
Pensieve header: Notebook for DBN Lecture 3 in Matemale, April 2018. See 
http://www.math.toronto.edu/~drorbn/Talks/Matemale-1804/.

Today. First Dror, then Roland.

Unrelated Question. Anybody wants a French (azerty) keyboard for a surface pro?

Before we Start...

Please think about our Partial To do List!

Recall the Zipping Formula...

... and that we only need to compute operations on exponentials...

Our Algebra QU 
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QU = 〈y, a, x, t〉, with t central and subject to the relations [a, x] = γ x, [a, y] = -γ y, and x y - q y x = 1-T A2

ℏ
, 

where q = ⅇℏγϵ, T = ⅇℏ t (t = ϵa - γ b, as Roland derived the algebra), and A = ⅇ-ℏ ϵ a. For convenience we 
set  = ⅇγα.

QU has a co-product Δ and an antipode S given by

Δ(y,a,x,t) = (y1 + T1 y2 A1, a1 + a2, x1 + A1 x2)

S(y,a,x,t) = (-T-1 A-1 y, -a, -A-1 x, -t)

The Program

Initialization / Utilities

DeclareAlgebra

DeclareMorphism

Meta-Operations

Implementing CU =sl2
γϵ

Implementing QU =qsl2
γϵ

The representation ρ

tSW

Goal. In either U, compute F = ⅇ-ηy ⅇξx ⅇηy ⅇ-ξx. First compute G = ⅇξx yⅇ-ξx, a finite sum. Now F 
satisfies the ODE ∂ηF = ∂η ⅇ-ηy ⅇηG = -yF + FG with initial conditions F(η = 0) = 1. So we set it up and 
solve:
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In[ ]:= SWxy[U_, kk_] :=

SWxy[U, kk] = Block{$U = U, $k = kk, $p = kk}, Module{G, F, fs, f, bs, e, b, es},

G = SimpTableξk  k!, {k, 0, $k + 1}.NestList[Simp[B[xU , # ]] &, yU, $k + 1];

fs = Flatten@Table[fl,i,j,k[η], {l, 0, $k}, {i, 0, l}, {j, 0, l}, {k, 0, l}];

F = fs.bs = fs /. fl_,i_,j_,k_[η] ⧴ ϵ
l U@yi, aj, xk;

es = Flatten[

Table[Coefficient[e, b] ⩵ 0, {e, {F - 1U /. η → 0, F ** G - yU ** F - ∂ηF}}, {b, bs}]];

F = F /. DSolve[es, fs, η]〚1〛;

0,

ξ x + η y + U /. CU → -t η ξ, QU → η ξ 1 - T  ℏ,

F + 0$k /. {ⅇ
_
→ 1, U → Times}

 /. v : η ξ t T y a x → v1

;

tSWxy_,i_,j_→k_ := SWxy[$U, $k] /. ξ1 → ξi, η1 → ηj, v : t T y a x
1
→ vk;

tSWxa,i_,j_→k_ := αj ak, ⅇ
-γ αj ξi xk, 1;

tSWay,i_,j_→k_ := αi ak, ⅇ
-γ αi ηj yk, 1;

Exponentials as needed.

Task. Define  ExpUi,k[ξ, P] which computes ⅇξ (P) to ϵk in the algebra Ui, where ξ is a scalar, X is xi or yi, 

and P is an ϵ-dependent near-docile element, giving the answer in -form. Should satisfy 
U@ExpUi,k[ξ, P] == Uⅇξ x, x→(P).

Methodology. If P0 := Pϵ=0 and ⅇξ (P) = ⅇξ P0 F(ξ), then F(ξ = 0) = 1 and we have:
ⅇξ P0(P0 F(ξ) + ∂ξ F) = ∂ξ ⅇξ P0 F(ξ) = ∂ξ ⅇξ P0 F(ξ) = ∂ξ ⅇξ (P) = ⅇξ (P) (P) = ⅇξ P0 F(ξ) (P).
This is an ODE for F. Setting inductively Fk = Fk-1 + ϵkφ we find that F0 = 1 and solve for φ.

In[ ]:= (* Bug: The first line is valid only if ⅇP0⩵ⅇ(P0). *)

(* Bug: ξ must be a symbol. *)

ExpU_i_,0[ξ_, P_] := Module{LQ = Normal@P /. ϵ → 0},

ξ LQ /. (x y)i → 0, ξ LQ /. t a
i
→ 0, 1 ;

ExpU_i_,k_[ξ_, P_] := Block{$U = U, $k = k},

Module{P0, φ, φs, F, j, rhs, at0, atξ},

P0 = Normal@P /. ϵ → 0;

φs =

Flatten@Table[φj1,j2,j3[ξ], {j2, 0, k}, {j1, 0, 2 k + 1 - j2}, {j3, 0, 2 k + 1 - j2 - j1}];

F = Normal@Last@ExpUi,k-1[ξ, P] + ϵ
k
φs.φs /. φjs__[ξ] ⧴ Times @@ {yi, ai, xi}

{js}
;

rhs = Normal@

Last@mi,j→iξ P0 /. (x y)i → 0, ξ P0 /. t a
i
→ 0, F + 0k mi→j@[0, 0, P + 0k];

at0 = # ⩵ 0 & /@ Flatten@CoefficientList[F - 1 /. ξ → 0, {yi, ai, xi}];

atξ = # ⩵ 0 & /@ Flatten@CoefficientList[(∂ξ F) + P0 F - rhs, {yi, ai, xi}];

ξ P0 /. (x y)i → 0, ξ P0 /. t a
i
→ 0, F + 0k /.

DSolveAnd @@ at0⋃ atξ, φs, ξ〚1〛

Zip and Bind
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Tensorial Representations

Alternative Algorithms

New Utilities (not on handout)

In[ ]:= α2 = ⅇ
c_. αi_+b_. ⧴ i

c/γ
ⅇ
b, ⅇ

c_. α+b_.
⧴ 

c/γ
ⅇ
b, ⅇ

ℰ_
⧴ ⅇ

Expand@ℰ
;

Some Runs

The Structure Tensors

In[ ]:= $k = 1; γ = 1;

In[ ]:= tm1,2→3 //. α2

Out[ ]= a3 α1 + a3 α2 + t3 (τ1 + τ2), y3 η1 +
y3 η2

1

+
x3 ξ1

2

+
1 - T3 η2 ξ1

ℏ
+ x3 ξ2,

1 +
1

4 ℏ
η2 ξ1 8 ℏ a3 T3 +

4 ℏ2 x3 y3

1 2

+
2 ℏ y3 η2

1

-
6 ℏ T3 y3 η2

1

+

2 ℏ x3 ξ1

2

-
6 ℏ T3 x3 ξ1

2

+ η2 ξ1 - 4 T3 η2 ξ1 + 3 T3
2 η2 ξ1 ϵ + O[ϵ]2

But that’s not the form we like! Let’s open Zip and Bind!

How was it computed? Let’s open the tSW box!

In[ ]:= tS1

Out[ ]= -a1 α1 - t1 τ1,
1

ℏ T1
-ⅇα1 ℏ y1 η1 - ⅇα1 ℏ T1 x1 ξ1 + ⅇα1 η1 ξ1 - ⅇα1 T1 η1 ξ1,

1 +
1

4 ℏ T1
2
4 ⅇα1 ℏ2 T1 y1 η1 - 4 ⅇα1 ℏ2 a1 T1 y1 η1 - 2 ⅇ2 α1 ℏ2 y1

2 η1
2 - 4 ⅇα1 ℏ2 a1 T1

2 x1 ξ1 -

4 ⅇα1 ℏ T1 η1 ξ1 + 8 ⅇα1 ℏ a1 T1 η1 ξ1 + 4 ⅇα1 ℏ T1
2 η1 ξ1 - 4 ⅇ2 α1 ℏ2 T1 x1 y1 η1 ξ1 +

6 ⅇ2 α1 ℏ y1 η1
2 ξ1 - 2 ⅇ2 α1 ℏ T1 y1 η1

2 ξ1 - 2 ⅇ2 α1 ℏ2 T1
2 x1

2 ξ1
2 + 6 ⅇ2 α1 ℏ T1 x1 η1 ξ1

2 -

2 ⅇ2 α1 ℏ T1
2 x1 η1 ξ1

2 - 3 ⅇ2 α1 η1
2 ξ1

2 + 4 ⅇ2 α1 T1 η1
2 ξ1

2 - ⅇ2 α1 T1
2 η1

2 ξ1
2 ϵ + O[ϵ]2

How was it computed? Let’s open Exponentials as Needed!

In[ ]:= tΔ1→1,2

Out[ ]= (a1 + a2) α1 + t1 + t2 τ1, y1 η1 + T1 y2 η1 + x1 ξ1 + x2 ξ1,

1 +
1

2
-2 ℏ a1 T1 y2 η1 + ℏ T1 y1 y2 η1

2 - 2 ℏ a1 x2 ξ1 + ℏ x1 x2 ξ1
2 ϵ + O[ϵ]2
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In[ ]:= tR1,2, tR1,2

Out[ ]= -ℏ a2 t1, ℏ x2 y1, 1 + ℏ a1 a2 -
1

4
ℏ3 x2

2 y1
2 ϵ + O[ϵ]2,

ℏ a2 t1, -
ℏ x2 y1

T1
, 1 +

1

4 T1
2
-4 ℏ a1 a2 T1

2 - 4 ℏ2 a1 T1 x2 y1 - 4 ℏ2 a2 T1 x2 y1 - 3 ℏ3 x2
2 y1

2 ϵ + O[ϵ]2

In[ ]:= tC1, tC2

Out[ ]= 0, 0, T1 - ℏ a1 T1 ϵ + O[ϵ]2, 0, 0,
1

T2

+
ℏ a2 ϵ

T2

+ O[ϵ]2

Some Testing

Associativity of tm.

In[ ]:= tm1,2→2~B2~tm2,3→1

Out[ ]= a1 α1 + a1 α2 + a1 α3 + t1 τ1 + t1 τ2 + t1 τ3,

1

ℏ
ⅇ-α1-α2-α3 ⅇα1+α2+α3 ℏ y1 η1 + ⅇα2+α3 ℏ y1 η2 + ⅇα3 ℏ y1 η3 + ⅇα1 ℏ x1 ξ1 + ⅇα1+α2+α3 η2 ξ1 - ⅇα1+α2+α3 T1 η2 ξ1 +

ⅇα1+α3 η3 ξ1 - ⅇα1+α3 T1 η3 ξ1 + ⅇα1+α2 ℏ x1 ξ2 + ⅇα1+α2+α3 η3 ξ2 - ⅇα1+α2+α3 T1 η3 ξ2 + ⅇα1+α2+α3 ℏ x1 ξ3,

1 +
1

4 ℏ
ⅇ-α1-2 α2-α3 8 ⅇα1+2 α2+α3 ℏ a1 T1 η2 ξ1 + 4 ⅇα2 ℏ2 x1 y1 η2 ξ1 + 2 ⅇ2 α2+α3 ℏ y1 η2

2 ξ1 -

6 ⅇ2 α2+α3 ℏ T1 y1 η2
2 ξ1 + 8 ⅇα1+α2+α3 ℏ a1 T1 η3 ξ1 + 4 ℏ2 x1 y1 η3 ξ1 + 4 ⅇα2+α3 ℏ y1 η2 η3 ξ1 -

12 ⅇα2+α3 ℏ T1 y1 η2 η3 ξ1 + 2 ⅇα3 ℏ y1 η3
2 ξ1 - 6 ⅇα3 ℏ T1 y1 η3

2 ξ1 + 2 ⅇα1+α2 ℏ x1 η2 ξ1
2 -

6 ⅇα1+α2 ℏ T1 x1 η2 ξ1
2 + ⅇα1+2 α2+α3 η2

2 ξ1
2 - 4 ⅇα1+2 α2+α3 T1 η2

2 ξ1
2 + 3 ⅇα1+2 α2+α3 T1

2 η2
2 ξ1

2 + 2 ⅇα1 ℏ x1 η3 ξ1
2 -

6 ⅇα1 ℏ T1 x1 η3 ξ1
2 + 2 ⅇα1+α2+α3 η2 η3 ξ1

2 - 8 ⅇα1+α2+α3 T1 η2 η3 ξ1
2 + 6 ⅇα1+α2+α3 T1

2 η2 η3 ξ1
2 +

ⅇα1+α3 η3
2 ξ1

2 - 4 ⅇα1+α3 T1 η3
2 ξ1

2 + 3 ⅇα1+α3 T1
2 η3

2 ξ1
2 + 8 ⅇα1+2 α2+α3 ℏ a1 T1 η3 ξ2 + 4 ⅇα2 ℏ2 x1 y1 η3 ξ2 +

2 ⅇα2+α3 ℏ y1 η3
2 ξ2 - 6 ⅇα2+α3 ℏ T1 y1 η3

2 ξ2 + 4 ⅇα1+α2 ℏ x1 η3 ξ1 ξ2 - 12 ⅇα1+α2 ℏ T1 x1 η3 ξ1 ξ2 +

2 ⅇα1+α2+α3 η3
2 ξ1 ξ2 - 8 ⅇα1+α2+α3 T1 η3

2 ξ1 ξ2 + 6 ⅇα1+α2+α3 T1
2 η3

2 ξ1 ξ2 + 2 ⅇα1+2 α2 ℏ x1 η3 ξ2
2 -

6 ⅇα1+2 α2 ℏ T1 x1 η3 ξ2
2 + ⅇα1+2 α2+α3 η3

2 ξ2
2 - 4 ⅇα1+2 α2+α3 T1 η3

2 ξ2
2 + 3 ⅇα1+2 α2+α3 T1

2 η3
2 ξ2

2 ϵ + O[ϵ]2

In[ ]:= tm1,2→fran~Bfran~tmfran,3→1 ≡ tm2,3→2~B2~tm1,2→1

Out[ ]= True

tS is an anti-homomorphism for tm.

In[ ]:= tS1 tS2~B1,2~tm1,2→1 ≡ tm2,1→1~B1~tS1

Out[ ]= True

Testing convolution inverse:

In[ ]:= tΔ1→1,2~B1~tS1~B1,2~tm1,2→1

Out[ ]= 0, 0, 1 + O[ϵ]2

Testing quasi-triangular axioms

In[ ]:= tΔ1->1,2 tR3,4~B1,2,3,4~tm1,3→1 tm2,4→2 ≡ tΔ1→2,1 tR3,4~B1,2,3,4~tm3,1→1 tm4,2→2

Out[ ]= True

Dror Bar-Natan: Academic Pensieve: Talks: Matemale-1804: Lecture3Notebook@.nb 2018-04-26 16:19:02

http://drorbn.net/AcademicPensieve/Talks/Matemale-1804/#MathematicaNotebooks



Testing R3

In[ ]:= tR2,3 tR1,4 tR5,6~B1,2,3,4,5,6~tm1,5→1 tm2,6→2 tm3,4→3  ≡

tR1,2 tR5,3 tR6,4~B1,2,3,4,5,6~tm1,5→1 tm2,6→2 tm3,4→3 

Out[ ]= True

Docility and why it matters:

In our case our invariants and operations are of the form ⅇL+Q P, where

◼ L is a quadratic of the form ∑lzζ zζ, where z runs over {ti, αi}i∈S and ζ  runs over {τi, ai}i∈S, with integer 
coefficients lzζ.

◼ Q is a quadratic of the form ∑qzζ zζ, where z runs over {xi, ηi}i∈S and ζ  runs over {ξi, yi}i∈S, with 
coefficients qzζ in the ring Rs of rational functions in (Ti)i∈S and (i)i∈S.

◼ P =∑ϵk Pk is a docile power series in {yi, ai, xi, ηi, ξi}i∈S, where deg(yi, ai, xi, ηi, ξi) = (1, 2, 1, 1, 1).

The Trefoil

Seeing that our invariant is poly-time and the trefoil knot is tiny, the following will compute in no time 
at all:

In[ ]:= Timing@Block{$k = 1},

Z = tR1,5 tR6,2 tR3,7 tC4 tKink8 tKink9 tKink10;

Do[Z = Z~B1,k~tm1,k→1, {k, 2, 10}]; Z

Out[ ]= 108.703,

0, 0,
T1

1 - T1 + T1
2
+ -2 ℏ a1 T1 - ℏ T1

2 + 2 ℏ a1 T1
2 + 2 ℏ T1

3 - 3 ℏ T1
4 - 2 ℏ a1 T1

4 + 2 ℏ T1
5 + 2 ℏ a1 T1

5 -

2 ℏ2 T1 x1 y1 - 2 ℏ2 T1
4 x1 y1 ϵ  1 - 3 T1 + 6 T1

2 - 7 T1
3 + 6 T1

4 - 3 T1
5 + T1

6 + O[ϵ]2
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In[ ]:= Timing@Block{$k = 1},

Z = tR1,5 tR6,2 tR3,7 tC4 tKink8 tKink9 tKink10 /. T_ → T1;

Do[Z = Z~B1,k~tm1,k→1 /. T_ → T1, {k, 2, 10}]; Z

Out[ ]= 4.875, 0, 0,

T1

1 - T1 + T1
2
+ -2 ℏ a1 T1 - ℏ T1

2 + 2 ℏ a1 T1
2 + 2 ℏ T1

3 - 3 ℏ T1
4 - 2 ℏ a1 T1

4 + 2 ℏ T1
5 + 2 ℏ a1 T1

5 - 2 ℏ2 T1 x1 y1 -

2 ℏ2 T1
4 x1 y1 ϵ  1 - 3 T1 + 6 T1

2 - 7 T1
3 + 6 T1

4 - 3 T1
5 + T1

6 + O[ϵ]2

Dror Bar-Natan: Academic Pensieve: Talks: Matemale-1804: Lecture3Notebook@.nb 2018-04-26 16:19:02

http://drorbn.net/AcademicPensieve/Talks/Matemale-1804/#MathematicaNotebooks


