Te4p§xix§——Tze4p§xzx§+—T3e4p§-xix§—fe3pip§xix§3+
30 60 60 15 6
5 9

4 3 3 3 4 3 4 4 3 4 4 3 4 .2 .3 .2 3 4 4.2 3
— ETPiPIXI X+ — ETPIXI X+ — E PIXi X5 - — TETPIX{ X5 -€T PP XIXF+— € pi p3Xi X5+
12 j ] 6 J J 48 J iy J j R R R jriAg
1 47 1 1 1
—Te4pip§x§x§’f—e4p§x§x§+—Te4p§x§x;’——Tze4p§fx§x§——e4pip§xix§+
12 30 20 5 24
1 1
T e*plxixd+ P Te' pix; x§ + € cag+€* ps pyxi caso - e*pixicaso+ Te* pixdcass-

4 2 4 2 3 4 2.3 4 2.3 4.3 2
€ P Xi Xj Caa,g + € Pj PjXj Caa,10 - € Pi P3Xj Cag,10 + T € Pi Pj Xj Cag,19 - € Pj Xj Xj Cag,19 +

3 3
4 3,2 4 3 2 4 3 4 4 2 .2 .4 4 2 .2 .4
T " pj X Xj Caa,10 — € Pj Xi Xj Caa,19 + € Pi P§ Xi ca4,36—£e pi Pj Xi ca4,35+£Te Pi Pj Xi Caa,z6 +

1 3
4 3 4 4 3 4 2 _4 3 4 4 4 4 4 4 4
€7 PiPjXjCag,z6-2T€ PiPjX;Cagze+T € pipP3X; Ca4,36_£ €7 Py Xj Cag,z6 + 5 T e pjX; Cag,z6 -
2 _4 .44 3 _4 .44 4 .4 3 4 4 3 2 _4 .43
- T € Py Xi ca4,35+£T €7 Pj X Cas,36 — € PjXiXj Cagze+2Te Pj Xi Xj Cag,z-1"¢€ Pj Xi Xj Cag,36 —

3
4 4 2 2 4 4 2 2 4 4 3 4 4 5 4 3 2.5
— € Py XiXj ca4,35+£Te Pj X3 Xj Ca4,36 — € P35 Xi Xj Caag,36 + € P; Pj X3 Cager —2€" pj Pj Xi Caa,e2 +

4 3 25 4 2 3.5 4 2 3.5 2 4 2 3.5
2Te"p; PjXjCager+2€ P PjXiCasea-4TeE PipjXicCage+2T € p;PjXjCaser -
4 4 .5 4 4 5 2 4 4 5 3 4 4 5 4 5 4
€7 Pi PjXj Cagea+3T€E PiPyXjCagea-3T € PipyXjCagex+ T € PiPjXjCasgea—€ PjXjXjCag,e+

4 5 4 2 4.5 4 3 4.5 4 4 5.3 2
3Te P3 Xi Xj Cager-3T € P3 Xi Xj Cager+ 1" € P3 Xi Xj Cager—2€ P3 Xj Xj Cag,62 +

3

2 4 5.2 3 4 5,2
: Ca4,62 -2€ pJ Xy Xj Ca4)62 +2Te p] Xy XJ Ca4,62 -

2
j

2 4 .53
Jca4,62—2T€ ijiX

4Te4p§x§x

1
4 5 4 4 4 4 4 4 2 2
€' p3 Xi X5 Cag,62 ~ € Pi Xi Cby,y + €7 pjXi by + TE™ pyXiCbays - €™ py xjcb4,5+£Te pj Xi cba,10 -

1 1 1
2 4 2,2 4 4 2 4 2
ET €" pj Xi Cba, 10 - €7 Pi Pj Xi X5 cb4,m+£e Pj Xi Xj Cb4’10+ET€ pP3 X1 Xj Cba, 10

(Alt) Out[« |=
€ 1 ) 1 3 4
— “EPkXk— T € PkXk -~ € Pk Xkt € CCq1t
2 2 6

4 4 2 2 4 3.3 4 4 4 4 5.5
€ Pk Xk CC4’2+€ Pk Xk CC4)3+€ Pk Xk CC4)4+€ Pk Xk CC4,5+€ Pk Xk CC4,5
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R2c@d=4
(Alt) In[ = |:=
lhs = CF[Module|{es = {i, j, i*, j"}},
Times [
Normal@Series[Exp[rq[-1, 0, 1, i, j°] +rq[1, i*, j11, {e, 0, d}1,
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
177 Zip ,8/ees)y(x,8/ee5) // Expand
] //. gRUIeS-l,i,j* UgRUleSLi*,j]

(Alt) Out[« |=

e € & 1 (-1+T) €* (-7 +12 by, 1 + 12 CCq,5) 8,1+
1+*+*+—+7€4(1+384CC4,1)7 +
2 8 48 384 12T
2(-1+T)%€e%cca383 ;- 6 (-1+T)’eccaangl ;o 24 (-1+T)% e cey 585 5
T2 - T3 i T4 -
120 (-1+T)°e*cCa6 85 ;- , 13, X
- €8y, — € By, 4 -~ — € By, + — € (_1+6cc4)2) =
TS J7,3J J 3] 24 37,3 6 J 7,3
4 (-1+T) e CCa,3 85,1 84,5 18 (-1+T)2¢&? CCya,4 g§++)i++ 8,5
. _
T T2
96 (-1+T)>e*cca,5 83 5. 85,5+ 600 (-1+T)%e*ccqe8) 5o 85,5 )
+ + € ng o +
-I-3 T4 >
3 1 18 (-1+T) e*cca a8y i g?lju
-3 g§++,j++ +— (29 + 48 CC4,3) g%**,j’* - +

24 T

144 (-1+T)?e*cca,5 85 5 8F 5 1200 (-1+T)’ e ccaegl ;o 85 5 s
- - €7 g3 5o+
T2 T3

96 (-1+T) e*cCays 85,1 81 5 1200 (-1+T)?e*cca68l ;o 81 5

2e* (-1+3ccaa) 8 5 - N
’ T TZ

600 (-1+T) € cCa,6 85,1 83 - . .
i - +120 €” cCq,6 83+, 5

et (1+24ccy,s) g4

s

J
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(AIY) In[ - =
rhs = CF[Module[{es = {(3*)"}},
Times [
Normal@Series [Exp[v¥q[1, ()% 11, {e, O, d}1,
Exp[Sum[gq,5 7a €5, {0, €S}, {B, €s}]]
1 /7 Zip (5 8/0es) | (x,&/ees) // EXxpand

I

(Alt) Out[ = ]=

e e & T, ) 13 3
1+ —+—+—+—¢€ (1+384CC4,1) —€gj++,jf+—€ gj”,j”_i € gj++,jf++
2 8 48 384 24
1 3 1
_— (-1+6ccy,2) 8,5 +e? g§J +— el g§J +— e€* (29 +48 CCq,3) g§J -
6 2 24
elgl jo+2e" (-1+3cchyq) 8 5+t (1428 ccys) g5 5+ 120" cup 6 85 5

(Alt) In[ = |:=

me = Exponent [1lhs - rhs, T, Min]
(Alt) Out[+ ]=

-5

(Alt) Inf - J:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[« ]=

(e, 85 s 855

(Alt) In[ = |:=
CoefficientRules [Expand [T™™ (lhs - rhs)], covars] // Column

(Alt) Out[« |=

{4,5,0}) >120cCy,6- 600 T CCq,6+ 1200 T> CCq,6 ~ 1200 T? CCy6 + 600 T* CCy,6 - 120 T° CCy 6
(4,4, 1) >600TcCy,6- 2400 T? CCy, + 3600 T° CCy - 2400 T CCy,6 + 600 T° CCq.6
{4, 4,0} >24TcCa,5-96T?CCq,5+144T3 €y, 5 - 96 TH CCqy5 + 24 T° CCy 5

{4, 3,2) >1200T?ccy,6 - 3600 T3 CcCy 6 + 3600 T* CCy 6~ 1200 T° CCy 6

{4,3,1} >96T%ccy,s - 288 T3 ccy,5 + 288 T4 ccy,5 - 96 T° cCy s

{4,3,0} >6T%CCs,4-18T3CCs,0+18T4CCq,0-6T° CCyyq

(4, 2,3} >1200T> ccy,6 - 2400 T* cCy,6 + 1200 T° CCq6

{4,2,2) >144T? ccy,s - 288 T4 ccy,5 + 144 T° cCy 5

{4,2,1) >18T3ccy,q-36T*CCy,q +18T° CCy

(4,2,0) 52T%ccy,3-4T4ccy,3+2T° ccy,3

{4,1,4) >600T*ccy,6- 600 T CCy 6

{4, 1,3} >96T*ccy,5 - 96 T° cCy 5

(4,1, 2} >18T*cCy,q - 18T CCy

{4,1,1) >4T%ccq,3-4T° cCy,3

14,1,0) » 20 + ZT T4 cby 10 - T by a0 + T CCapp - T2 CCa
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(Alt) In[» ]:=
eqnsR2c =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]

(Alt) Out[« ]=
1
{-— (-1+T) T* (-7+12cbs19+12¢CCq,5) =0, -4 (-1+T) T*ccy,3==0,2 (-1+T)? T’ ccy3 = O,
12

-18 (-1+T) T CC4,4 == 0, -6 (—1+T)3T2 CC4,4 = 0, 18 (—1+T)2T3 CCapq = O,

~96 (-1+T) T*cCy,5 =0, -96 (-1+T)>T?ccy5 =0, 24 (-1+T)*Tccy,s == 0,

144 (-1+T)?T’ccy,5 =0, 1200 (-1+T)>T?ccy6 =0, -600 (-1 +T) T*ccyp == O,
~120 (-1+T)%ccq5=-0, 600 (-1+T)*Tccyg =0, 1200 (-1+T)?T>ccy 6 == @}

(Alt) Inf - J:=
vars = Cases [Var‘iables[r‘d[l, i1, j1] +rq[-1, i2, j2] +¥q4[1, k1], (ca|cb | cc | cd)__]
{sol} = Solve[eqnsR3 | eqnsR2b |J eqnsR2c | J eqnsR11l | eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqll, i, j]
Yall, k]

(Alt) Out[« ]=

{cag,0, Cag,19, CA4,36, Cas,62, CDa,2, Cba,s, Cba 10, CCa,1, CCa,2, CCq 3, C€Cqua,y CCa,5, CCau6)

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Out[« ]=

7

{{ecuan =

€ 1, 1, 1, 1, 1, 1,
ST HEPiXi- T € PiXit — €ETPiXi - T € PiXi—EPjXit T € PjXi-— € PjXit+ —— € PjXi-
2 6 12 2 6 12

- Cb4’1e, CC4)3 - 0, CC4,4 - 0, CC415 - 0, CC4,6 - @}}

(Alt) Out[« ]=

1 1 1 3 5
—epipsXi+—TepipsXi+— € pipjXs-—Te’pipyxi+— e pipixi+—Te pipyxi+
2 4 4 12 12

1 1 1 3 7 5
—epixi-—Tepixf-—e?pixi+-Te’pixi-—e’pixi-—Telpixi+ — Tetpixi+
2 2 4 4 12 12 12

5 5 3

1
2—;ezpfpjx§+§Tezp%pjxi+ge3p§pjx§’—Te3p§pjxi+gezpipﬁxi_

2 4 2
fTeiji

1 8 17 1 67
—Telpipixi- - Trelpipixi-— €l pipixg+ — Tl pipixi+— T2’ pipixi+ — e*pip}xi-
6 3 6 3 24

15 1 1 1 11 11
3Tetpipixi-—Tetpipixi-—e?pixg+—Te’pixg+—T?e?pixi+—e’pixi-—Telpixi-

8 2 3 6 6 6

67 71
fT263pgfng—€4p;’xi+—Te4p§’X§+—T264pgfxg—fe3p§pjxg+7Te3pgij§+

24 18 72 8 8

1 3 23
—elpipixi-—Telpipixt- -T2l pipixn - —etpipixie — Tetpipixts — TP pipix] -
8 8 32 48 32

13 3 7 1 55 1
— e pipixi-—Telpipixi+ — TP pipixi+ — T e pipixi+ — e*pipixt- — Te*pip]xi-
24 8 8 24 12 24

11 11 1 3 1 1
—T264pip§?x§+£T3e4pip§x‘i‘+ge3p§x‘i‘+gTe3p§x‘i‘—£Tze3p§x‘i1—2—4T3e3p‘J!x‘i‘—
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203 23 9 9 1
—e‘lp;!x‘i‘——Te“pg‘x‘i‘Jr—Tze4p§x‘l}7T3e4p§x‘i‘+—T4e4p§x‘i‘+7Te4p§p§xi—
24 24 32 2

96
243255423574235724235134235 4 4.5
,Tepipjxi+56 pipjxi—gTe pipjxi+ZTepipjxi+gTepipjxi—§€ Pi P5 Xi +

13 23 5 1 11 83
—Te”'pip?x?—ETze“pip?x?—ET3e4pip‘j‘x§—2—4T4e4pip§x§+2—4e4p§x?—6—eTe4p§x§+

19 1 3 7
TPe*pixg+ — T et pixi+ — T e pixi —epipyXiXj+— € Py Py Xs X5 - — € Ps Py Xy Xj +
60 120 2 6
4 2 3 2 .2 7 3.2 5 4 2 4 2
Epiijin+€ijinfE€ ijin+g€ ijinfge ijinngE ijinf

3 55 1
62p%ij%Xj+£Espipjxi)(j—;€4p%ij%Xj+€2pip§X§Xj+£T€2pip§X§Xj—

53 25 1
€3pip§X§Xj—T€3pip§X§Xj+z€4pip§X§Xj+£T€4pip§X§Xj—£ezpﬁxng—

539 103 55
Tezpﬁxixj+3€3p§x§xj+Te3p§X§Xj——72 e4p§x§xj+—72 T€4P§X%Xj7;T264p§’x§xjf

3 7 5 53
e3pi’pjxixj+£e4pipjx§xj+gTeBpﬁpﬁxixj—Ee4p§p§x§xj—ETe4p§p§xixj+

GN\I—‘N\I—‘N\WN\I—‘-P\U'IU'I\UJJ}

17 1 49
€3pip§Xng—;T€3pip§X§Xj—gT2€3pip:3inXj+€4pip§X§Xj+zT€4pip§Xin+

3.4,3 61

3.4.3 4 4 3
ijinJrfG ijinf
48

5 5 1
7T2€4pip§X§Xj’7€ ijin+*T€3p‘]}X§Xj+7Tze

151 59 9 1 2
ETG“p‘]!xngJr—Tze4p§x?xj——T3e4p§xixj—2—4€4p§:pjx§xj—ge4p§p§x‘i‘xj+

31 15 115 25 11
2—4Te4p§p§x‘{xj+ze4p§p§x‘i‘xj—;Te4p§p§x‘i‘xj—2—4Tze“p%p?x‘{xj—?e4pip‘j‘x‘i‘xj+
131 5 1 97 73
ZTe“pip;‘x‘i‘xj+£Tze4pip§x‘i‘xj+£T364pip‘j‘x‘i‘xj+Ee“p?x‘i‘xj—ETe“p?x‘i‘xj—
199 11 1 1
—120Tze4p§x§xj+120T3e4p§x§xj—£T4e4p§x‘i‘xj—£<—:2pip§xix
25 1 7 55

4 2 2 2 .3 2 3.3 2 4 3 2
— etpipixi X —efpixi 2 -e¥pdxg xd i — e pdx; X2
22 34X 3 X1 %5 32X 3 X1 %5
15 5 1 43

5
4 2 2,2 2 3 3,22 3 3,22 4 3,22 4 3,22
€ pipjxixj+£e pipjxixj+ZTe pipjxixj——4 € pipjxixj—gTe Pi P3 Xi X§ -

2
j

3 2 2
+ € piijinf

+—Te4p3.xix2.—e3p§p2-xﬁxz.+
36 j j j 3

4
3 249 2

Te3p§x§x§+—e4p§x§x§—Te4p§x§x§+—Tze4p§x§x§—e4pgp§xfx§+
32 32

3.4 .2 2
€’ pj X Xj -

N

15 5 17 49
fe4p§p§X§X§+gTe“pip?XiXﬁfZe“pip?X?X%f*Te“pip;}X?Xﬁf*Tze4pip§X?X§+

43 157 7 1 1
—e4p§?xix§+—Te4p§xi %——T264p§xix§+—T3e4p§xix§—f
30 60 60 15

1 5
4 3 3 3 .4 3 4 4 3
epipjxix-+ge ijiX-+f6 ijin—

) T 48

47 1 1 1

Tetpipixixi-—e*pixgx+ —Te'pixgxi- — TPe*pixing - —
12 30 20 15

3 3 3
€7 pi Pj Xi Xj+

3_

J

9
4 4 4.2 3.2 3 4 4.2 3
RTG P Xi X epipjxixj+£e Pi Py Xi X3 +

4
o+

4 4
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1 1
4.5 4 4.5 4 4 4 2 4 .2 2 4 .22
1—296 pjxixj+3—0Te Pj Xi Xj+ € Cag,1 +€ PiPjXjCago-€ pjxica4,9+Te Pj Xj Cag,q -

4 2 4 2 3 4 2.3 4 2.3 4 3,2
€" Pj Xi Xj Cag,o + € Pi Pj Xj CAs,10 - € Pi Pj X Caa,10 + T € Pi PJ Xj Cas,10 - € Pj Xi Xj Cag,19 +

2

4 3,2 4 3 4 3 4 4 2 2
Te pJ Xi Xj Ca4,19*€ p] XiXJ Ca4,19+€ pi pJ Xi Ca4)36* i

3
4 4.2 2 4
€7 p3 P3 X3 ca4,36+£Te Pi Pj Xj Cag,36 +

N w

4 3.4 4 3.4 2 4 3 4 4 4 4 4 4 4
€7 Pi PjXj Caa,z6 —2T € PipjXjCag,ze+ T € PiPjX; Ca4,35—£ € Py X; Ca4,36+ET€ Pj Xj Cag,36 —

1
2 4 4 A4 3 4 4 4 4 4 3 4 4 3 2 4 43
- T € p] Xi Ca4,36 + E T € pJ Xi Ca4)36 - € pJ Xi Xj Ca4,36 +2Te p] Xi Xj Ca4)36 -T € p:l Xi Xj Ca4)36 -

3 3
4 .4 2 2 4 .4 2 2 4 4 3 4 4 5 4 3 25
— € p] Xi Xj Ca4,35 + 5 Te pJ Xi Xj Ca4,36 - € p] Xi Xj Ca4,36 + E pi pJ Xi Ca4)62 -2€ pi p] Xi Ca4,62 +

4.3 2.5 4 .2 3.5 4.2 3.5 2 4 .2 3.5
2Te" p; PjXj Cager +2€ P; PjXi Caser —4TE P; PjXj Cager + 2T €7 pj Pj Xj Caa,er -
4 4.5 4 4.5 2 _4 4.5 3 _4 4.5 4.5 4
€ PiPjXjCasea+3T€E PiPyXjCage-3T € PipyXjCage+ T € PiPjXjCasez—€ PjX;XjCag,e+
4.5 4 2 4 5.4 3 .4.5.4 4.5 .32
3Te p] X4 Xj Ca4,62 -3T%¢ pJ X4 Xj Ca4,62 +T € p] X4 Xj Ca4)62 -2¢€ p] X3 Xj Ca4,62 +

4Te*p3xix} caser - 2T € p3 X3 x5 caser - 267 p3 X5 X3 caner + 2T p X§ x5 cag e -
4 5 4 4 4 4 4 4 2 2
€7 PjXi Xy Cage2—€ PiXi Cba,o + €7 Py Xy Cby,o + TE™ Py Xy Cby s - € pjXyChy 5+ E T e pj i cby, 10 -

1 1 1
2 4 2,2 4 4 2 4 2
— T2 e" pjxi Cba 16 - €7 Pi Pj X1 X4 cb4,19+£e Pj Xi Xj cb4110+£Te P3 X1 Xj Cba, 16

(Alt) Out[« |=
€ 1 2 1 3 7 4 4 4
*—€Pka—£€ |9|<Xk—g6 Pka+E€ Pk Xk — € Pk Xk Cba, 19 + € CCa 1

R1l

(Alt) In[» }:=
lhs = CF[Module|{es = {i, i*}},
Times [
Normale@Series [Exp[r4[1, 1, ©, i*, i]], {e, 0, d}]1,
EXp[SUM[gqa,p 77 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,a/ees)y // EXpand
] //. {gi*,/{ N Si+, 5+ Bitt, 55 Bi,p ¥ Oi,5+ gi+)ﬁ}]
(Alt) Out[ - |=
1+e? (Cag,1 +CCq,1) -
1

€* (48-150T+80T° - 20T + 19T + 24T cay,o + 72 T> Cag,10 + 72 T° Cag,10 + 288 T Cay, 36 +
1274
288 T2 Cay, 36 + 288 T° Cay, 36 + 1440 Cay 6 + 1440 T Cay 6 + 1440 T2 Cay 6; +

1440 T3 cag 6 + 12 T cby 5 + 12 T cby, 0 - 12T cba,10) 81,1 -
1

; e* (96-225T+86T%+37 T +727T% cag 10 + 432 T Cay, 36 + 432 T% Cag, 36 +
127

2880 Cay, g, + 2880 T Cay g, + 2880 T Cag ez ) 85 5 -

€* (16 -25T+ 11 T? + 48T cay, 36 + 480 Casr + 480 T Cas62) 8- ;
+

272
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4e* (-1+T-30cae) 8 ;

+

T
1

e* (48-150T+80T°-20T° + 19T+ 24T ca o+ 72 T  Cag,19 +
1273

72 T? cay, 19 + 288 T Cay, 36 + 288 T% Cag, 36 + 288 T2 Cay, 36 + 1440 Cay 6, + 1440 T Cay g +
1440 T2 cag 6, + 1448 T° Cag 6 + 12 T Cby 5 + 12 T° Cby, 10 - 12 T* by 10) 81+,1+ +

1 4 2 3 4 3 2
€ (—192+642T—622T +210T° - 15T - 24 T° cas,o - 144 T° cag, 19 -

12713
864 T Ca4)36 - 5760 Ca4’52 -12 T3 Cb4)1g +12 T4 Cb4)19) gi”,i gi’*,i* +

€ (-144+369 T - 277 T2 + 55 T> - 36 T? Cay, 10 - 432 T Cay,36 - 4320 Cas62) 8] 5 81,10

6 T2
€* (32-57T+27T2+ 48T cay,36 + 960 Cas,e2) 87 4 i1

+

2T
4 4
4e (—1+T—3@ Ca4’62) gi”,i gi‘*,i* -

e (-192+546 T-397 T2 +124 T - 52 T* - 24 T° cay o - 144 T Cay, 10 -
12 T2

72 T? cay,10 - 864 T Cay, 36 - 432 T2 Cag, 36 - 432 T° Cag, 36 - 5760 Cag, 6 -
2880 T cay, ¢, - 2880 T Cay,qr - 2880 T° Cag,er - 12 77 by 10 + 12 T* cby 10) 83 ;- -

(-1+T) e* (7144 +369T-277T? +55T> - 36 T? cag, 10 - 432 T cay, 36 - 4320 ca4,62) i1 gﬁﬁ,i.

6 T2
3(-1+T)e* (32-57T+27T2+48T cag, 36+ 960 Cas,ez) 85 ; 85 5.

4T
8 (-1+T)e* (-1+T-30case) gl 18 1 +

1
— €% (144 -369T+325T2-130 T + 33 T% + 36 T cay,10 + 432 T Cay, 36 +
6T

144 T° cay, 36 + 4320 Cay, 6 + 1440 T Cay,p + 1440 T° Cag 62 ) 81 5 -
(-1+T)%e* (32-57T+27T?+487T cag,z6 + 960 Cage2) Bi,1 8i 5

2T
8 (-1+T)?e* (-1+T-30case) 83 81,5 +

1 4 2 3 4 2
—e* (64-146T+143 T2 - 68 T° + 11 T* + 96 T cay, 36 - 48 T2 Cay, 36 +
4

48 T cay, 36 + 1920 Cay g, - 960 T Cay,gp + 960 T2 Cay 6 + 480 T° Cag,ez) 81 5 -
4 (-1+T)e* (-1+T-30cCage2) 81,1853 -4T (1-T+T?) e* (-1+T-30case) 85 ;-

(Alt) In[ = |:=
rhs = 1

(Alt) Out[ = ]=
1
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(Alt) In[ = ].=

me = Exponent[lhs - rhs, T, Min]
(Alt) Out[« |=

-4

(Alt) In[ = |:=

covars = DeleteCases [Variables[lhs - rhs], T| (ca|cb|cc|cd) ]
(Alt) Out[« |=

{€5 8i,is 8iv,i'}
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(Alt) In[» ]:=
egqnsR11l =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]

(Alt) Out[« ]=

1
{f T? (144 +369T-277T? + 55 T> - 36 T” Cay, 10 - 432 T Cay, 36 - 4320 Cay ) = O,
6

1
-— T (32-57T+27T?+487T cay, 3 + 960 Cag 62 ) = O,
2

1
- — T2 (16-25T+11T%+ 487 Cay,36 + 480 Cag,eo + 480 T Cag,e2) = O,
2

1
- — T (96-225T+86T*+37T°+72T? Cay, 10+ 432 T Cag,36 + 432 T* Cay, 36 +
12

2880 Cay,s, + 2880 T Cay 6 + 2880 T2 Cager) = 0, 4T° (-1+T-30 caser) = O,

QR

(-1+T) T? (-144+ 369 T - 277 T? + 55 T° - 36 T% Cay, 10 - 432 T Cay, 36 - 4320 Cay ) = O,

4T (-1+T-3@cCase) =0, — (-1+T) T? (32-57T+27T%+487T cag,z6 + 960 Cas5;) = 0,

>l w

1
-— (-1+T)?T? (32-57T+27T?+487 cay, 36 + 960 Cag,e2) = O,
2

~8 (-1+T) T* (-1+T-30cage) =0, 8 (-1+T)2T* (-1+T-30caye) = 0,

1 3 2 3 4 2
— T° (144 -369T+325T>-130T° + 33 T% + 36 T* cag,19 +
6

432 T cay, 36 + 144 T° Cay, 36 + 4320 Cay, e + 1440 T2 Cay 5p + 1440 T° Cay 62 ) = O,
-4 (-1+T)2T* (-1+T-30case) =0, -4T° (1-T+T?) (-1+T-30case) =0,

1 4 2 3 4 2
—T*(64-146T +143T% - 68T+ 11 T* + 96 T cas, 36 - 48 T* Cag, 36 +

4
48 T cay, 36 + 1920 Cay 6 - 960 T Cay,qr + 960 T2 Cay qp + 480 T° Cag ez ) = O,
1 2 3 4 3 2 3
e <*48+150T*80T +20T° -19T7"-24T Ca4,9 -727T Ca4,19 -727T Ca4,19*
12
288 T Cay, 36 - 288 T Cag, 36 - 288 T° cay, 36 - 1440 Cay, 6 - 1440 T Cage; -
1440 T? cay,5p - 1440 T° Cay 6 - 12 T* Cby 5 - 12 T by 10 + 12 T* by 10) = 0,
1 2 3 4 3 2 3
— T (48-150T+80T°-20T>+19T" + 24T cay,o + 72 T Cag,10 + 72 T> Cag 10 +
12
288 T Cay, 36 + 288 T Cag, 36 + 288 T° cay, 36 + 1440 Cay 6 + 1440 T Cag 6, +
1440 T2 Ca4,62 + 1440 T3 Ca4,62 +12 T4 Cb4’5 +12 T3 Cb4’1e -12 T4 Cb4)1g) == 0,
1 2 3 4 3 2
— T (-192+642T-622T2+218T° - 15T - 24T% cas o - 144 T cay 19 -
12

864 T Cay,36 ~ 5760 Cag,er - 12 T> Cby 1 + 12 T* by 10) = 0,

1 2 2 3 4 3 2 3
~— T?(-192+546T-397T%+124T° - 52 T* - 24 T% cay,o - 144 T* cag 19 - 72 T° Cag, 10 -
12

864 T Cay, 36 - 432 T2 Cag,36 - 432 T° cay, 36 - 5760 Cay, 6o - 2880 T Cagq, - 2880 T2 Cagq; -
2880 T° cag,e2 - 12 T° cby 10 + 12 T Cby 10) = @, T* (Cag,1 + CCsy1) = e}
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(Alt) Inf - J-=
vars = Cases [Var‘iables[r‘d[l, i1, j1] +rg[-1, i2, §2] +¥q[1, k]11, (ca|cb|cc | cd)__]
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqf1, i) j]
Yall, k]
(Alt) Out[ = ]=
{Caa,9, Ca4,19, CAs,36, CAs,625 Cba,2, Cba 5, Cby 10, CCq 1}

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Out[ - |=

5 1 1
{{caz‘,9 5 - (2+3T) - (1-T) cby10, Cas10 > — (-34+55T),

24 2 36
1 1

Ca4)36 - — (25 - 27 T) N Ca4)62 - — (*1 + T) > Cb4,5 = 0, CC4,1 - *Ca4)1}}
48 30

(Alt) Out[« |=
S 1 1 1 1 1 1

—*+€piXi—*€2piXi+*€3piXi—*€4PiXi—€iji+*€2Pin—*€3iji+*€4iji—
2 6 12 2 6 12

1 1 1 3 5
fepipjx§+fTepipjx§+7ezpipjxﬁ—fTezpipjx?r—e3pipjx§+—Te3pipjx§—
2 4 4 12 12

5 1 3

—etpipyxi- - Tetpipyxic—epixi- —Tepixi-— e’ pixie— Terpixi-— € pixi -
12 8 2 2 4 4 12

7 5 1 1 5
—T€3p§xi+—e4p§xi+fTe4p§xiffezpipjxi’+7T€2p§pjxg+f€3p§pjxi7Te3p§pjxi’f
12 12 8 3 3 6

17 55 5 2 1 8
—e*pipsxi+ — Te*pipyxi+—e?pipixg - —Telpipixi-— T e’pipixi-—€e’pipixi+
18 36 6 3 6 3

17 1 269 197 25

— Tl pipixg+ -T2l pipixg+ — e*pipixg - — Te*pipixg - — T2 e’ ps p5 x§ -

6 3 72 36 72

1 1 1 11 11 1 67
fezp§x§+fTezp§Xf+7T2e2p§xi+—e3p§xf——Te3p§-’x?—7Tze3p§xf——e4p;?xg+
2 3 6 6 6 3 24

71 25 1 1 25

9
—Te4p§xi+—Tze“p?xi’—fespipjx‘iufTe3p§’pjx‘i‘+—e4pipjx‘il——Te4pipjx‘{+
18 72 8 8 48 16

1 1 3 , 4 13 . el 4.2 2 4

— e pipiXi- —Telpipixi- — T e’ pipixi- — e pipixi+ — Te'pipjxi+ — T e’ pipixi -
2 8 8 4 48 16

13 3 7 1 245 79

— e pipixi -~ Tl pipixXi — T pipixi+ — T elpipixir —— €' pipixi- — Tetpypyxi-
24 8 8 24 48 48

185 5 1 3 1 1
—Tze4pip;’x§——T3e4pip§x‘i+fe3p§x‘il+fTe3p§x§—fT263p§x§——T3e3p§x§:—

48 48 6 8 2 24

19 4 4 4 > 4 4 4 29 2 4 4 4 > 4 4

1
— € pjxi+£Te pjxi+1—2T € pjxi+£T3e4pjxi—£e4p‘i‘pjx§+£Te4p‘i‘pjx§+

11 13 7 32
—e*pipixi+ —Tetpipixi- — TPetpipi i+ — etpipixi- — Tetpiplxi+
15 30 30 20 15
31 7 101 187 103
— Tetpipixi+ — TP e*pipixi - — e*pipixi+ — Te*pipix§ - — T’ pyp}xi-
20 30 120 60 60
11 1 11 83 3 19
—T3e4pip§xi——T4e4pip‘]}x§+—e4p§x§——Te4p§?xi+fTze4p§?x§+—T3€4p§’x§+
20 120 24 60 5 60

http://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution.nb 2022-11-04 09:18:15

3 7 5
—T4€4ps-xs—epip-xix-+fezpip-xix-—fe3pip-xix-+fe4pip-xix-+epz~xix-—
120 joi ] ] 2 J J 6 J J 4 J J ] ]

3 7 5 1 3 55
2.2 3.2 4 2 2.2 2 3.2 2 4 2 2
— € ijin+g€ ijin—ZE ijin—EE piijin-%—Ee piijin—ze piijin+

62pip§xng+1T62P1p§xixj—263P1P§X§Xj—Te3piP§Xixj+fe4pip§x§xj+
ZT€4pip§X§Xji€2p§xixjiTezpixixj+3€3P§X§Xj+T€3p§X§Xj1254764[3]33X§Xj
2T64P§X§Xj2€3p§pjxixj*i€4p?pjx§xwZTép?PﬁX?Xjie“pipﬁXixj
iTe4p§P§Xin+e3pip§Xij_17Te3pip§xij_zT2€3p1p§xng+€4pipixixj+

49

5 5 5 1 3
—Te4pip§xixj+5Tze“pip?xixj—ge3p§x§xj+;Te3p‘j‘xixj+gT263p§xixj+ie4p‘;xixj_

47 5 1 2 31
—Te4p‘j‘xixj——T2(—:4p§xij——e4p‘i‘pjx‘ilxjff e4pip§x‘i‘xj+—Te4p?p§X§xj+
12 24 3 24

15 115 25 11 131
—e4p§p§’x‘i‘xj——Te4p§p§’x‘i1xj——Tze4p§p§’x‘i‘xj—— e4pip§x;‘xj+—Te4pip§x‘i‘xj+
24 24 2 24

5 1 59 47 35
7Tze“pip;x‘i‘xj+£T3e4pip‘j‘x‘i‘xj+2—4e4p§x‘{'xj—2—4Te4p§x‘i‘xj—2—4Tze4p§x‘i‘xj—

1 1 25 1
2—4T3e4p§x‘i‘xj7£ezpip§x1x§+e3pip§xix§7—e4pip§xix§+£ezpj3~xix§7<—:3p;fxix§+

25 15 5 1 43
2*4€4P;-’X1X§*€3P§P§X§X§+Z€4P§P§X§X§+E€3pip§xix§+zT€3P1P§X§X§*Z€4P1P§X§ %*

3 1 5
—Te'pipixixi-—epixdxd-— Tl pixixG+7e* pixd G+ — Tet pixixi e pipixi s+
8 2 4 8

15 5 17 49 1

— et pipIxi xS+ - Tetpipixgxg - — € pipixixg - — Tetpipixixf - — TP e pipixing+
3 12 12

3 29 1 1 5 1

2 2 3 3 3 4 3 3
-~ €T PiPjXiX5+— € PiP3jXiXj
J j 12 j

f(—:Apﬁxfx~+—Te4p§xfx§+—Tze4p§x§x. 3 j 3
12 12

5 +ge3p§xixj—
5 5 1 3

1
23.’+—Te4pip‘]!x2 fpixixi - —
12

— etptxi - et pipixixd - etp; pd ¥ x 233 - — e*p2x% x 3_
j iPj % ) 3RR ) j

4 5.2
Te™ pjXj Xj

J J 1] 1]

1 1 1
4 4 4 4 5 4 4 4 4 4 2
— €7 Pi Pj xixj+—24e P3 Xi X5 + € Cag,1 - € Pi Xy Cbs, o + €7 pjy xicb4,2—£e Pi P Xi Cba, 10 +

1 1
4 2 4 2,2 4 2,2 4 4 2
- Te pPi p] Xi Cb4,19 + E € pJ Xi Cb4)1g - ; Te p] Xi Cb4,1e - € Pi p] X3 Xj Cb4)1e + € p] Xi Xj Cb4,1e

(Alt) Out] - ]=
€ 1 2 1 3 7 4 a4 4
— —E€Pk Xk~ T € PuXk— T € PrXgt —— € PpXg—-€ Cagq-€ kaka4,1e
2 2 6 12
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R1r

(Alt) In[ + ]:=
lhs = CF[Module|{es = {i, i"}},
Times [
Normal@Series [Exp[rq4[1, 0, -1, i, i*]], {e, 0, d}],
EXp [SUM[gqa,s 774 €5, {as €S}, {B, €5}1]
1 /7 Zip 5 g/@es)(x,8/@es) // EXpand

177.{
Bip P O6isg+T8ir, s+ (1-T) i+, 55 8iv,p > Oi+,5+8i*, 5

8o ,1 0 T (8ay1v = 64,10) 5 Ba ,ir P T8ayivr = (L=T) 8,50 =T 8,50 }

(Alt) Out[« |=
1 4
1+— € (*1+48C34)1*24Cb4,2)
24
(Alt) In[ = |:=
rhs =1
(Alt) Out[« ]=
1

(Alt) Inf - J:=
me = Exponent [1lhs - rhs, T, Min]

(Alt) Out[ = ]=
%]

(Alt) In[ = |:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Out[ = ]=
{e}
(Alt) In[ = |:=
eqnsR1r =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs -rhs)], covars]]

(Alt) Out[ = ]=

1
{7 (—1+48 Cag,1 - 24 Cb4)2) == 6}
24

(Alt) In[« ]:=
vars = Cases[Variables[rg[1, i1, j1] +rgq[-1, i2, j2] +¥4[1, k]], (ca|cb|cc|cd) |
{sol} = Solve[eqnsR3 ] eqnsR2b |J eqnsR2c |J eqnsR11l | J eqnsR1r |J eqnsSwp, vars]
sol /. Rule - Set;
rqll, i) j]
Yall, k]
(Alt) Out[ - |=
{Caa,1, Cbg,2, Cba 10}

Solve: Equations may not give solutions for all "solve" variables.
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(Alt) Out[ - |=

(Alt) Out[ - |=

1
{{Cbz;’z - —-— +2 Ca4,1}}
24

€ 1, 1, 1, 1, 1, 1.,
— T +EPiXi—-— EPiXit+t— E PiXi— —— € PiXi—EPjXi+— € PjXi—-— E PjXi+ — € PjXi-
2 2 6 24 2 6 24

1 1 7
—epipi X+ —Tepipjxi+—€’pipjxi-—Te’pipjxs+— e pipjxs+— Te>pip;jX;-
2 4 4 12 12

5 5 1 1 3
— e*pipsX§- - Tetpipyxi+—epixi-—Tepixi-—e’pixi+—Te?pixi-— e’ pixi-
12 2 2 4 4 12
7 5 5 1 1 5
— Telpixi+ —etpixi+ —Te'pixg-— e’ pipyxi+—Telpipsxi+— e’ pipsx;-Te’pipsxi-
12 12 8 3 3 6
17 55 5 2 1 8
—e4p§pjxi+—Te4p§ij§+fezpip§xi—fTezpipixi—fTzezpip§xi’—fe3pipﬁxi+
18 36 6 3 6 3
17 1 269 197
— T pipixi+ -T2 pipixg+ — e pipixg - — Tetpipixg - — T2 e’ pipl X -
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2 3.3 2 3.3 2 2. 3.3 3 3.3 3 3.3 2 3 3.3 4 33
- € pjxi+7Te pjxi+7Te pjXi+— € pjxi——Te pjxi—fT(—: PjXi—-— € pjXi+
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— Tetpixi+ —Tetpixi-—elpipjxic - Telpipyxi+ — e pipyxi- — Tetpipyxi+
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2
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—epipixi-—Telpipixi+ - TP pipixi+ — T pipixi+ — e pipixi - — Tetpspixi-
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24

185 5 1 3 1 1
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53 17 1
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5 1 59 47 35
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2ot 32233422}T3422744225T4422 4.3 2.3 2
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1
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€ 1 2 1 3 7 4 4 4
— —€EPkXk— — € Pk Xk~ € Pk Xk+ —— € Pk Xk~ € Caz,1 - € Pk Xk Cba, 10
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Sw*
(AIt) In[ = ]:=
lhs = CF[Module[{es = {i, j, i*, j"}},
Times [
Normale@eSeries[Exp[rq[1, -1, -1, i, j] +v¥q[1, 1*] +¥q[2, 3*11, {e, ©, d}],
EXp [Sum[gq4,5 e €5, {a, €S}, {B, €s}]]
1 /7 Zip (p,g/ees)y(x,&/@es) // EXxpand

] 77. gRules, ; ;

(Alt) Out[ - |=
e € &€ 1 X 13
l1-—+— -—+—€ (1+384cay,1) +€8i+,ir —€" 8i,i-+ — € Li+,i* +
2 8 48 384 24

1 3 29
— et (-5-48cay,1) 8i+,i+ + e? gi,iv - E e3 g%*,i* + 2—4 et giJr + el gi)f 2t g?,iv +

24
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T T 24T

+
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+ —

12T T?
(-20-37T+3372) e3g; 3 gl ;. (-610-841T+539T2) e*gy i gl ;-

+ +
272 24 T2

,i

3(-1+T)2e’gl 583, (-1+T) (67+27T) e’ gl ;-85 4

+ —

T2 272
(-1197+322T+475T%) * gl ;. g2 ;. 25 (-1+T)2e%gl ;. g2 ;.
8T?2 ' T2 i
(-1+T) (-253+58T) e*g}. ;- g5 ;- 130 (-1+T)%e*gl ;- g5 5 (2+57T) e’gs-,5 855
T2 ' T2 : T .
(16 +29T) €’ gs-,5 85,3+ (394+5297T) e*gi- 5 85,5+ 6 (-1+T)e’gi i 8,5 851
2T ’ 247 : T :
(57+5T) € gi,i 8i*,5 85,5+ (869+235T) e* gy 5 8,5 855+ 66 (-1+T) e’ g ;- gi,5 85 1
T ) 4T : T )
3(-196+81T) e*gl ;. gi,5 85,5 420 (-1+T)e*gl ;g5 85 5
T ’ T :
425

2 2 2 3 2 2 4 2 2 3 2 2
2€”gi 5 85,1- —13€7 85 5 85,1 + E €' 8i 4 85,1 +36€ 8,1 B 5 85,1~

(-1+T) (2+3T) e’ g} ;-

243et gy gl g gl +300e gl gl gl - = N
(-20-7T+157%) g}, ;- (-610-149T+255T%) e*gl. ;. 6 (-1+T)%€’gi 5 8 1
B - +
27 2472 T2
(-1+T) (-6-61T+5T%) e’g;i ;- 8} ;- (-180-901T+790T>+51T%) e*gs - g} ;-
+ —
T3 4T3
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5(-1+T)2(4+13T)e’g} ;. g ;- (-1+T) (-252-481T+2687T%) e*gl ;. g} ;.
+ -

T T
15 (-1+T)* e’ g} 5 g;,r 5(-1+T)% (83+58T) e*gj. ;. g?,f 210 (-1+T)?e* gl ;. g:}:r

e T T
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T ' T2 ) 4712 i
8 (-1+T) (5+14T) €’gi i 8,5 8,1+ 4(-113-163T+136T%) e*gs- - 85,5 87 -
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45 (-1+T)2 €3 ggw 8i,5 g;,r 60 (-1+T) (19+10T) € g§+,i+ gi',j gg-,r

T2 T2
780 (-1+T)?e*gl ;. 8,58, 3(5+9T)€e’gl 85, 2(69+94T) gl 5 g3 5
- + -
T2 T T

36 (-1+T) e’gs,i- 81 5- 83,5+ 24 (32+37T) e*gs i g1 5 834

T T
840 (-1+T) & g%+’i+ g%+,j+ gg.k,f

3,43 3 4 3 3 4 3 3
-6¢€ gi*,j* gj*,i* +93 ¢ gi*,j* gj*,i‘ -240 ¢ gjjlj_* gi*,j* gj~,i+ +

T
3(-1+T)%€?gf. ;- (-1+T) (-12-55T+15T%) e’ g} ;. (36@0+605T-858T2+85T%) e*gf. ;.
- + +
T 271 8T
5(-1+T)?(8+11T) e’ g5 85,5+ (-1+T) (-24-468T-217T2+259T%) e* gy ;5 g5 ;-
T3 - T4 *
45 (-1+T)>e’gi ;. 8} 5+ 5(-1+T)%(26+223T+23T%) e*g} ;. 85 1
= + ” +
105 (-1+T)% (2+7T) e*g} ;-85 ;- 105 (-1+T)*e*g} ;- g} s
” + " +
2(-1+T) (20+23T) e’gy 5 85,5+ 2 (-12-208T-39T2+1217%) e*g; 5 g} 5
T2 N T3 i
9 (-1+T)*€’gi i 81,5 8} ,1+ 10 (-1+T) (-26-202T+T%) e*gi 5 8,5 8} i
T2 - T3 i
45 (-1+T)2 (14+45T) e* g} ; 8i',5 85,1+ 420 (-1+T)’e*gl ; g5 851
T3 + T3 +
36 (-1+T) e’ gi 583,50 2(-52-327T+1027%) e*gf 5. g s
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15 (-1+T) (35+93T) e*gs- 3-8} 5 87,5+ 540 (-1+T)%e%gl ;- gl 5 8% 1
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12 (9+147T) e* g} 5 85-,;- 240 (-1+T) e*gi i 8 5 85,1 W s
. + . +24 ¢ 8i',j 89,1
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5(-1+T)? (4+3T)e’gy 3 (-1+T) (-24-216T+11T>+75T%) e* g} ;.

T3 " T4 N
45 (-1+T)>€’ gy 10835+ 5 (-1+T)% (-52-197T+24T%) e*gi 5 83 4
T3 * T4 N

315 (-1+T)% (2+3T) e*gl ;. g5, 420 (-1+T)%e*gl ;. g5y 45(-1+T)2e%gs 5 85 5

J,1
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T T

+

-I-2

10 (-1+T) (-26-88T+19T?) c*gs- 5 83 ;- 90 (-1+T)? (14+197) e* g i 8i',5 83,1

m i T
1260 (-1+T)%e* g} ;- 8i,5 85,1+ 15 (-1+T) (35+377T) e*gl. ;- g ;-

T3 TZ
1080 (-1+T)%e* g5 g5 5 83,5+ 240 (-1+T)e%gl 5 g5 15(-1+T)*e’ gl ;-
T2 ) T : T )
5(-1+T)?(-26-57T+15T*) e*g$ ;. 105 (-1+T)> (6+57T) e*gs-,1- 855
” + ” +
630 (-1+T)*ec*gl ;. 85,5 15 (-1+T)% (42+317T) e*gi- 5 85 5
” + - +
1260 (-1+T)%e*gi 5 81,5 85,5 540 (-1+T)?e* gl 5 85 4
T3 i T2 -
105 (-1+T)3 (2+T) € g},i‘ 420 (-1+T)%e* gy i gg.,i‘ 420 (-1+T)% e gy 5 g},f
T4 h T4 h T3 "
105 (-1+T)*e* g} ;. , 49
” - €8iv,i* 8,50+ 2€" 8i,i* 85,5 4 € 8iv,i' &§',3 +
o €* (49 - 24 cby, 1) 8,5 85,5 - 3€° 8T 1 85,5 + 127 e’ gl 1 8y - 1? e gt 1 85,5 -

3.3 4 3 4 4 2
7€ 8,1 85,5 +26€ 815 83,3 ~15€ 81,1 85,5 +2€ 85,1 85,3 ~4 €7 85,10 85,5+

49 1 2(2+5T) €28i+,1 85,1 85,5

3 4
— g5 18,5+ — € (-49+24cCby10) 85,1 B 5 +
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(16 +297T) € gs- i 85,1 85,5+ (394+5297T) e*gi- i 85,1 85,5+ 6 (-1+T)e’gh ;- 85,1 85,5

+ +

T 12T

+

T
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+
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425

T

2
-2€"8i,5 85,1 83,5+

3 4 352
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+ —

T2 T

6 (8+75T) e*gi-,5 85,1 85 5
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3 2
-3¢ gi*,j* gj*,i‘ gj+,j+ +

55 +

3 2 2 3 2 2
72€gi 5 85,1 85,5 + +216€” 8i+,i' 8i',5 85 ,i 85,4

.
36 (19+86T) € gy i 81,5 85,1 85,5 216 (9+14T) e*gl ;. gir,5 85 ;1 8 5

+ +

T T

1440 (-1+7T) e*gl ;. g1,y 8% 5 82 5

T

4 2 2 2 4 2 2
+84€" 83 5 85,1 85,5 ~048€ 8ir,1 81,5 B

2
AR

30 (5+T)egl ;. g5 5 90 (2+14T+37%) e*gl ;. g% 5

4 2 2 2 2
864 ¢ g ;- 85,5 8,1 85,5 — '
T T2

360 (-1+T) g5 8] ;- 85,5 40 (-52-135T+70 TZ) etgii 8l i 8y
. _

T T2

150 (-1+T) (35+377T) gl ;. g} ;- 82 5 3600 (-1+T)2e%gl ;. g3 ; g3 5

T2 T

30 (38+79T) e*gi- 5851 85,5 720 (9+4T) e g 181,581 85,5

180¢c’gi 5 8 1 85 4 + -
J,1 83,7 T T

7200 (-1+T) e*gi ;- 8,5 83 ,i 855

. +1080e* gl ;. g3 ;. g5 5 -2880¢€%g; 5 gl ;
180 (-1+T) gl ;. gd 5 30 (-52-71T+5172) *gl ;. g2 5

373
- +

T T2

375 (-1+T) (21+117T) e*g;-5- 85 5- 85,5 8100 (-1+T)%e*gl ;. g} i 855
T2 ' T? ’

180 (27 +2T) &* gi,5 g‘},f g§+,j+ 10800 (-1+T) e*gi i 8i*,j g‘},i* 8§+,j+
+ +

T T

3 2
+ gj*,i* gj*,j* +

105 (-1+T) (35+9T) & g;,iA g3 5 7560 (-1+T)2e*g; ;i g§f+)i+ g§+)j+

1]

4 2 4 2
2160 e 85,5 85 ,i 85,5 - - 7
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5040 (-1+T) e*gi g?,)r g;Jj, 2520 (-1+T)2¢&? g§+)i+ g;Jj, ,

3 4 3
+ ) - € 8i,i- 85,5 +3€ Bi',i* 85,5 +
T T

3.2 3 4 2 3 3.3 3 4 3 3 4 _4 3
6e” gi i+ 85,5~ 38¢” g5+ ,i- 85,5 ~ 6€e”gi, i 85,4 + 93 €” gi-,i- 85,5 - 60c” g;- ;- 85,5 *

4 (8+75T) e’ gy 5 85,1 g?’,j*

4e’gy gl 5 -12e% gy 18] 5 -48€ 811 85,10 B 5 - +
s ; 12 (19+867T) e* g} ;. 85,1 8),5 48 (9+14T) % g} ;. g5, 875
72 ¢ 8i-,i- 85,1 85,4 — T + . +

240 (-1+T) e*gl ;i 85,1 83,5

4 3 4 3
-4€"8i',5 85,i 85,5 +112€" 8iv,i' 81,5 85,1 85,4 —

-

432¢" gl 5 81,5 85,1 8F 5 +384¢€" 8 5 81,5 By ,1 B3 +60 €78 5 g5 5 -

10 (8+377T) e* gl ;- 83 5 ; , ; 30 (38+797T) e*gi i 85,5 8,5
. -180 ¢ 8ir,i' 85,1 85+, + T -

360 (9+4T) c*gl ;.85 ;-85 2400 (-1+T)ec*gl ;g5 ;85 5

T T
280 e g 5 g} 5 8] 5 +2160e g 5 81,5 855 8,5 - 2880t gl jogi 585 18T 5t

60 (19+24T) e*gl. ;. g} 5+ 240 (27+2T) e*gi i 83,5 83,5
P = + +

T T
7200 (-1+T) e*gi- ;-85 ,i 835

3.
i3

120e’g} ;. g

: 2160’ gi 5 gl i gy + 5760t gi i gi g 811 By ¢

420 (-9+T) e*g} ;- g}

- 8400 (-1+T)e*gi 5 g} i 8} 5

-3360¢*gi,5 85 5 85 5+
T T 1] J,1 93.,]

3360 (-1+T) e* g3 ;- g3 5

4 4 4 2 4 4 3 4
- - € 8i,ir 84,4+ +14€7 85+ ;- 84 - — 36 € i+ 5+ 84,5 *

20¢*gl gt 5 +5€etgy gl g 140t g i gy, gh g v 540t gl s gy gl 5 -
480¢c’ g} ;. gy,1 8,5 +210€e gl ;. g} 5 -1620€"gi- 5 g5 5o g) 5+
2160¢* gl ;. g5 ;g5 5 +1260€e* gl ;. gl j -3360€e*gi s gl ;ogf 5 +1680¢et gl ;o gl 5

(Alt) In[« ]:=
rhs = CF[Module[{es = {i, j, i*, j"}},
Times [
Normal@Series [Exp[rq[1, i, j1], {€, O, d}],
EXp[sum[ga,B 7o €y {a, €5}, {B, €s}]]
] // Zip(pa&/@es)U(xx&/@es) // Expand
] 77. gRules, ; ;
(Alt) Out[« |=
e e &3 1 4 ) 13 3
l-—+— -—+—¢€ (1+384cay,1) +€8i+,i+ —€" 8i,i++ — € Bi+,i* +
2 8 48 384 24
1 3 29
a € (-5-48cay1) 8i-,i-+ €78 1 -~ € B Py ctgl o+l -2etgl
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4 R 13 1, (-1+T) 8,1 85,1
€ 8i,ir ~€8j,i" € 83,1t - — € Bj,i 4 €" (5+48cas,1) 85,i - . -

3€?gi-,i 84,1+ (109+23T) €2g;+ 4+ 85,1+ €% (42+3T-8Cby 10+8TCba10) 8ir,i° 85,1

. _ _
T 24T 8T
4 (-1+T)€e*g} ;. 85,10 (-15+8T)e’gl ;.gy 0 (-173+59T) e* gl ;. gy 5
+ _ _
T T 6T
11 (-1+T)€e’g} ;- 85,1+ 5(-10+7T)e*gh ;. g5,1- 26 (-1+T) e*gl 5 g5 5
* - TE8iny Byt
T T T

2 49 3 1 4 2
2€”8i,5 8j,i - o €7 8i,5* By ,i + o €" (49 - 24 ¢by,10) 8i+,5 By ,i* — 6 €° 8i+,i* 8i,5* By ,i +

173......_E4....,.._2132 g s+ 78 et o2 T S
€ 8i+,i* 8i,j" 85,i* 4 € 8i+,i* 8i,j 85,i* € 8i+,i- 8Bi',j" 8,1 + € 8i,i- 8i',3 85,1"

(-1+T)egf 3+ (-3+T)e*glh ;0 (-109+13T) e’ gl ;.

60 64 gi*,i* gi*,j* gj*,i’ + — + +
T T 24T

+

€® (63-10T-12cCby 10+12TCby 10) 835+ (-1+T) (2+77T) €”gs- s 85 5-

+ —

12T T?
(-20-37T+3372) e3g; 3 gl ;. (-610-841T+539T2) e*gy i gl ;-

+ +
272 24 T2

,i

3(-1+T)2e’gl 583, (-1+T) (67+27T) e’ gl ;-85 4

+ —

T2 272
(-1197+322T+475T%) * gl ;. g2 ;. 25 (-1+T)2e%gl ;. g2 ;.
8T?2 ' T2 i
(-1+T) (-253+58T) e*g}. ;- g5 ;- 130 (-1+T)%e*gl ;- g5 5 (2+57T) e’gs-,5 855
T2 ' T2 : T .
(16 +29T) €’ gs-,5 85,3+ (394+5297T) e*gi- 5 85,5+ 6 (-1+T)e’gi i 8,5 851
2T ’ 247 : T :
(57+5T) € gi,i 8i*,5 85,5+ (869+235T) e* gy 5 8,5 855+ 66 (-1+T) e’ g ;- gi,5 85 1
T ) 4T : T )
3(-196+81T) e*gl ;. gi,5 85,5 420 (-1+T)e*gl ;g5 85 5
T ’ T :
425

2 2 2 3 2 2 4 2 2 3 2 2
2€”gi 5 85,1- —13€7 85 5 85,1 + E €' 8i 4 85,1 +36€ 8,1 B 5 85,1~

(-1+T) (2+3T) e’ g} ;-

243et gy gl g gl +300e gl gl gl - = N
(-20-7T+157%) g}, ;- (-610-149T+255T%) e*gl. ;. 6 (-1+T)%€’gi 5 8 1
B - +
27 2472 T2
(-1+T) (-6-61T+5T%) e’g;i ;- 8} ;- (-180-901T+790T>+51T%) e*gs - g} ;-
+ —
T3 4T3
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5(-1+T)2(4+13T)e’g} ;. g ;- (-1+T) (-252-481T+2687T%) e*gl ;. g} ;.
+ -

T T
15 (-1+T)* e’ g} 5 g;,r 5(-1+T)% (83+58T) e*gj. ;. g?,f 210 (-1+T)?e* gl ;. g:}:r

e T T
6 (-1+T)e’gi 58,5 3(-2-17T+5T*) e’gi- 58,5 (-156-753T+65T2) e*gi- 5 83 s
T ' T2 ) 4712 i
8 (-1+T) (5+14T) €’gi i 8,5 8,1+ 4(-113-163T+136T%) e*gs- - 85,5 87 -
T2 i T2 -

45 (-1+T)2 €3 ggw 8i,5 g;,r 60 (-1+T) (19+10T) € g§+,i+ gi',j gg-,r

T2 T2
780 (-1+T)?e*gl ;. 8,58, 3(5+9T)€e’gl 85, 2(69+94T) gl 5 g3 5
- + -
T2 T T

36 (-1+T) e’gs,i- 81 5- 83,5+ 24 (32+37T) e*gs i g1 5 834

T T
840 (-1+T) & g%+’i+ g%+,j+ gg.k,f

3,43 3 4 3 3 4 3 3
-6¢€ gi*,j* gj*,i* +93 ¢ gi*,j* gj*,i‘ -240 ¢ gjjlj_* gi*,j* gj~,i+ +

T
3(-1+T)%€?gf. ;- (-1+T) (-12-55T+15T%) e’ g} ;. (36@0+605T-858T2+85T%) e*gf. ;.
- + +
T 271 8T
5(-1+T)?(8+11T) e’ g5 85,5+ (-1+T) (-24-468T-217T2+259T%) e* gy ;5 g5 ;-
T3 - T4 *
45 (-1+T)>e’gi ;. 8} 5+ 5(-1+T)%(26+223T+23T%) e*g} ;. 85 1
= + ” +
105 (-1+T)% (2+7T) e*g} ;-85 ;- 105 (-1+T)*e*g} ;- g} s
” + " +
2(-1+T) (20+23T) e’gy 5 85,5+ 2 (-12-208T-39T2+1217%) e*g; 5 g} 5
T2 N T3 i
9 (-1+T)*€’gi i 81,5 8} ,1+ 10 (-1+T) (-26-202T+T%) e*gi 5 8,5 8} i
T2 - T3 i
45 (-1+T)2 (14+45T) e* g} ; 8i',5 85,1+ 420 (-1+T)’e*gl ; g5 851
T3 + T3 +
36 (-1+T) e’ gi 583,50 2(-52-327T+1027%) e*gf 5. g s
- +
T T2
15 (-1+T) (35+93T) e*gs- 3-8} 5 87,5+ 540 (-1+T)%e%gl ;- gl 5 8% 1
TZ + Tz +
12 (9+147T) e* g} 5 85-,;- 240 (-1+T) e*gi i 8 5 85,1 W s
. + . +24 ¢ 8i',j 89,1
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5(-1+T)? (4+3T)e’gy 3 (-1+T) (-24-216T+11T>+75T%) e* g} ;.

T3 " T4 N
45 (-1+T)>€’ gy 10835+ 5 (-1+T)% (-52-197T+24T%) e*gi 5 83 4
T3 * T4 N

315 (-1+T)% (2+3T) e*gl ;. g5, 420 (-1+T)%e*gl ;. g5y 45(-1+T)2e%gs 5 85 5

J,1
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T T

+

-I-2

10 (-1+T) (-26-88T+19T?) c*gs- 5 83 ;- 90 (-1+T)? (14+197) e* g i 8i',5 83,1

m i T
1260 (-1+T)%e* g} ;- 8i,5 85,1+ 15 (-1+T) (35+377T) e*gl. ;- g ;-

T3 TZ
1080 (-1+T)%e* g5 g5 5 83,5+ 240 (-1+T)e%gl 5 g5 15(-1+T)*e’ gl ;-
T2 ) T : T )
5(-1+T)?(-26-57T+15T*) e*g$ ;. 105 (-1+T)> (6+57T) e*gs-,1- 855
” + ” +
630 (-1+T)*ec*gl ;. 85,5 15 (-1+T)% (42+317T) e*gi- 5 85 5
” + - +
1260 (-1+T)%e*gi 5 81,5 85,5 540 (-1+T)?e* gl 5 85 4
T3 i T2 -
105 (-1+T)3 (2+T) € g},i‘ 420 (-1+T)%e* gy i gg.,i‘ 420 (-1+T)% e gy 5 g},f
T4 h T4 h T3 "
105 (-1+T)*e* g} ;. , 49
” - €8iv,i* 8,50+ 2€" 8i,i* 85,5 4 € 8iv,i' &§',3 +
o €* (49 - 24 cby, 1) 8,5 85,5 - 3€° 8T 1 85,5 + 127 e’ gl 1 8y - 1? e gt 1 85,5 -

3.3 4 3 4 4 2
7€ 8,1 85,5 +26€ 815 83,3 ~15€ 81,1 85,5 +2€ 85,1 85,3 ~4 €7 85,10 85,5+

49 1 2(2+5T) €28i+,1 85,1 85,5

3 4
— g5 18,5+ — € (-49+24cCby10) 85,1 B 5 +
12 J 1 J°,3J 12 J 1 J»3J T

(16 +297T) € gs- i 85,1 85,5+ (394+5297T) e*gi- i 85,1 85,5+ 6 (-1+T)e’gh ;- 85,1 85,5

+ +

T 12T

+

T

(57+5T) €’ g} ;- 85,1 85,5 (869+235T) c*gf ;. g5 i 85,5+ 44 (-1+T)e’gl ;85,1 85,5

- +

T aT
2 (-196+81T) e* g} 5 gy,i 85,5 210 (-1+T)e*g} ;. g5,1 85,5
+

T T

o 3 77, o2
< BBy gj*’juﬁ € 8i',5 85,1 85,5 +8€" Bi,i Bi',3° 85,1 85,5 -

425

T

2
-2€"8i,5 85,1 83,5+

3 4 352
52 ¢ gi',i‘ gi\)j\ gj<,ir gj’,j‘ + 73 (S gi‘,i' gi’,j‘ gj‘)i‘ gj',j’ +72¢ gi*,i’ gi’,j‘ gj‘,i‘ gj',j’ —
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6 (1+T) €”gj i 85,5

486 c* g7 1 81,5 85,1 85,5 +400e g1 1 81,5 85,1 85,5 - T +
6 (4+3T)e3g ;. g+ (197+113T) e* gk ;. g5+ 18 (-1+T) €2 gy 4+ 8% 4~ 84 4
j*,i* 83%,3 j*,i* 83%3 i,i" 8j7,i" 83',3
- - +
T 4T T
9(-2-17T+57%) e’gi 5 85,5 85,5+ 3 (-156-753T+65T%) e*gy i g5 i 85,5
T? 4712
12 (-1+T) (5+14T) € g} ;- 83,1 85,5 6 (-113-163T+136T%) ' g} ;- 8- 5 85,5
T? ' T .
45 (-1+T)%>e’ g} ;. g5 ;- 85,5 60 (-1+T) (19+107) e*g}. ;- g5 5 85,5
T2 N T2 -
585 (-1+T)%e*g} ; 85 i 85,5 , , 3(4+25T)¢€’gi 5 85 1 5.5
~12€78i,5 85,10 85y * -
T T

(120 +407T) e*gs 5 85 ;- 85,5 18 (5+97T) €’ gi- i 8i",5 85,1 5.5
- +

2T T

12 (69+94T) e*gi i 81,5 85,1 85,5 108 (-1+T) e’ gl ;- g5 85,1 85,5

T T
72 (32+37T) e*gl ;5 8,5 85,1 85,5+ 1680 (-1+T) e gl ; g5 85,5 85,5
- +

T T

3 2 2 4 2 2 3 2 2
18 € 8i-,5 85,1 85,5 — 114 ¢ 8i-,5 85,1 85,3 - 54¢€”gi i 8i-,5- 85,1 83,5 +

a4 2 2 a4 2 2 2 12 (-1+7T) € g?‘,i‘ 85,3
837 € gi-,5- 85,5 85,i 85,3 - le80c” g5 ;- 85,5 85,i 8,3 + -

T
6 (-4-15T+7T%) e’ gl ;. 85,5 (-312-637T+157T%) e*g} i 85,5
+ +
T2 2T?
35, . 3 . 2 3 4 5. . 3 .
8 (-1+T) (20+23T) €’gs- 5 83,5 85,5+ 8 (-12-208T-39T*+121T°) e*gs- 5 8} 5 85,5
T2 - T3 !
180 (-1+T)?e’ gl ;- 83 5 85,5 20 (-1+T) (-26-202T+T?) gl i 83 i 85,5
-I-2 - -|-3 i
60 (-1+T)? (14+45T) e* g. ;. g;,i‘ g5+ 420 (-1+T)%e*gf ;. g;,f 85,5
T3 ' T3 '
24 (5+3T)€’gi 5 8}, 85,5 8(9+132T+67T%) e* g,y 83 ;5 85,5
- +
T T2
3 3 2 4 3
288 (-1+T) €’gi',i 8i*,5 83,1 85,5+ 16 (-52-327T+1027T%) e* g i 8i',5 83,1 85,5
- +
T T2
60 (-1+T) (35+93T) e*gf. ;- 81,5 85,5 85,5+ 1440 (-1+T)2e*gl ;. g1 5 85 i 85,5
T? ' T? '
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12 (19+86T) e*gi ;. g} 1 85,5 144 (9+147T) e*gi i 81 5 8,1 85,5
3 52 3
72 ¢ gi',j* gj*,i* gj*,j* - T + T +

1440 (-1+T) € gl 1 815 85,1 85,7

4 3 3 4 3 3
-144 ¢ 8i-,5 85,1 85,5 + 384 ¢ gi+,i 8i-,5 85,i' 85,5

T
20 (-1+T) (5+37) €’gf ;- 85,5+ 10 (-12-95T+26T>+337%) e* g ;. gj,5
T2 ' T )
225 (-1+T)?€’ g5 855 85,5+ 50 (-1+T) (-26-88T+19T%) e*gs ;5 g5 ;i 85,5
T2 ' T3 .

225 (-1+T)? (14+19T) e*gf ;. 8] i 85,5 2100 (-1+T)>e* gl ;. 85 i 85,5

T3 T3 -
180 (-1+T) €’gir,5 85,1 85,5+ 20 (-52-135T+707T%) e*gi 5 8} 5 85,5

+ —

T T?

150 (-1+T) (35+377T) e*gi-,i- 8i',5 85,1 85,5 5400 (-1+T)%e* gl ;- g5 8} 1 855

T2 T
180 (9+4T) e*gl ;- 8}, 85,5 3600 (-1+T)e*gi i gh 5 8% ,5 85,5

T T
99 (-1+T)2¢3 g} i 85,5 60 (-1+T) (—13—25T+9T2) et g_.5j+ i 85,5
4.3 4 ’ s
480 e 8,5 85,1’ 8,5 + ; - " +
T T

90 (-1+T)? (42+317) e gy i 83,5 85,5+ 3780 (-1+T)%egl ;. g% . gy 5

T3 ' T '
156 (-1+T) (21+117T) e g 5 85 ;- 85,5 6480 (-1+T)2e* gy 1 8,5 851 85,5

T ' T '

2160 (-1+T) e*gf 5 85,1 85,5+ 210 (-1+T)2 (7+37T) e*gf 5 85,5

T T3
2940 (-1+T)%e* g5 85 4 85,5 2520 (-1+T)?e* g 585 5 85,5
T3 - TZ "
840 (-1+T)%c*gl. ;. g5 ,5 5 77

2 2 3 2 4 2
~ € 8i,i B,y + 5 € 8ir,i By,5' - 54 € Bii By 5t

T3
425
2 2 3.2 2 3
2 €2 gi*,i* gj+,j+ -13¢ gi*,i’ g%*,j* + E 64 gi*,i’ g%ﬂj* +12 63 gi’,i* g§+)j+ -

15 77
81 64 g?',i‘ g;‘,j‘ + 50 64 g?‘,i‘ g%‘,j' + 362 85+,i" g;‘,j‘ - ? 63 85,1 g%‘,j' + ; 64 85,1" g%’;j‘ -

, , 3(4+25T)€’gi i 85,1 85, (120+407T) e*gi 5 85,1 85,5
12€” gi-,i- 85,1 85,5 + - -
T 2T

9(5+9T)e’gl i 85,1 85,5 6(69+94T) gl i g5, 85,5 36(-1+T)e’ gl ; 85,1 85 5
. _ _

T T T
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24 (32+3T) e*g} ;. 85,1 85,5 420 (-1+T) e gl ;85,1 855

T T
4 2 3 2 4 2
9¢ 8i',j 85,1 85,5 + 36€” gi+, i gi',j 85,1 85,5 - 228 ¢€” g5+ ,5 8i',j 85,1 85,5 -
3 2 2 4 2 2 4 _3 2
54 ¢ 8i-,i- 8i*,5 85,1 85,5 * 837 ¢ 8i-,i- 8i,3' 85,1 85,5 720 ¢ 8i,i- 8i*,3" 8j,i" 8j

L , 24 (1+37T) g} ;. g5 5 (240+389T) e*gl ;. g2 5
12 85,1 85,5 ~ . + e +
36 (5+3T)e’gi,1 80 5805 12(9+132T+67T2) e*gy 383 5 82 5
- +

T T2
216 (-1+T) e’g} ;. 85,5 85,5 12(-52-327T+102T%) e*gf i 85,5 85,5

- +

T T

30 (-1+T) (35+93T) e*gj ;-85 585,53 540 (-1+T)%egl ;. 855 85,

+ —

T2 T

6 (8+75T) e*gi-,5 85,1 85 5
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3 2
-3¢ gi*,j* gj*,i‘ gj+,j+ +

55 +

3 2 2 3 2 2
72€gi 5 85,1 85,5 + +216€” 8i+,i' 8i',5 85 ,i 85,4

.
36 (19+86T) € gy i 81,5 85,1 85,5 216 (9+14T) e*gl ;. gir,5 85 ;1 8 5

+ +

T T

1440 (-1+7T) e*gl ;. g1,y 8% 5 82 5

T

4 2 2 2 4 2 2
+84€" 83 5 85,1 85,5 ~048€ 8ir,1 81,5 B

2
AR

30 (5+T)egl ;. g5 5 90 (2+14T+37%) e*gl ;. g% 5

4 2 2 2 2
864 ¢ g ;- 85,5 8,1 85,5 — '
T T2

360 (-1+T) g5 8] ;- 85,5 40 (-52-135T+70 TZ) etgii 8l i 8y
. _

T T2

150 (-1+T) (35+377T) gl ;. g} ;- 82 5 3600 (-1+T)2e%gl ;. g3 ; g3 5

T2 T

30 (38+79T) e*gi- 5851 85,5 720 (9+4T) e g 181,581 85,5

180¢c’gi 5 8 1 85 4 + -
J,1 83,7 T T

7200 (-1+T) e*gi ;- 8,5 83 ,i 855

. +1080e* gl ;. g3 ;. g5 5 -2880¢€%g; 5 gl ;
180 (-1+T) gl ;. gd 5 30 (-52-71T+5172) *gl ;. g2 5

373
- +

T T2

375 (-1+T) (21+117T) e*g;-5- 85 5- 85,5 8100 (-1+T)%e*gl ;. g} i 855
T2 ' T? ’

180 (27 +2T) &* gi,5 g‘},f g§+,j+ 10800 (-1+T) e*gi i 8i*,j g‘},i* 8§+,j+
+ +

T T

3 2
+ gj*,i* gj*,j* +

105 (-1+T) (35+9T) & g;,iA g3 5 7560 (-1+T)2e*g; ;i g§f+)i+ g§+)j+

1]

4 2 4 2
2160 e 85,5 85 ,i 85,5 - - 7

http://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution.nb 2022-11-04 09:18:15

5040 (-1+T) e*gi g?,)r g;Jj, 2520 (-1+T)2¢&? g§+)i+ g;Jj, ,

3 4 3
+ ) - € 8i,i- 85,5 +3€ Bi',i* 85,5 +
T T

3.2 3 4 2 3 3.3 3 4 3 3 4 _4 3
6e” gi i+ 85,5~ 38¢” g5+ ,i- 85,5 ~ 6€e”gi, i 85,4 + 93 €” gi-,i- 85,5 - 60c” g;- ;- 85,5 *

4 (8+75T) e’ gy 5 85,1 g?’,j*

4e’gy gl 5 -12e% gy 18] 5 -48€ 811 85,10 B 5 - +
s ; 12 (19+867T) e* g} ;. 85,1 8),5 48 (9+14T) % g} ;. g5, 875
72 ¢ 8i-,i- 85,1 85,4 — T + . +

240 (-1+T) e*gl ;i 85,1 83,5

4 3 4 3
-4€"8i',5 85,i 85,5 +112€" 8iv,i' 81,5 85,1 85,4 —

T

432" gl i g1,y 84,1 83,5 +384€% gl s g,y 85,108 5 +60€E7 85 s g) 5 -

10 (8+377T) e* gl ;- 83 5 ; , ; 30 (38+797T) e*gi i 85,5 8,5
. -180 ¢ 8ir,i' 85,1 85+, + T -

360 (9+4T) c*gl ;.85 ;-85 2400 (-1+T)ec*gl ;g5 ;85 5

T T
280 e g 5 g} 5 8] 5 +2160e g 5 81,5 855 8,5 - 2880t gl jogi 585 18T 5t

60 (19+24T) e*gl. ;. g} 5+ 240 (27+2T) e*gi i 83,5 83,5
P = + +

T T
7200 (-1+T) e*gi- ;-85 ,i 835

3.
i3

120e’g} ;. g

: 2160 gi 5 gl gl 5 5760  gi i i,y 811 By ¢

420 (-9+T) e*g} ;- g}

- 8400 (-1+T)e*gi 5 g} i 8} 5

-3360¢*gi,5 85 5 85 5+
T T 1] J,1 93.,]

3360 (-1+T) e* g3 ;- g3 5

4 4 4 2 4 4 3 4
- - € 8i,ir 84,4+ +14€7 85+ ;- 84 - — 36 € i+ 5+ 84,5 *

20¢*gl gt 5 +5€etgy gl g 140t g i gy, gh g v 540t gl s gy gl 5 -
480¢c’ g} ;. gy,1 8,5 +210€e gl ;. g} 5 -1620€"gi- 5 g5 5o g) 5+
2160¢* gl ;. g5 ;g5 5 +1260€e* gl ;. gl j -3360€e*gi s gl ;ogf 5 +1680¢et gl ;o gl 5

(Alt) In[« ]:=

me = Exponent[lhs - rhs, T, Min]
(Alt) Out[ - |=

(o)
(Alt) In[ = |:=

covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Out[ - |=

{}
(Alt) In[ = |:=

eqnsSwp = {}
(Alt) Out[ = ]=

{}
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Solution

(Al) In[+ :=
vars =

Cases[Variables[rq[1, il, j1] +rq[-1, i2, j2] +¥q[1, k1] +¥a[-1, k2]], (ca|cb|cc|cd) ]
(Alt) Out[« |=
{cag,1, by, 10}

(Alt) In[ = |:=
{sol} = Solve[eqnsR3 | eqnsR2b |J eqnsR2c |J eqnsR11l |J eqnsR1r |J eqnsSwp, vars]
Solve: The solution set contains a full-dimensional component; use Reduce for complete solution information.

(Alt) Out[« ]=

{{}3

(Alt) In[ ]=
sol /. Rule - Set

(Alt) Out[ = ]=

{3

(AID) Inf - ]:=
rq[l, i, j1 // CF
rq[-1, i, j] // CF
Yall, k] // CF
Yal-1, k] // CF

(Alt) Out[« |=
€ 1, 1. 1, 1, 1 )
—7+epixi—ae piXi+g€ pixi—epjxi+£e pjxi—ge pjxi+5 (-1+T) epipjXi+

1 1 1
(1-3T) e®pipsxf+— (5+7T) e’pyipyxi+— (1-T)epjxi+— (-1+37T) ?pix+
12 2 4
3 ,.2 .2 1 2 .2 3 1 3.2 3 1 4 2 3
(-5-7T) e’ pixi+— (-1+T) e’pipyxi+— (5-6T) e’ pipjX;+— (-34+55T) ¢ pipsx; -
3 6 36
2 2.3 1 2 3 2.3 1 2 4 2 .3
(-1+T) (5+T) e’pip;xg+— (-16+17T+2T%) €’ ps pjxj+ — (269-394T-25T%) €* p; pjxj +
6 72
4 3.3

1 1
(=1+T) (3+T) ezp§x§+g (11-217-271%) e3p§x§+5 (-201+284T+257%) e*pIx] +

1
(-1+T) e3p§pjx‘i‘+E (25-27T) ' pipyjxi-— (-1+T) (4+37T) & p; p5 xi +

0| K

1
(-156+101T+69T%) e*pipixf+ — (-1+T) (13+22T+T?) €’ p; p3 x§ +
24

» olroalroalkr Pk MR
"‘oo"A N‘H e

1
— (245-79T-185T°-5T%) e pypixi- — (-1+7T) (4+13T+T?) € pixi+
24

1 1
— (-114+5T+116 T2 +5T) e*pixf+ — (-1+T) e*pipsxi - — (-1+T) (2+13T) e*p3 pi x§ +
30

48 30

2 4 2 3.5 1 2 3 4 4 5
— (-1+T) (-21+107T+14T%) € pipjxi—;e (-1+T) (-101+273T+67T+T°) €”p; p5 X3 +
1 3 7

D0 (-1+7T) (-55+111T+39T*+T°) €4p§X§76piijin+£ezpipjxixjfg€3pipjxixj+
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(Alt) Out[ - |=

7 1 3 55
€p§Xin*£€2p§Xin+g€3p§Xinf£Ezpipjxix‘-jJr;€3p§ij%Xj7£€4p§ij§Xj+

1 1
(2+T) ezpip§x§Xj+£ (-9-2T) e3pip§x§xj+2—4 (212 +25T) e4pip§x§xj+

1 1
(-1-T) e pIxixj+ (3+T) e3p§x§xj+2—4 (-157 -25T) e4p§x§xj—ge3p§pjxixj+

€4p?ij§Xj+gT€3p§p§X§Xj+E (-30-53T) c—:“p§p§x§xj+g (6-17T-T2) € pspi X3 xy+

pPlwNIRNIPR

1 1 1

5 (12+147T7+57?) e4pip§x§xj+g (-5+10T+T1?) e3p§x§xj+E (9-94T-5T%) e*pxi x4 -
1 4 4 4 1 4 3.2 .4 5 2 4 2 3.4

— e*pipixixg+ — (-16+31T) € p; pjXi x5 - — (-18+23T+5T) &* pi pj xi xj +

24 24 24

1

24

1
(-132+131T+60 T+ T%) € py pixi x5+ — (59-47T-35T2-T%) &* p3 x§ x; -
24

1 25 1 25
2 2 2, .3 2 2 4 2 2 2.3 2 3,3 2 4 3 2
— €°piPjXi Xj + € pipjXiXj- € pipjxix.+£e pj Xi Xj - € pjxix-+24e P3 Xi Xj -

J J J J J J

15 1
e3p§p§x§x§+ze4p§p§x§x§+f(16+T)e3pip§’x§x§+g(—86—5T)e4pip§x§x§+
3 422 1 4 422 43232 ° 4 .2 .3 .3 2
(-6-T) e p5xiXj+— (56+5T) €' p5X; Xj-€ p; pyXi X5+ — (9+4T) € p; pj X; Xj +

1

4 8 12
1 2 4 4 3,2 1 2 4 5.3 .2 1 3 3 3
o (-51-49T-T%) ¢ pipjxixj+E (18+29T+T%) € pjxixj—ge Pi Pj Xi X3 +

5 1 5 1

—e*pipixix+—elpixgxi- — et pixixi-etpipixixi+ — (30+7T) € pypixixi+

12 6 12 12

1 1 1 1

— (-18-T) e*pixixd- — e pipixixf+ —e*pixix§+ — e’ pix; (-1-48cayy) +

12 24 24 24

4 1 4 1 4 1 4 2

€ Ca4)1+ — € pJ Xi (1+48 Ca4,1) +— € pPi p] Xi Xj (5—4Cb4)19) + — € pJ Xi Xj (—5+4Cb4,19) +
24 4 4

1 1
— e*pix} (10 +15T+12 by 10~ 12T Cby,10) + — € py Py X§ (-10 - 15T - 12 cby 16 + 12 T by, 10)
24 24

e 1, 1, 1, 1, (-1+T) €pspsx§
— —€EPiXi- T € PiXi-— € PiXi+EPjXi+ — € PyXi+ — € PyjXi+ +
2 2 6 2 6 2T

(-3+T)e2pipyxd (7+5T)e¥pipyxd  (-1+T)epixi (-3+T)e*pixg
- - - +

4T 12T 2T 4T

(7+5T)e’pixi  (-1+T)e?pip;jx} (-6+5T)e>pipjx; (-55+34T) c*p2pyxi
- - - +

127 3T 6T 36T

(-1+T) (1+5T) e?p;spixi (-2-17T+16T*) e’ p;ipixi (-25-394T+269T%) e*p;pjx;
6 T2 : 6T ' 72 T2 )

(-1+T) (1+3T)e?pix; (-2-11T+11T*) pix; (-25-284T+2017T%) e*p3x}

- - +

6 T2 6T? 72 T2
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(-1+T) e plpyx} (-27+25T) e*pipyxi (-1+T) (3+4T) € pipixi
8T ' 48T - 8 T2 }
(-69-101T+156 T?) e*pipixi (-1+T) (1+22T+13T?) €’ p;pix}
48 T2 : 24 T3 i
(-5-185T-79T2+2457%) e*pspjx§ (-1+T) (1+13T+4T?) & p}xi
48 T3 ) 2413 i
(-5-116T-5T2+114T3) e*pixt  (-1+T) etpipyxd  (-1+T) (13+27T) e*pipix}
48 T3 ) 30T ' 30 T2 '
(-1+T) (-14-107T+21T?*) e*pipixi (-1+T) (-1-67T-273T>+101T°) c*p; pj§
60 T3 i 120 T4 '
(-1+T) (-1-39T-111T?+55T%) *p3 3 3, 7,
+EPiPjXiXj+— € PiPjXiXj+— € PiPjXiXy-
120 T4 2 6
7 1 3 55

2 2.2 3.2 2 2 2 3.2 2 4 2 2
6ijin—£6 ijin—ge ijin—Ee piijin—Ee piijin—ze piijin+
(1+2T) ezpipﬁxﬁxj (2+9T) e3pip§x§xj (25 +212T) e4pip§x§xj

+ + -

2T 2T 24T
(1+T)e?pixixy (1+3T)e’pixixy (25+157T) e*pixix; 1 . \
- - +— €7 P; Pj X5 Xy +
2T T 24T 6
3, . 7e2pipixixy  (53+30T)e*pipixixs (-1-17T+6T%) € p;p3X; X;
— €7p; P§Xi X5 - - - +
6T 12T 6 T2

(5+147T+12T%) e*pipixixy (-1-18T+5T*) e’ pixixs (-5-94T+9T%) e*pixix;

+ + -

12 72 6 T2 12 T2
1, . . (-31+16T) e*pipixix; 5 (-5-23T+18T%) €*pipixix;
€ PiPjXi Xy - + -
24T 24 T2
(-1-60T-131T2+1327%) e*pspxix; (-1-35T-47T2+59T°) e*pixix; 1 , , ,
+ - — € piijin—
2473 24713 2
25 1 25
pipixixi- — et pipixi X —elpixixG e’ pixg ¥+ — e*pixsx§+e’plpixi g+
24 2 24
15 , ., ., , , (1+107) epipixixs (5+86T)epipixixi (1+6T) e’ pixix]
— € Pi Py Xy Xy - - + *
4T 8T 4T
(5+56T) e* pj xixj Ws a3, 5(4+9T) e*pipixixj (1+49T+51T%) €*p;pfxixs
- € piijin+ - +
8T 127 12 T2
(1+29T+18T2>e4p§ng§ 1 3 3 3 5 4 3 3 1 3.4 3 5 4 4 3
+CETPIPIXi X - € PiPIXiXG -~ ETPjXiXj - —— € Py XiXj-
12 T2 6 12
232 s (1+30T) e*pspixix3 (1+18T)e'pixixd 1 N X
€" pi p3 Xi X5 + - - — € pipPjXi X5+ — € p3Xi X5+
127 127 24 24
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1 4 4 1 4 4
— €"pjX; (1-48cCay,1) -€ Cag,n+— € pi Xy (-1+48cCay,1) + € pi PjXiXjCby 1o -
24 24

_ €*pipyx3 (25T -12¢Cby 10 + 12T Cby 1) €7 PF XS (~25T - 12 Cby 0 + 12 T Cby,10)
€ Pj Xi X5 Cby, 10 + -
24T 24T

(Alt) Out[« ]=
€ 1 ) 1 3 4 1 4
— —EPkXk—— E Pk Xk - — € P X - € Cazn+— € P X (7-12Cby 1)
2 2 6 12

(Alt) Out[« ]=
€ 1 2 1 3 4 1 4
—— +EPK Xk -~ € PkXk+ — € Py X+ € Cag1+ — € kak(—2+3Cb4,19)
2 2 6 3

(Alt) In[ = |:=

{cai,» =1, cayie = -1, €ay,; =0, Cby 19 =3/ 2};
(AI) In[ - J-=

Column[Collect[#, €, CF] & /@ {rq[1, i, j]1, rq[-1, i, j1, ¥a[1, k], ¥a[-1, k1}]
(Alt) Out[ = ]=

€ (—i +piXi—iji+§ (-1+T) pinX%+§ (1-T) p§X%—pinXin+p§Xin) +

Pj Xi 1 1 1
e (13T pipyxi+ g (-1+3T)pixg+ (-1+T) pipyx; -

1
62 (_E pi Xi +

1 1 3 3
S (-1+T) (5+T)pipixi+= (1+T) (3+7T) p?x%;pipjxixj—;p?xixj—
1 1 1
Epﬁpjxﬁxj+i (2+T) pipﬁxﬁijrE (-1-T) p3x§ x5 - plpr1 +—pr1 j)+
Pi Xi Py Xi 1 1 1
63( o (57T pipjx§+E (-5-7T) p§x§+g (5-6T) pipjxi+E (-16+17T+27T?)

pip§x§’+%5 (11-117-272) p§x§+§ (-1+T) pipjx‘i‘——; (-1+T) (4+3T) p?p2xt+

(-1+T) (13+22T+T?) pipgfx‘i‘—i (-1+T) (4+13T+T?) p§ plpjxlxj
3
1

Pi

v+ (6-177-T1%) pipgrxﬁxj+§3 (-5+20T+T2) pdx3xg+psp?xx3 -

4
i

3 1 1
p%xixj+—pfpjx§xj+i (-9-2T) psp5xixg+ (3+T) p3xix;- 2 Py X3 Xj +

(o)W ENEN< W IENIN ]
-b""

X X5

p]_ pJ j 6
3 2,22
P3 Xi Xj - Pi P Xi

1
xj+:1 (18 +T) p; p3 X3 %5

1 4.,2,.2 1 3 3 .1 4
J+:1(—6—T)pjxi j =5 PiPjXi X5+ PjXiX )+

e (3—16 (-34+55T) pﬁpjx-?;+7—12 (269 -394 T - 25T?) pip§x§+7—12 (-201+284T+25T2) p3xi +
5 (25-27T) pipsxt+ o (-156+101T+69T%) pp3xi+
418 (245-79T-185T?-5T%) p; p3 x§ +4—8 (-114+5T+116 T>+ 5T°) p} xj +
o (LT pipixG - & (-14T) (2+13T) pIpix§+ — (-1+T) (-21+107T+147T%) pip3x; -
Tie (-1+T) (-101+273T+67T?+T?) pip§x§+l—ie (-1+T) (-55+111T+39T*+T°) p3 x; -
gp%pjxﬁxj+2—14 (212 +25T) pip§x§xj+2—14 (-157 - 25T) p?x%xj+ip§pjx§xj+
112 (-30-53T) p§p§x§xj+1iz (12 +147 T+ 572) pip§x§xj+1iz (9-94T-5T2) pdxixy-
S Pipyxixg e oo (-16431T) pipixdxs - 2 (-18+23T+5T2) pIplxix;+
2i4 (-132+131T+60 T2+ T?) pipjx.xj+i4 (59-477-35T2-T3) p3x§ x4 -
Zpipixixd+ 2 pixixg+ 2 pipixind+ 3 1 (-86-5T) p; px? x§+g (56 +5T) pd x2x3 -
p§p§x3x§+—2 (9+4T) pip3xi xj+—2 (-51-49T-T2) p; p§ x3 x5 +
1—12 (18 +29T+T?) p3 X3 X§ +—p1pjx1 —ip‘}xixz-’—pipjxiijrliz (30 +T) ps p§ x5 x3 +
18- P33 - Epipdxixd e S pixixde 2 pixs (~1-48cay,q) +Cagg+

http://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution.nb 2022-11-04 09:18:15

1 - - e - - e - - s
L 1+48 ! 5-4cb L p2 5+4cb
2a PiXi (1 +48Cag,1) + 7 PiPjXiXj (5-4Cbs,50) + 5 PjXiXj (=5 +4Cby10) +
1 1
- p§ x? (10 +15T + 12 cby, 19 ~- 12 T Cby,10) + s P1Pj x? (10 - 15T - 12 cby, 19 + 12 T Cby, 10)
1 (-1+T) py py x? (-1+T) P§ x2 P
€ E—pixi+Pin+ o7 - 2T +piijin—ijin +
€2 (L p, x s P (-3:T) pipsxd (3T pIX] (-14T) pipyd LB @S e PIX]  (-1+T) (1437T) pixg .
2 Fr 4T 4T 37 612 612
2,2 3,2
3 3 2, o 1 2 2 (2T papyxg %3 (e pyxixy 1 5 5 1 3. 2
Eplijin*Epjxlxj*EpiijinJr Y - T *EplpjxlijrEijlXj +
&3 [ 1px . B (7+57T) py pj 32 , 75D PiXi  (-6+5T) pip;x} . (-2-177+16T°) pi i}
g F -t 6 127 127 6T 6 T2
(-2-11T4117%) p3x  (-14T) pipyxt  (-14T) (3+47T) piplx} . (-1+T) (1422 T+137T?) p; p3 x§
6T? 8T 8 T? 24713
(-14T) (1+137T+472) pixd 5 7 2 3 2. 2 (2:97T) ps P X; X5
2 T PiPIXi Xy —  PIXi Xy -5 PiPy Xy Xy F o -
(1+3T) p3 x¢ x4 ! p3 D; NI 703 P35 Xy _ (-1-17 T+6 T2) py p3 X3 x4 . (-1-10T+5 T2) p4 x3 x; ~
T 6 "1 67T 6T2 6T2
2 2, .3 2. 2. 2000 (1+10T)pipixixg  (146T) pIXiXS g 3 3 1 4 3
Pi P§ Xi Xj + Pj Xi X + P; Pj Xi Xj - T e +Epipjxixj—gpjxixj +
e [ (-55+34T) p? py X2 ) (-25-394 T+269 T7) p; P} X} - (-25-284T+201T°) p3 x} L (-27425T) Pipyx§
36T 72712 7272 48T
(-69-101T+156 T2) p} p3 x§ . (-5-185T-79 T2+245 T°) p; p} x§ - (-5-116 T-5 T*+114 T*) p} x§ _ (-1+T) pipy X
48 T2 48 T3 48 T3 30T
(-1+T) (13+27T) p3 p§ X3 . (-1+T) (-14-107 T+2172) p? pg X3 (-1+T) (-1-67T-273T>+101 %) p; p‘J! X3
3072 60T 120 T*
(-1+T) (-1-397-111T?455 %) p§ X3 55 p2 b; 2 xs b (25+212T) p; p§ X2 X; - (25+157 T) p§ X2 X; . 3 p3 b; 3 xe
120 T4 24 P1FI 21 A] 24T 24T 4 FIFI7LA]
(53+30T) pi p xi x5 . (5+147 T+12T2) p; p3 X3 X; . (-5-94T+9T%) p} x} x; 1 p4p~ & xe (-31+16 T) p} p3 x§ x;
127 1272 1272 24 PIFI 7L 247
5 (-5-23T+187T?) p? p§ x§ x; - (-1-60 T-131T2+132T°) p; p‘J! x§ x5 . (-1-357-47 T2+59 ) p§ x§ x; 2 b; pz i x2 4
2412 247 247 24 THEITLT)
3 2 (2 4 2 (2 2 23 3,2
25 p3X X2-+E pz pz x? X2-— (5+86T) Pi Py Xi Xj . (5+56 T) pj X§ Xj —p3 pz X$ X2-+ 5 (4+9T) Pi Py X5 X B
24 FITLTT T 4 FIF]OLA] 8T 8T 1F3 717 127
2 4 .32 2 5 3 2 4,23
(1449 T+517?) p; P X3 x5 . (1+29T+18T?) P X X N 5 b p3_ X X3 S p4 X: X3 - pg p3~ 233 + (1+30T) p; p§ x} x3 B
12712 1272 12 PEFPITLA] 9 F3 2L 1F3 717 127
(1+18T) p§ x2 x§ 1 2 4 1 s 4 1 1
D7 PiPIXi X5 PIXi X5+ PjXi (1-48cas,1) - Caa,1+ 22 PiXi (-1+48cay,y) +
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