Dror Bar-Natan: Talks: Kyoto-230727:
Everything around s/§

Thanks for inviting me to Kyoto!

IS DOPeGDO SO What‘) wef:=http://drorbn.net/k23

Continues Rozansky [Rol, Ro2,
Ro3], Ohtsuki [Oh], Overbay [Ov],
joint with van der Veen [BV].
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More at wef/talks

Abstract. I’ll explain What everythlng around” means: classical
and quantum m, A, S, tr, R, C, and 0, as well as P, ©, J, D,
land more, and all of their compositions. What DoPeGDO means:
the category of Docile Perturbed Gaussian Differential Operators.
a solvable approximation of the semi-

| Knot theorists should rejoice because all this leads to very po-
i werful and well-behaved poly-time-computable knot invariants.
' Quantum algebraists should rejoice because it’s a realistic play-
| ground for testing complicated equations and theories.

solvable

4D Metrized Lie Algebras

And Wha_‘t sl5, means: Conventions. 1 For a set A, let z4 = {zi}iea and let
simple Lie algebra s,. {a =1z = CiYiea ! 2. Everything converges!
a B\
Less Abstract DoPeGDO := The category with objects finite
™ sets™ and mor(A — B):
{F = wexp(Q + P)} € Qlla, 25, €]
m: U® U—U D _ Where: o wis a scalar.™ o Q is a “small” e-free
(5 ) quadratic in /4 U zz.™ e P is a “docile perturba-

tion”: P = Y5, €P®, where deg P¥ < 2k+2.7

U is either CU U(SEDIR] or QU Un(sL5,)

A(y, b, a, x)[[1]] with [a,x] = x, [b,y] = —€y, [a,b] = 0, [a,y] =

—y, [b,x] = ex, and xy — gyx = (1 — AB)/h, where g = &€

A =e " and B=e . SetalsoT = A™'B = ™.

[The Quantum Leap. Also decree that in QU,

A(y,b,a,x) = (y1 + B1y2, b1 + by, a1 + az, x1 + A1 x2),
S(y,b,a,x) = (-B~'y, =b, —a,—A"'x),

and R = 3 i/t*ykb/ @ ajx"/j![k]q!.

alacbras a“solvable e Compositions:
tr: UUfwamrw  ReQU ® QU C*'eQU FIG = GoF = (g |»["_)62i7_-)z,:0: (ﬂzt‘—%g )4,-:0'
( ( N ( Cartan’s 6, ) Cool! (V*)®* @ V® explodes; the ranks of qua-
the dratics and bounded-degree polynomials grow
Dequantizator, slowly!™  Representation theory is over-rated!
and more. .. algebras isomorphic Y P Y .
\ T \JeCU 2 CU/ \ J 10 sh, = sh + 1D Cool! How often do you see a computational to-
olbox so successful?
Our Algebras. Let slS, = L(y,b,a,x) subject to [a,x] = x, Compositions (1). In mor(4— B), IEEJZEU{,Zﬁ ZFIJQ{;U ZGI/ZIZJ
[b,y] = —ey, [a,b] = 0, [a,y] = -y, |[b,x] = €x, and [x,y] = greek latin
a +b. Sot:= €a— bis central and if ™!, sI5, /(1) = sb.  wpron A§ i ;B B’g W, ;c A; ;c

W Vel -

:: E: composmon : E : E

Mid-Talk Debts. ¢ What is this good for in quantum algebra?
e In knot theory?

e How does the “inclusion” 9: Hom(U®*
DoPeGDO work?

- U%) ~

Where ¢ w=wjw, det(d — F>,G)~ L One abstraction level
F=F + E\F,(I -G Fy) 1ET up from tangles!
‘:G Gy + EIG\(I - F2Gy) ', frangles} - {[ g |

“E= > E1(F2G) Ey=E (I - F>G)"'E,. with compositions:

e Piscomputed using “connected Feynman

diagrams” or as the solution of a messy PDE ° / /

®
(yet we're still in algebra!). H

IDoPeGDO Footnotes. f1. Each variable has a “weight”e {0, 1,2}, and
always wtz; + wt{; =2
72. Really, “weight-graded finite sets” A = Ag L A| LI As.

) g:« Melvin,

Theorem ([BG], conjectured [MM],
elucidated [Rol]). Let J4uK) be
the coloured Jones polynomial of K,
representation of sl,. Writing
(' = g 2)Ju(K)
g2 — g=di2

® Proofs that everything around s/5, really is DoPeGDO.
\‘ #4 Morton,

e Relations with prior art.
@
e ]
i 4 8 A Garoufalidis

e The rest of the “compositions” story.
in the d-dimensional

- Z ajm(K)d'R",

Jj,m=0

g=e"
‘below diagonal” coefficients vanish, a;,(K) =
0 if j > m, and “on diagonal” coeflicients
oive the inverse of the Alexander polynomial:
(S @mm (K" - w(K)(e") = 1. .
“Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

q° - (g — D'pu(K)(q?)
10@) = — —1>w(1<)<qd)[ Z ; ]

w*(K)(q")

3. Really, a power series in the weight-0 variables™.

T4. The weight of Q must be 2, so it decomposes as Q = Oy + Q11. The
coefficients of O, are rational numbers while the coeflicients of Q;
may be weight-0 power series .

5. Setting wte = —2, the weight of P is < 2 (so the powers of the
weight-0 variables are not constrained’®).

76. There’s also an obvious product

mor(A; — B;) X mor(A; — By) —» mor(A; UA; — By U B»).
7. That is, if the weight-0 variables are ignored. Otherwise more care
is needed yet the conclusion remains.

 [t8. Hom(U®* — U®) ~ mor({n;, Bi, 7., Eilies = {is bi 1.4, Xikies ),

where wt(1;, &, i, x;) = 1 and wt(B;, 7;,a;; bi, 11, a;) = (2,2,0; 0,0, 2).
9. For tangle invariants the wt-0 power series are always rational fu-
nctions in the exponentials of the wt-0 variables (for knots: just one
variable), with degrees bounded linearly by the crossing number.
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D: Hom(U®* — U®) - Qlng, s, @5, &5, ys, bs, as, xs 1. The
PBW theorem for CU (always in the ybax order), or its quantum
analog for QU, say that if U = CU or QU then U®’ is isomor-
phic as a vector space to Q[y;, b;, a;, xilies [7]; so it is enough to
understand Hom(Q[z4] — Q[zg]) for finite sets A and B.

Claim. ' € Hom(Q[za] — Qlz5]) —w—> Qlzplll¢all > F via

D(F) = Z & () =

nENA

D)D) = (Plyos, F),,  forp € Qlzal.
Claim. Assuming convergence, if F € Hom(Q[z4] — Ql[zz]),
G € Hom(Q[zp] — Qlzc]), ¥ = D(F), and G = D(G), then

D(F)G) = (Fl3-5,6) im0
And so the title of the talk finally makes sense!

( Laeh {aza) =F,

Example. D(id: U — U) = eW*Bbraa+éx,

Example. Let cA;.k: cU®il 5 CU®UK be the standard co-
product, given by CA;-k()’i, bi,aj,x;) = (Vj+y.bj+by,aj+ay, xj+
xr). Then

Z)(CA;k) — CA;k((Bniyﬁ'ﬂibi+aiai+§ixi)

= @MiOityO+Bibjtbo+ailajta)+&ilxj+xe)

Example. The standard commutati-

ve product mkj of polynomials is gi-

Qlzli ® Qlzl; — Qlzlk

i H
|| m"

Qlzi, 2] —— Qlz]

ven by z;,z; — zx. Hence Z)(mk]) =
mij(eﬁiZi+§ij) — ®(§i+§j)1k_

A real DoPeGDO Example. Let cm :CU;®CU; — CUyi be
“classical multiplication” for si5_, and let O;: Q[yl, b;,a;, xi] —
CU,; be the PBW ordering map.
i

k

CU;® CUj
o,
Qlyi, bi» ai, xi, yj, bj, aj, x;]
Claim. Let

CUy

fo

Qlyk, bk, ax, xx]

(all brawn and no brains)
e~ i~ Bip . log(1 + enié;
1n; g njsi
+—§)yk+(ﬁl+ﬁj —( e ))b

r+

A:(n 1+

e_aj_sﬁj .
(ai + a; + log(l + Eﬂjf,‘))ak + (Tﬂ? +§j)xk
jSi

Then e””’*ﬁ"f’f*“f“”f”‘f +”fyf+ﬁ{'%f'+“f“f+ffx"// Oy,jffem;! = &0y, and
hence Z)(cm;cj ) = e’ and cm;g is DoPeGDO.
Proof. We compute in a faithful 2D representation z — Z of CU:

(wef/cm)

HL[& ] := Style[&, Background - If[TrueQes, [, []11];

B-(28)5-(5 %)= (3 8). % (¢ 3]

{True, True, True, True, True}
HLeSimplifyeWith[{E = MatrixExp},
E[n;i§].E[B:ib] .E[a; 8] .E[&: k] .E[n; §].E[B; b].
E[a;a].E[&5 %] = E[§8y,A] .E[b oy A] .E[48,,4].
[ 0]

True
Series[A, {e€, 0, 1}]
(ak (o +aj) +Yk (Ni+e “tng) +
b (Bi+Bj+1n5&1) +Xk (€99 &1 +&5)) +

1 .
ak 154 §i—gbkn§§§-®ﬂlyknj (Bi+ng&i) -

e X & (Bj+ni&i)| e+0[el?

(Shame, but this technique fails for QU).

Claim. In QU, R is DoPeGDO.
Proof. Recall that with g = &”¢,
R =) 10"l @ ali/jilkl,! = O (™ 2ef ™).

Tiy1 x2

Now expand e, ™" in powers of € using:

Faddeev’s Formula (In as much as we can tell, first appea-
red without proof in Faddeev [Fa], rediscovered and proven
in Quesne [Qu] and again with easier proof, in Zagier [Za]).

With [n]q = q , with [n]y! = [1]4[2], - - - [n], and with e} =
0 B g Ve have
1— gt 1—-g)°x?
logegzz( q)k ¢ q);c
k(1 -4 2(1 —g?)
qx
Proof. We have that ®y qx i" (“the g-derivative of e

itself””), and hence e = (1 +(1- q)x)eq, and

logeg" = log(1 + (1 — ¢)x) + log ey-
Writing loge; = Xisg a;x* and comparing powers of x, we get
_ .k
qkak = _(1 - Q)k/k + ag, or ay = k((ll_z)k)‘ O

Compositions (2). Recall that with all indices i running in some
set B,

@ .07,
FIG = (Fl:n,G), , = 2% %(FG)
so in general we wish to understand
[F: Elp = o2 Zioien Fidad 8 and (F: 8)p = [F: Elgly—0,
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic

part:
Lemma 1. With convergences left to the reader,

<F: Ee2 Lijes G,.,.z,.z,-> = det(1 - GF)™'/2 <F(1 ~GF)™!: 8>
B

(1) Strictly speaking,
true only when

z=6i=0"  Bn@l0o) =0

e
The next lemma dispatches the case where & has a B-linear part:
Lemma 2. <F: 8032"”"2">B = @7 Zijen Fivis <F: SIZB_>ZB+FyB>B.
Finally, we deal with the docile perturbation case:

Lemma 3. With an extra variable A, Z; := log[AF: el satisfies
and is determined by the following PDE / IVP:

1
Zo=P and 0,Z)=; Z Fij (050,21 + (0,22)(0:,Z1)).

i,jeB
F2 J F/2
(15} \ (53

J ®0/2 O
- part glue

t\rr \\\77 /l =
3 & connected

diagrams
Lemma 1 Lemma 3

Complexity to €, for an n-xing width w knot (by [LT],
w € 0(\n)), is O(m*w**2logn) = O(n** logn) integer opera-
tions.

AF/Z

Lemma 2
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A Partial To Do List.

Understand tr and links.

Implement @, J. Determine the appropriate wt-0 ground ring.
Implement the “dequantizators”.

Understand denominators and get rid of them.

Clean the program and make it efficient.

Understand the centre and figure out how to read the output.
Is the “+” really necessary in sl5, ? Why?

Extend to s/3 and beyond.

Describe a genus bound and a Seifert formula.

Relate with the representation theory dogma, with Melvin-
Morton-Rozansky and with Rozansky-Overbay.

e Understand the braid group representations that arise.

¢ Relate with finite-type (Vassiliev) invariants.

e Find a topological interpretation/foundation. The Garoufalidis
- Rozansky “loop expansion” [GR]?

o Figure out the action of the Cartan automorphism.

e Disprove the ribbon-slice conjecture!

e Figure out the action of the Weyl group.

e Use to study “Severa quantization”.

e Do everything at the “arrow diagram” level of finite-type inva-
riants of (rotational) virtual tangles.

e Find “internal” proofs of consistency.
e What else can you do with the “solvable approximations”?
e And with the “Gaussian compositions” technology?

Warning. Some implementation details match earlier versions of

the theory.
kxil exp |
then s

P n o 6 o
AT 4 g
ex
<P(z,~, e )e"+'7’zf'+yf4“’+‘f5'z"j>

= |glec T (P (G + y0. &+ 1))
The “Speedy” Engine
Internal Utilities
Canonical Form:
CCF[& ] :=
PPccr @ExpandDenominatore
ExpandNumerator@PProgether @Together [PPEXP [
Expand[&] //. e e s e /. e » e fI]];
CF[& List] :=CF /@ &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&_ ] := PPcr@Module[
{vs=Cases[&, (y|b|t]a|x|n|B]z|a]§) ,=lU
{y, b, t,a,x,n, B, t, a, §}},
Total [CoefficientRules [Expand[&], vs] /.
(ps_ »c_) = CCF[c] (Times @@ vs™)]

The Zipping Theorem. If Phasa ¢
finite {-degree and g is the inverse

- . (i iNA _ si
matrix of 1 — g: ((5j - q’j)qk = 0y,

wef/engine

15
CF[& E] :=CF /@ &;
CF[Es, [&s___1]1 :=CF/@Eg[&5];5
The Kronecker 6:
K& /: Ké; ,; :=If[1l===73,1,0];
Equality, multiplication, and degree-adjustment of
perturbed Gaussians; E[L, Q, P] stands for e-*? P:
E/:E[L1 ,Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=
CF[L1==L2] ACF[Q1 == Q2] ACF[Normal[P1 - P2] ==0];
E/:E[Ll ,Q1 ,P1 |xE[L2 ,Q2 ,P2 ] :=
E[L1+L2, Q1+Q2, P1+P2];
E[L_,Q ,P lg :=E[L, Q, Series[Normaler, {e, 0, $R}]1;
Zip and Bind
Variables and their duals:
{t*, b*, y*, a*, x*, 2"} = {t, B, n, @, &, E};
{t*, B*, n*, a*, §, &*} = {t, b, Y, a, X, Z};
(u_i )" := (u*)y;

Upper to lower and lower to Upper:

U2l = {Bg:' 2 e'pﬁ“bi, BP- = e"’ﬁ"b, Tg:' > eP it
TP-* > P 2%, .ﬂ’i’:' > eP Y%, @l o e“"’};

12U = {ecf' 3 9tlo oo B/ (W) g @f--brd . oy B/ (BY) od

Lt +d_.
Cor ity TR @A) @Fr T oy TC/B )

e

o +d_.
eC_ e Stlo oo 5,{1{'/:{ ed, et a+d_. o> ac/v ed,
e‘% e eExpand@é‘};

Derivatives in the presence of exponentiated variables:
Dp[f_ ] :=0pf-n¥BOsf; Dp; [f ] :=0b,f-0¥Bidsf;
Di[f ] :=0cf +ATOrf; Dy [f ] :=0y,f+AaTiorf;
Do[f_] :=0uaf + ¥ AOaf; Da; [f_] i= 0o f +¥ AiOa;f;
Dy [f_] :=08uf; Dy ,ey[f_1:=1; D [f.]1 :=F;
D{y ,n znteger} [f_1 :=Dy[Dygy,n-1y [f113
D{i rist,ts }I[F1 := D5} [DL[£]1]5
Finite Zips:
collect[sd_SeriesData, & ] :=

MapAt [collect[#, &1 &, sd, 3];
collect[& , £ 1 := PPcorlect@Collect[&, £71;
Zip” [P_] :=P;
Zipy [Ps_List] := Zipy /@Ps;
Zipip o 3[P_1 := PPZip[

(collect[P // Zip(ey, &1 /+ f . &% o (Dgex,a) LF1)) /-

'8/, ((&*/.{b>B, t>T,a>a}) >1)]

QZip implements the “Q-level zips” on E(L, Q, P) = &-*2 P(¢).
Such zips regard the L variables as scalars.
QZips 1ist@E[L_, Q_, P_] :=
PPgzip@Module[{&, z, zs, ¢, ys, ns, qt, zrule, Zrule, out},
zs = Table[Z&*, {&, &5}
c =CF[Q /. Alternatives ee (s |Jzs) » 0] ;
ys = CFeTable[d, (Q /. Alternatives @@ zs » 0) ,
{8, £5}15
ns = CFe@eTable[d, (Q /. Alternativesee s -» @), {z, z5}];
qt = CFeInverse@Table [KS, -+ - 0;,:0, {&, &5}, {2z, z5}];
zrule = Thread[zs » CF[qt. (zs +ys)1];
Zrule = Thread[{s » &5 +ns.qt];
CF /@ E[L, c+ns.qt.ys,
Det[qt] Zips [P /. (zrule grule)]] 1;

LZip implements the “L-level zips” on E(L, Q, P) = Pe**?. Such zips
regard all of Pe? as a single”P”. Here the Z’s are b and a and the
{sare Banda.
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LZipg’s_List@]E [L_,0Q ,P_] :=
PPLZip@Module[{g, z, zs, Zs, c, ys, ns, 1t, zrule,
Zrule, Zrule, Q1, EEQ, EQ},
zs = Table[£", {Z, ¢5}1;
Zs=2s /. {b->B, t>T, a-» A};
c=L /. Alternativesee ({s|Jzs) -0 /.
Alternatives @@ Zs - 1;
ys = Table[d: (L /. Alternatives @@ zs » 0), {&, {5315
ns = Table[d, (L /. Alternatives @e {5 - 0), {z, zs}];
1t = InverseeTable [KS, o+ - 0,,¢L, {&, &5}, {z, z5}];
zrule = Thread[zs » 1t. (zs +ys) ];
Zrule = Join[zrule,
zrule /.
r Rule:= ((U=rf1] /. {b>B, t>T, a-» A}) >
(U/.U21/.r //.120))];
Zrule = Thread[{s » &5 +ns.1t];
Q1=Q /. (Zrule|J &rule);
EEQ[ps___1] :=
EEQ[ps] =
PPceg @ (CF [@ % Drhreadr(zs, (ps131 [€2] ] 7+
{Alternatives ee zs » @, Alternatives ee Zs - 1});
CF@E[c +ns.lt.ys,
Q1 /. {Alternatives @@ zs -» @, Alternatives @@ Zs - 1},
Det[1t]
(Zip~ [ (EQ@@ zs) (P /. (ZruleJ&rule))] /.
Derivative[ps  1[EQ]I[___1 = EEQ[ps] /.
_EQ-1) 115

B(} [L_,R_] :=LR;
B{is_}[L_Z, R_E] := PPg@Module[{n},
Times [
L/.Table[(v:b|B|t|T|[a]|X]|y)i- Vei,
{i, {is}}1,
R/.Table[(v:B |t |a|A| E|N)i-> Vieis {1, {iS}}]
1 // LZipjoineeTable[(Bneistneisaneids {is{is}}] 7/
QZipJoin@@Table[{gn@i,yn@i),{ij{is}}] ];

Bis [L_,R_.]:= B{is} [L, R];

E morphisms with domain and range.

Bis 1ist [Edz »r1 [L1_, @Q1_, P1_]1, Egz 42 [L2_, Q2_, P2_]] :=
E (d1complement [d2,is] )~ (r2UComplement[r1,is]) @@
Bis[E[L1, Q1, P1], E[L2, Q2, P2]];

Eq1 ez [L1_, Q1_, P1_]1 // Eaz 5r2 [L2_, Q2_, P2_]
Brindz [Eq1-r1 [L1, @1, P1], Eg2,r2[L2, @2, P2]];
Eg1 »r2 [L1_,Q1_, P1_] =Eqg 42 [L2_, Q2_, P2_] *:

(d1==d2) A (r1==r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eq1 »r1 [L1_, Q1_, P1_] Eg2 5r2 [L2_, Q2_, P2 ] ~:=

E (d1Ud2)-(r2yur2) @@ (E[L1, @1, P1] xE[L2, Q2, P2]);
Egr [L_, Q5 P_lg :=Egq @E[L, Q5 P]gs
E [&__1[1_] :={&}[11;

E[A]
Eg- [4_] :=

CFeModule[{L, A0 = Limit[4, € » @]},
Ea-[L=00 /. (n|y|EIX)_~0,n0-L, eA-A°]$k /. 12U]

Exponentials as needed.

Task. Define Exp,,; [P] to compute 6™ to € in the using the m;;,;

multiplication, where Pis an e-dependent near-docile element,

giving the answer in E-form.

Methodology. If Py := Pezg and €* @) = O(e*"0 F(A)), then

F(A=0)=1and we have:

O(e*™o(Po F(A) +01F)) = (8,60 F(A)) = .
8)0(e*"0 F(A)) = 0,61 OF) = 62 OF) O(P) = D& F(A)) O(P)

This is a linear ODE for F. Setting inductively Fy = Fi_; + €“ ¢ we find

that Fy = 1 and solve for ¢.

(* Bug: The first line is valid only if O(epe)zzeo("e). *)
EXP; ,i ,o[P_] := Module[{LQ = NormaleP /. € - 0},
E[LQ/. (x|y)i—»0, LQ/. (b|a]|t);»0,1]];

EXpy ,i ,x [P_] :=Block[{$k = k},
Module[{Pe, A, @, ¢s, F, j, rhs, eqn, pows, ato, ata},
PO = NormaleP /. € -» 0;
F = NormaleLast@Exp, i .1 [AP];
While[
rhs =
mi,j-.i[
]E{}_,{i}[)LPO /. (X|y)i=»>0,AP0/. (b|a|t);>0,
Flk 50i.1@E (3, (i} [0, O, P1x] // Last // Normal;
eqn = CF[ (8,F) + POF - rhs];
egn =!=0, (xdox)
pows = First /@ CoefficientRules[eqn, {yi, bi, @i, Xi}];
F += Sum[e” ¢js [1] Times @@ {y;, bi, a;, i},
{js, pows}];
rhs =
mi,j—»i[
E({i} [APO /. (X|y)i >0, AP0 /. (b|a|t); >0,
F1r S0i.@E(;,(:}[@, @, P1,] // Last // Normal;
eqn = CF[ (6,F) + POF - rhs];
¢s = Table[¢js [A], {js, pows}];
ato = Table[¢;s[@] == 0, {js, pows}];
atd = (#=0) & /@
(pows /. CoefficientRules[eqn, {yi, bi, @i, Xi}]1);
F=F /. DSolve[Andee (at@|JatA), vs, A][1]
]
Eq{i}[PO /. (X|y)i»>@,P0/. (b]a|t);>0,
F+O[e]™ /. 251]]]

“Define” Code

Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhsis
computed only once for each value of $k. Fancy Mathematica not
for the faint of heart. Most readers should ignore.



SetAttributes [Define, HoldAll];
Define[def , defs_ ] := (Define[def]; Define[defs];);
Define[op_;s =6_] :=
Module[{SD, ii, jj, kk, isp, nis, nisp, sis},
Block[{i, J, k},
ReleaseHold [Hold |
SD [OPnisp,$k_tntegers PPeoot@Block[{i, j, k}, opisp gk = &3
OPnis,sk] 13
SD[0pisps OP{is},sk]5 SD[OPsis__» OP(sis}];
] /- {sD - setDelayed,
isp» {is} /. {i-»i_,j-»Jj_,k->k_},
nis » {is} /. {i-»1ii, j-» jj, k » kk},
nisp » {is} /. {i»ii_, j»3j_, k- kk_}

3 1]

wef3/objects

The Objects

Symmetric Algebra Objects

SMi_,j ok :=
E(i,5}-{k} [br (Bi + Bj) + Tk (Ti +T5) +a (ai +aj) +
Ye (i +15) +Xe (§i+ &5)15
SAi 45 ,k_ i=
E{i}»{j,r} [Bi (bj +br) + Ti (tj + k) +ai (aj +ax) +
ni (Yj+Yr) +&i (Xj+Xe) 15
$Si_ i=E{i}s{i}[-Bibi-Titi -aiai -niyi - & X:i];
sei_ :=Eg,(i}[0];
sni_ i= E{i}s(; [0]5
Soi 45 = E{i}s{5}[Bi bj+titj+aiaj+niy;+ &ixjl;

SYi oj ,k ,L,m 2= Efi}s{j,k,t,m} [Bibe+ Tite +ai @ + i Yj + §i Xnl;

The CU Definitions

e Y %i-€Bi

Log[l + ¥y en; §i])bk+

CA = (7’)1 <

j
e yk+(/3'+/3'+
1+Y€77j§i] Y

Log[1+¥en; 611) (e"“j‘”i 3
— | &+t | TT————————— +
Y l+yen;éi

Define [Cmi,j_,k = E(i,j}-{k} [ca] ]

(ai +aj +

€j] X 3

Define[coj,j = S0i,j /. T1 » @, Ce; = S€i, €Ny = SNy,
CAisj,k = SAisg,ks
€Si =SS;i // SYis1,2,3,4 // CMay3,i // CMy 5,5 // €My 1545
Booting Up QU
Define [acri_,j = E{i}-{j} [aj ai + X§ &i],
boi.j = E{i}{3} [bj Bi +y3 nil]
Define[ams, . = E{s,5}.{k} [ (a1 + a3) ak + (A5" €1 + &5) x],
bms, ok = Efi,j}-{k} [ (Bi + Bj) b+ (ni+e *Pins) yi]]
kel (1-e¥°2)" (ny;x5)*
k (1-ek¥en) ]’
Ri,j = CF@E (), (1,5} [-hajbi, -Bx;yi/Bi,
1+ I'F[$k =0, 0, (R_{i,j},sk-1)$k[3] =
(((R(i,3),0) sk Ra,2 (Ry3,a3,9k-2) s) 7/ (bmi,asamj 5.5) //
(bms, 3,5 amj,4,5) ) [31]]»
Pi,j = E{i,j}oq) [Bi a5 /B, ni €5/ A,
1+ If[$k =0, 0, (P(i,5},56-1) g [3] -

(Rez /7 ((P(asp.0) g (Praasia) ) ) 131]1]

Define [Ri,j = IE:”_,{i,j} [ﬁ a5 b; +
k=1

Define[aS; = (aoi.2Ry,i) // P1,2,
aS; = E{i}.{i} [-a1 i, =X A5 &3y
1+If[$k =0, 0, (aS(i},sk-1) sk [3] -
((aSti},e) sk /7 @Si /7 (aS{i},sc-1) sk) [31]] ]

Define[bS; = boi,1Ri,2 // @Sy // Py,
bS; = boi,1Ri,2 // @Sy // P1,2,
ali,j,k = (R1,jRa,k) /7 bmy 5,3 // P3 s,
bAiLj,k = (Ry,1Rk,2) // amy,2,3 // Pi,3]

The Drinfel’d double:

Define|[
dm; ok =
((SYi-.4,4,1,1 // ab1,1,2 // abysz,3 // 3_53)
(SY55-1,-1,-4,-4 // BA_1, 1,2 // bA-z-.-z,-s)) //

(P_1,3 P_3,1 amy, 4, bma, _5,k) ]

Define [dai_,j = aA0i,j bai_,j,
de; = sej, dn; = sn;,
dSi = SYi,1,1,2,2 // (DS1aSz) /7 dmg,1ss,
dS; = SYi,1,1,2,2 // (bS135;) 7/ dmy,1.,

dAs,g,k = (DAiL3,1a0442,8) // (M3 a dy,2,5) |

Define [Ci = Egya{i} [0, 0, B}/? e-heai/Z]sk:
c, - E (i) [6, @, Bj1/2 eneai/z]$k,

(Ri,3C2) /7 dmy 50 /7 dimg 3,5,

(R1,3C2) /7 dmy 5,1 /7 dig,3,4]

Kink; =

Kink; =
Note.t==€a-ybandb==-t/y+e€aly.

Define[b2t; = E(i}, (i} [a1 ai + Bi (€ai-t:) /¥ + i X +MiYil,
t2b; = Efi}, (1) [as @i + T3 (€ai-¥bi) + €1 X3 +Miyi]]

The Knot Tensors

Define[kRi,j = Ri,j // (b2t; b2tj) /. ti|j-t,
kRi,j = Ri,j // (b2t; b2ty) /. {tijj->t, Tajj-> T},
kmi,j.k = (t2b; t2by) // dmi,j.k //

b2tc /. {tk>t, Tk > T, ti|j » 0},
kCi =C; //b2t; /. Ty T,
kCi=Ci //b2t; /. Ty T,
kKink; = Kink; // b2t; /.
kKink; = Kink; // b2t; /.

{tiot, Ti > T},
{ti>t, Ti>T}]

Some of the Atoms. wef3/atoms

With A; == ¢% and B; = e,

PP_:= Identity; $k=1; A=y =1;
Column[
(# - (& = ToExpression[#];
Normale@Simplify[&[1] + &[[2] + Loge&[[3]]1)) & /e
{"dm; ", "dAi,g", "dSi", "Ri,;", "Pi,i"}1]
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Yk 14 Xy €4
dms,jok = ak (05 +a5) + bk (Bi+B5) +Ykni+ %Jf—‘;lﬂh' &i -
i j

aaay € (2Yemy (X Ea Ay (~2Bs+ (1-3B) ny&s)) +

A € (Xk (-4B5+2(1-3Bk) njéi) +
A3ng (4akBe+ (1-4Bc+3BE) ny&i))) + Xk &5
dAi g,k > ajoq +akay + by Bi + bk Bi+Yjni+Bjykni+
Xj§i+Xk§i+%€ (Bijka§+Xk§i (—23j+Xj§i))

dS; - —aj ay - by By - TWENr 0B OGena)) ) nw(’n';B' Boaea

Bk nj &1 +

i

ﬁeﬂi (%77% (zy%*6yi§j+3§%> +B%§i (4aiXi+2X%ﬂi§j+
i

2%; (2B1+ A1 N1 E1) + N1 (-4 + 4B+ A Ni &) ) +
2Bini (Yi (-2+2B3+2X:1 A &1+ AN 1) -
€1 (-2+2a;+2B1+3Xi A1 &1 +2Ai N1 Ei)) )
Ri)j»ajbiJeryi—i—ex%y%

1_.2c2
Pi,j >3 Bi+niéj+ €Nicy

A Quantum Algebra Example. weP/qa

Proto-Proposition™ (with Jesse Frohlich and Roland van der Ve-
en, near [Ma, Proposition 1.7.3]). Let H be a finite dimensional
Hopf algebra and let U = H**°P @ H be its Drinfel’d double, with
R-matrix R € H* ® H c U® U. Write R'! = ¥ p, ® r,, and let
(- | -y: H* ® H — F be the duality pairing. Then the functional
f € U™ defined by

f pox:= ) (ool | xrl®)

is a right™ integral in U*. (Meaning Ai‘k// fj = fl /€& in
Hom(U®'! — yelkly),

10 A “proto-proposition” is something that will become a proposition once you
figure out the correct statement. 71 Or did we want it to be R/S3? Or R//S3?
2 Orisit p,¢? 3 Oris it r,x? T4 Or maybe “left”?

inp = E(y,y[3a1 by, 5X1y1, 11 /7 dmg asi5
Table[
HL@TrueQ[
(inp // (SYin1,1,2,2RR) // BM // AM // Py, ) dej =
(inp // AA /7 (SYis1,1,2,2RR) // BM // AM // P1,3) ],
{22, {dAisi, s dAiL5,i} Y, {AM, {dmy 4,2, dms 2,2} ),
{BM, {dmg,3,1, dm3,1,1}},
{RR, {R3,s, Rs,a // dS3 // dS3, R34 // dS4 // dSs}}
1 // MatrixForm

E(jo1 [e, 0, Lﬁ
1-B+B
B(-B+2B*+2B*+a (-1+B-B>+B*) -2xy-B? (3+2xy)) e
(1-B+8?)° "
1

2 (1-B+B?)°

B(4B°+a® (1-B+B*)? (1+B-6B>+B>+B*) +6B°x’y*+
2xy (-2+3xy) -B (11+4xy) -2B* (1+6x*y*) -
2B* (1-2xy+6x’y?) +B (1+8xy+6X"y?) +
B® (6+8xy+6x"y?) +B> (4+4xy+30x*y*) +
2a(1-B+B?) (2B®+2xy+8B’ (1+xy) -5B% (1+2Xxy) -

2B° (1+2xy) -B* (7+2xy) +B (2+4xy))) e’ +0[e]’

(False False False) (False False True )
False False False False False False

(False False False) (False False False)

False False True False False False
A Knot Theory Example. wef/kt
m / .

- 8 9

$k=2;
Simplify [

R1,5 Re,2 R3,7 C4 Kinkg Kinkg Kinkag // dmy 5,1 // dmy 3,1 //
dmy 4,1 // dmy,s,q // dmye,a /7 ding 74 // ding g, //
dmy, 9.1 // dm1,10->1] /.V_ 1V

References.

[BG] D. Bar-Natan and S. Garoufalidis, On the Melvin-Morton-
Rozansky conjecture, Invent. Math. 125 (1996) 103-133.

[BV] D. Bar-Natan and R. van der Veen, A Polynomial Time
Knot Polynomial, Proc. Amer. Math. Soc. 147 (2019) 377-
397, arXiv:1708.04853; Perturbed Gaussian Generating Fu-
nctions for Universal Knot Invariants, arXiv:2109.02057; A
Perturbed-Alexander Invariant, arXiv:2206.12298.

[Fa] L. Faddeev, Modular Double of a Quantum Group, arXiv:
math/9912078.

[GR] S. Garoufalidis and L. Rozansky, The Loop Expansion of
the Kontsevich Integral, the Null-Move, and S -Equivalence,
arXiv:math.GT/0003187.

[LT] R.J. Lipton and R. E. Tarjan, A Separator Theorem for Pla-
nar Graphs, SIAM J. Appl. Math. 36-2 (1979) 177-189.

[Ma] S. Majid, Foundations of Quantum Group Theory, Cam-
bridge University Press, 1995.

[MM] P. M. Melvin and H. R. Morton, The coloured Jones fu-
nction, Commun. Math. Phys. 169 (1995) 501-520.

[Oh] T. Ohtsuki, On the 2—-Loop Polynomial of Knots, Geom.
Top. 11-3 (2007) 1357-1475.

[Ov] A. Overbay, Perturbative Expansion of the Colored Jones
Polynomial, University of North Carolina PhD thesis, wef/Ov.

[Qu] C. Quesne, Jackson’s g-Exponential as the Exponential of
a Series, arXiv:math-ph/0305003.

[Rol] L. Rozansky, A contribution of the trivial flat connection
to the Jones polynomial and Witten’s invariant of 3d mani-
folds, I, Comm. Math. Phys. 175-2 (1996) 275-296, arXiv:
hep-th/9401061.

[Ro2] L. Rozansky, The Universal R-Matrix, Burau Represe-
ntation and the Melvin-Morton Expansion of the Colored
Jones Polynomial, Adv. Math. 134-1 (1998) 1-31, arXiv:qg-
alg/9604005.

[Ro3] L. Rozansky, A Universal U(1)-RCC Invariant of Links
and Rationality Conjecture, arXiv:math/0201139.

[Za] D. Zagier, The Dilogarithm Function, in Cartier, Moussa,
Julia, and Vanhove (eds) Frontiers in Number Theory, Physics,
and Geometry II. Springer, Berlin, Heidelberg, and wef3/Za.

Acknowledgement. This work was partially supported by
NSERC grant RGPIN-2018-04350 and by the Chu Family Foun-
dation (NYC).


http://www.math.toronto.edu/~drorbn/Talks/Kyoto-230727/qa
http://www.math.toronto.edu/~drorbn/Talks/Kyoto-230727/kt
https://arxiv.org/abs/1708.04853
https://arxiv.org/abs/2109.02057
https://arxiv.org/abs/2206.12298
https://arxiv.org/abs/math/9912078
https://arxiv.org/abs/math/9912078
https://arxiv.org/abs/math.GT/0003187
http://www.math.toronto.edu/~drorbn/Talks/Kyoto-230727/Ov
https://arxiv.org/abs/math-ph/0305003
https://arxiv.org/abs/hep-th/9401061
https://arxiv.org/abs/hep-th/9401061
https://arxiv.org/abs/q-alg/9604005
https://arxiv.org/abs/q-alg/9604005
https://arxiv.org/abs/math/0201139
http://www.math.toronto.edu/~drorbn/Talks/Kyoto-230727/Za

KiW 43 Abstract (wef/kiw). Whether or not you like the for-
mulas on this page, they describe the strongest truly computable
knot invariant we know.

Khovanov plus HOMFLY-PT on knots with up to 12 crossings
(not tested beyond). e The degrees are bounded by the genus!
e p; vanishes for amphichiral knots. e Has a chance of detecting

Observations. e Separates the Rolfsen table; does better than

non-ribbonness (wef/ind)!

378 2177 +49T0 + 1575 —433T4 + 154373 —3431T2 +5482T - 6410

4783377 +121T0=203T — 1117 + 149973 421072 +7186T 8510

knot  n; Alexander’s w® genus /ribbon [knot — nf Alexander’s w* genus /ribbon [knot  n;  Alexander’s w® genus / ribbon
diag (o))" unknotting # / amphi? |diag (o))" unknotting # / amphi? |diag (o))" unknotting # / amphi?
)" )" )"
0f 1 0/v 3 T-1 1/x 40 3-T 1/%
@ 0 0/v @ T 1/% @ 0 1/v
0 3731272426738 T4-373 15724747110
50 T*-T+1 2/% 55 2T-3 1/X% 6 5-2T 1/v
@ 2T3+3T 2/% @ 5T-4 1/% @ T-4 1/%
ST7 -2070+55T5 ~120T* +21773 33872 +4507 =510 —1074+12073 ~4877% + 10547 - 1362 14741673 ~29372 +1098T 1598
64 —T?+3T-3 2/% 6; T°-3T+5 2/X% 74 T3-T*+T-1 3/%
@ T3-4T?>+4T -4 1/% @ 0 1/v @ 3T°+5T3+6T 3/%

7T 2871047779 - 16878 +322T7 -560T° +8917° — 131074 +177773 -
223872426047 -2772

—18T8 +264T7 ~1548T° + 568075 — 1510774 +31152T3 -51476T2 +
692527~ 76414

378-35T7+128T0+105T5-2610T4+11225T3-2803172+47186T—55946

@ 79 3T-5 1/X 79 2T7-3T+3 2/ X 7% 4AT-T7 1/X

14T -16 1/X 9T3+8T>-16T+12 2/X @ 32-24T 2/ X
12974 + 117773 —442172 +9226T - 11718 —18T84208T 7917742666 T5-6049T *+1128373-17671T2423356T-25736 3527 +3616T> — 1437872 +307007 39188

75 2T?—4T +5 2/ X 78 T?+5T-7 2/X 7 T?>-5T+9 2/X

@ 973 —16T%+29T-28 2/ X @ T3-8T?+19T-20 1/X @ 8-3T 1/X

4T8-55T7 +310T0-805T> +86T* +6349T3 ~22686T2 +43610T —53622

54T8-344T7+865T0—650T5-2723T4+12243T3-28461T2+45792T-53540

ST12-397 11 112871018279 ~274T8 +2476T7 864270 +2151775 -
4292474 +7171973 — 10244872 + 126480 — 135628

8‘]’ 7-3T 1/X 8‘21 T3+3T>-3T+3 3/X 83’ 9-4T 1/X
@ 5T-16 1/X @ 2T°—8T*+10T3-12T%+13T-12 2/X @ 0 2/
4274421573 ~2542T2 +7562T - 10542 ST12-397 1 41197101397 — 24978 + 166077 —4959TC + 1113177 - 2247422473 -391072 + 141007 —20364
2081374 +3359573 —4752172 + 589887 —63556
@ 85{ 2T*+5T-5 2/ X @ 8? T3+3T%-4T+5 3/X @ 82 2T*+6T -7 2/ X
373 -8T2+6T -4 2/ X DT3+8T*—13T3+20T>-22T+24 2/X 5T3-207T°+28T-32 2/ X

387821677 +11270+288075 — 147877 +42444T3 ~85415T% +
1284067 — 146916

83 T°-3T*+5T-5 3/X%X
T3 +4T*—10T3+12T*-13T+12 1/X
871275711 134371097979 + 182178~ 178277 162370 + 120837 -
3300174 +6459973 — 10119472 + 1314047 — 143216

&

34 2T>—6T+9 2/v
“T3+4T>-12T+16 2/ X%
6278 —504T7 +1736T0 —2408T° —3717T% +26492T3 ~68493T2 +
1134187133180

cx

85 T3+3T*-5T +7 3/v
0 1/v
97128771 4417710~ 13057 +2858T8 —4134T7 +2114T¢ +8285T5 -
3192574 +6923573 — 11277372 + 1485087 — 162396

£

8% T3 -3T?+6T -7 3/X
TS+AT*—11T3+16T>-21T+20 2/X
871275711 1362710 -112279 +230678 ~254077 ~2198T° + 1881777 —
5438074 + 11010373 — 17569472 +230080T —251346

&

8‘;1 2T*+7T-9 2/X
5T3-24T?+39T —44 1/X
3878 —264T7 +301T0+3514T° —21716T* +68785T3 — 14689872 +
227828T —263172

&

8 T7—7T+13 2/X
0 2/v

4T8-77T7+583T0-1991T3+987T4+173 11737180272 +147914T-185846

&

8‘1’3 2T>-7T +11 2/ X
T3 +4T*—14T +20 1/X
627859277 +2351T0 39187 —4235T* +4007973 ~ 11153372 +
1915007 —227432

&

814 2T?+8T-11 2/X
573 -28T?+57T—-68 1/X
3878 —31277 +444T +5096T5 —34777T* + 11636873 ~255750T2 +
4016327 —465478

&

8‘1’5 37> —8T +11 2/ X
2173 —64T%+120T - 140 2/X
—12378 4212877 152417 +66120T5 —19999974 +45191273 -
79241472 411017207 — 1228222

&

8‘]’6 T°—4T?+8T-9 3/X
T3 —6T*+17T3-28T2+35T -36 2/X
8712100711 +598710-220579 +529278 ~7164T7 —2380T° +431007° -

&

13731474 +29175073 — 47874272 + 636488 T — 698666

8‘117 T +4T*-8T +11 3/X
0 1/v
9712116711 +722710 284379 +7656 T8 — 1366877 + 1111770+
219687 — 1130867 +273778T3 —47562272 +649064T 717954

@

81, T3 +5T°—10T+13 3/X
2/v

9712145711 41075710 484279 +14504T8 — 2856077 +27957T¢ +
3519575 —225204T* +573797T3 — 102164172+ 1411484T — 1567262

°

13177972+ 1528407 — 160976

267124296711 —1311710+383879 —8867T8 +17613T7 —31407T0 +5106175 —76085T* + 10429773 —

81, T°-T?+1 3/X 8% T?-2T+3 2/v 82, —T?+4T-5 2/ X
@ BT>—4T*-3T 3/X% @ 4T -4 1/X @ T3 -8T?+16T-20 1/X
7T 197101679 +48T8 —52T7 91 TO 421175 + 16T+ -43173 +289T2 + 4782277 +66T0 - 124T5 +52T* +478T3 ~1652T2 +3014T 3640 378 -28T7 +4970 435275 —2489T* +-8164T3 — 1753072 +27092T -31226
5367 —1060
knot  n; Alexander’s w® genus /ribbon [knot  n] Alexander’s w® genus / ribbon
diag (o))" unknotting # / amphi”? |diag (o))" unknotting # / amphi?
)" (o))"
9¢ TP—T>+T°-T+1 4/ X 95 4T-17 1/X
@ AT +7T°+9T3 +10T 4/ X @ 307 -40 1/X
9715 —36T 14 +99713 216712 +414T11 —720710 + 117079 — 180073 + 263077 —3662T° +4853T° —6142T* + —728T* +6088T3 —21946T2 +44788T —56420
742373 —8572T2 +9420T -9780
9 2T3-3T%+3T -3 3/X%X 94 3T>-5T+5 2/X
@ —13T3+12T*-25T3+20T>-32T +24 3/X @ 2373 -28T2+46T —44 2/X

21978 +199977 ~8389T° +23799T5 —52835T4 +96723T3 — 14912172 +194698T —213338
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267124376711 -2296T10+9328T9 —2898878 +73584T7 — 15839970 +295928T —486916T* +712094T3 —
93099372 410920747 — 1151564

knot  nj Alexander’s w* genus /ribbon [knot  nf Alexander’s w* genus / ribbon
diag (o))" unknotting #/ amphi? |diag (o))" unknotting # / amphi?
(o) (o)
9 6T—11 1/X 9% 2T3—4T*+5T -5 3/X
@ 100-65T 2/ X @ 1377 —24T*+45T3-52T%+68T — 64 3/X
3234742979273 11324172 +236818T —300294 2672437671 -22127104+.8280T9 —2324978 +53488T7 —106013T° + 18599075 —29285374 +416673T7 —
53706272 +626488T —659788
@ 99 377-7T+9 2/X @ 9§ 2T?+8T-11 2/X
2373 -56T%+99T —108 2/X 373-16T?+29T -28 2/X
21978 +271777 1572070 + 5838975 — 1576987+ +329265T3 —548657T2 +741610T —819394 5478 —55277 4212470 221677 — 1264174 +6711273 — 17211872 +289304T —342134
@ 9;’ 2T°—4T>+6T -7 3/X @ 9% 4T?-8T +9 2/X
1373 -24T*+55T3-72T%>+98T —96 3/X —40T3+72T7-114T +120 2,3/%

—608T8 +6720T7 =33776T° +110928T5 —273462T% + 53704073 ~862768T2 +1145784T — 1259748

9% T3+5T%-TT+7 3/X 9%, 2T*+9T-13 2/ X
@ DT +16T*—41T3+52T*—66T +64 2/ X @ 573 -36T>+84T —100 1/X

ST12-65T11 4312710 -46379 —204278 + 1458877 —50444T0 + 12696775 —258750T* +444545T3 — 65421372 + 3878 =31277 +45T0 +9790T5 —60473T* +202775T3 —453255T2 +722176T —841572

8272207 —895336

@ 9% 4T?-9T +11 2/X @ 9%, 2T?-9T +15 2/X
—40T3+92T%>—154T +168 2,3/ X —T3+8T%-35T +60 1/X

—608T3 +768077 —436507° + 15800475 —417129T* +856533T3 — 141246172 + 18992227 —2095210 6278 —75277 +3655T° 71787 —9502T% +97737T —294656 T2 +531720T —642168
@ 951‘5 2T?+10T-15 2/X @ 976 2T3-5T?+8T -9 3/X
—ST3+40T*-108T +136 2/ X o —137°+36T*-80T3+1207T>-161T +168 3/X%
3878 —36077 +20870+12328T7 —84103T% +298764T3 ~691161T2 +1121034T — 1313504 26T'2+456T"1 -3331710415554T9 —5394178 +149494T7 —345106T° +68090075 — 1167591T* +1759576T3 —

234774972 +2786466T 2949428

@ 9%, T°-5T*+9T-9 3/X @ 9% 4T>-10T +13 2/X
T3 —-8T*+23T3-32T2+28T -24 2/ X 4073 -108T%+193T 220 2/X

8712125711 +874T10-3595T9 + 946278 — 1516677 +6162T° +47027T° —181220T* +415509T> ~ 71607072 +
9820367 — 1089796

—608T8 +8224T7 —51208T0 +20190475 5705167+ +122892073 —2087725T2 +2850858T —3159722

-608T3 +9184T7 —62698T° +265980T5 —794496T* + 178111173 ~3107204T2 +4307350T —4797258

9‘]‘9 2T>-10T +17 2/ X 9‘2‘0 T3+5T*-9T +11 3/X
@ T3 -8T%*+20T 24 1/X @ 2T —16T*+47T3-84T*+117T - 124 2/X%
6278 —840T7 +4536T0 — 1035277 ~7041T* + 11642873 —372683T2 +688198T — 836608 ST12-65T 1143307057779 —2439T8 +2148277 ~86959T° +247237T5 —548658T* +99384173 — 150263772 +
19185327 2080192
931 2T*+11T-17 2/ X 9;2 T°-5T%+10T-11 3/X
@ ST3+44T*-127T +164 1/X @ T3 +8T*-24T3+38T>-40T +36 1/X
3878 —408T7 +493T€ +1380277 —105014T% +396685T3 ~954552T% +1583140T — 1868380 8712125711 4893710382479 +10605T8 — 1790277 +699070 +64299T5 ~251573T4 +584313T3 ~101213372 +
13886507 — 1540398
933 4AT? 11T +15 2/ X 9%, —T3+5T*-10T +13 3/X
@ 4073 —128T%+243T 288 2/X @ —4T?+16T =20 1/X

971214571 41075710 -48507° + 1460078 2911277 +2992176 +30667T7 —218916T* +57093373 —
102983372+ 14334767 — 1595654

9712145711 4109671051157 + 1608878 —33784T7 +37362T€ +34075T5 —273854T4 +743153T3 -
137454572 +19413327 =2171344

@ 9‘2’5 3T>+12T-17 2/X @ 9;6 T°-5T>+11T-13 3/X
1273 -70T%+153T - 188 2/ X T +8T*-31T3+64T>-85T +92 1/X
17478 120077 - 10277 +42696T7 2355127 +740956 T — 158586472 +2460360T —2841166 8712125711 4900710 -386179 + 1035178 1435677 1239170 + 13247373 —427732T* +93930973 -
158804672 +2154028T—2381116
9;7 T3+5T*—11T +15 3/v 9‘2‘8 T°—5T?+12T-15 3/X
@ T°-8T*+24T-32 1/% @ T°—-8T*+307T°-68T2+105T—120 1/%

8712125711 4923710413879 + 1180073 ~ 1809277 — 1110170 + 15941575 —543916T* + 122878173 —
210780972 +2877256T —3186008

9"9 T>-5T*+12T-15 3/X
T>—8T*+26T3-48T>+59T -56 2/ X
8712125711 4931710 -42907° + 13096 T8 —24848T7 + 1333570 +94047T° —409576T* + 101023773 -
181655772 +25438367 —2840192

&

94, T +5T*-12T+17 3/X
273-10T?+25T-32 1/X
971214571 41117710 -5376T% +17533T8 —3817077 +43292T° +43619T7 —3473977% +95788177 —
179418972 +2553442T — 2863228

&7

9;’1 T°-5T?+13T-17 3/X
T°—8T*+337T3-80T>+132T 152 2/X
8712125711 4938710430379 + 1254478 — 1913877 — 1720070 +204143T5 —703180T* + 161736577 —
281819072 +3886636T —4319004

2

9% T3 —6T*+14T-17 3/X
—T°+10T*—42T3+94T>-133T +148 2/X
8712150711 +1269T10 -6297T° +19455T8 —3272077 — 11156 T° +260282T° —930836T* +21536187T° —
375035872 +5165114T —5736454

&

07 T7+6T7—14T+19 3/X
T3-10T2+30T-40 1/%

971217471 41539710 -82077 +28913T8 —67184T7 +84077T0 +55866T° —581640T* + 16647987 —
316683872 +4539202T —5100726

&

07, T +6T7-16T+23 3/%
3731872 +43T-56 1/%

971217471 4158171088317 +32988T8 —81774T7 + 10963170 +73248T° 82934174 +248093873 —
486919772 +7112552T 8043256

17478 — 144277 6907 + 5906877 —366222T% + 124721473 ~2815796T% +4505578T —5255776

9% TT-13 1/X 9% —T3+5T*-8T+9 3/X

@ 90T — 144 2,3/ X @ 2T’ +16T*-44T3+66T>—-87T +88 2/X
~6355T* +5886173 22453972 +470386T — 596734 ST12-65T11 +321710-53279 —208178 + 1706677 —64846T° +175611T5 —376739T* +66800173 —998037T2 +

12673427 1372104

9, 2T>-11T+19 2/X 9% 5T?-14T+19 2/X

@ T3-8T?+22T-28 2/ X @ 6273 -204T2+382T —452 2,3/X%
6278 —928T7 +5487T° — 1381477 —66817% + 1548677 52023972 +-983348T — 1204192 141478 +2212277 15356070 + 65734077 —1976110T* +445436273 — 780644872 + 108555827 — 12103772

9% 3T%+14T-21 2/ X 9% T>—7T*+18T-23 3/X

@ —1273 +84T%-210T +268 1/X @ T3 —12T*+57T3 - 144T? +229T 264 2/X

8712175711 41712710 -973877 + 3425078 —6610877 — 111487 +553509T° —21495607* + 523096373 —
940624872 +131878007 — 14730526




knot  nj Alexander’s w* genus / ribbon
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ot  nj Alexander’s w* genus / ribbon

diag (o))" unknotting #/ amphi? |diag (o))" unknotting # / amphi?
(5)* (5)*
9% 3T?-12T+19 2/ 9% T?+2T-1 2/X
373-20T%+70T-108 2/ X T342T*+T—4 1/X%
30978 —328877 + 1388570 2092875 —55179T* +37810073 — 103581072+ 1787808T —2129794 378 1477 43276 —96T5 +265T4 —29473 —498T2 +2170T -3128
9 T3+3T>-2T +1 3/X e T?—4T+7 2/X
DT +8T*—TT3+2T*-5T+4 2/X 2T?4+9T-12 1/X
571239711 411071010879 11573 +57077 — 147770 +3453T5 —6651T* +1095173 — 1718872 +24718T —28462 478 _48T7 +237T0 —496T5 —346T* +4988T3 — 1504472 +26768T —32126
9%s T>+6T-9 2/ X 9% S5-2T 1/v
T°—14T?+47T -60 1/X 3T-12 2/X
378 4277 +78T0+1376T5 — 11135T* +42574T3 — 10252272 + 1698067 — 200284 2T +16073 —1125T2 +30827 —4222
9% T°—4T?+6T -5 3/X%X 9s T>+7T-11 2/ X
“T5+6T*—15T3+16T>-10T+12 2/X T3 +12T*—42T +52 2/X
8T 1210071145607 10-18417%43847T34710T742T5+17494T3-55447T*+1 17058 T3-193749T 24261386 7288924 3784977 +243T° 426775 —8051T% +4049973 — 11216772+ 1998507 —241202
91}9 37> —6T+7 2/X 10 9-4T 1/X
2173 +38T>-61T+60 3/X 14T -40 1/X
—12378 + 161477 —8744T° +29928T5 —75873T* + 15271473 25079472 +338238T —373944 24T* +2136T3 — 1343072 +34860T —47068
109 T*+3T3-3T°+3T -3 4/X 1031 13-6T 1/v
377 —12T°+16T° -20T*+24T3 -24T>+27T -24 3/X%X 117-28 2/ X
771057715 4189714 ~293713 —55T12 4 16287 11 —5543T 10 + 1326677 —26589T® +47468T7 7741570 + 8707 +128873 —27795T2 +85718T — 120138
11654975 16291174 +21232573 —25841372 +2925807 —305480
104 3T*+7T-7 2/ X 10‘5’ T*=3T°+5T*-5T+5 4/ X
4T3 -8T*+T+8 2/ X 2T7+8T-20T° +28T*-36T3+36T>-39T +36 2/X
29478 —1807T7 +4570T° 430575 95507 +4958173 — 11745672 + 1893307 —221294 12710117715 4565714~ 1757713 43847712 —5960T 1 +5381710 +2968T7 —26625T8 +75008T7 ~1574157¢ +
27917375 —436999T* +615297T3 —785328T2 +9099167 —955948
10¢ 2T +6T>-7T+7 3/X% 109 3T°+11T-15 2/X
9T —36T*+56T>-72T*+81T -84 3/X 1473 -72T%+135T -160 1/X
62712408711 +712710 4228079 ~ 1749378 + 6065277 — 15349270 +319048T3 — 5695847 +89039773 — 11478 —275T7 —5840T€ +51739T5 —222492T% +626425T3 126734872 +1914410T —2193462
122865772 + 14961507 — 1599330
10§ 2T +5T*=5T+5 3/X 105 T +3T3-5T*+7T-7 4/X
77> -20T*+23T3 -28T*+26T -24 2/ X —T7+4T°—10T° +20T*-25T3 +287>-28T +28 1/X

94712672711 4211510367879 +2535T8 +6453T7 —30645T° +78385T5 15489574 +25660173 -367525T2 +
4585007 —494524

15710153715 4787714 ~2727713 + 7084712 ~ 14404711 422886710 ~261347° + 1154078 +3933277 -
14686670 +32511575 —571077T* +85694173 — 113101372 + 13306687 — 1403980

10‘;0 37> 11T +17
ST3+24T*-71T+100
28578 —2735T7 + 1007870 —9479T3 —64000T* +3272537T3 —827377T2 + 13781307 — 1624314

2/%
1/%

10{, 4T7+11T-13 2/%
16735272 +68T~72 2,3/%

73678 —4672T7 +9634T0 + 1113275 — 12536774 +41312173 —87309572 + 13369747 — 1536906

10‘1‘2 2T —6T>+10T-11

ST +20T*-50T3+72T>-89T +92 2/X
1187121080711 +4748710 1262479 + 1941478 ~2072T7 —88507T0 +320836T5 - 750453T* + 136692273 —
205348172 +2604638T —2816934

B &

10, 2T*-13T+23
T3—-12T*+51T -84
6278 —1088T7 +7367T° —20586T7 — 13356T* +2865097 ~ 100509872 + 19542807 — 2416160

2/%

10‘,’4 2T3+8T*-12T +13 3/X
9T>—52T*+119T3 - 180T*+225T —236 2/ X
62712 -584T 1 + 1720710 428167 —42848T8 + 19504077 —594177T6 + 14076887 —2753604T* +4575154T3 —

05

10‘]’5 2T3—6T?+9T -9 3/X
BT +12T*-24T3+24T> 17T +12 2/X
1347122127271 45792710 - 1652077 +31765T8 37636 T7 +2396T0 + 1201767 3713687 +7528737° —
119504372 +15601907 — 1702986

& o

2%
2/X

654507872 +81068207 —8706026

—16T3+56T*-76T +80

736T8 —5248T7 +12944T0 +6528T5 — 1441627 +52220077 — 115537072 +1809228T —2093696

T*-3T3+5T>-7T+9 4/ X%
1/v

16T'0—165T 15 +861714-3043713 +8173712 - 17514711 +30162710-39958T° + 3266675 + 1399877 —
12508170 +317743T5 —5884817% +90456973 — 120702072 + 1426556 T — 1506972

107,
0

)

lO‘I‘8 —4T?+14T-19
16T3—68T2+121T -140
73678 —6240T7 +17736T0 + 110887 —245648T* +930168T3 —210920172 +3338706T 3874682

2/X
1/X

107, 4T7+12T-15

10‘1‘9 2T3-TT°+11T-11 3/X
37°—16T*+35T3-40T?*+30T 24 2/ X
134712 2148071 47641710 ~241947° +.50855T8 6600777 +12323T° +201357T° 6652877 + 139779773 -
227108572 +30061287 —3296368

sie

105, 3T77+9T-11 2/ X 105, 2T3+7T*-9T +9 3/X

@ 14T3-56T*+88T —104 2/ X @ 9T —44T*+80T3 - 104T*+121T—124 2/X

11478 -153T7 —4783T0 +34425T5 — 1287117 +327435T3 —618704T2 +899066T — 1017366 627124967 + 1203710420787 —24456T8 +97163T7 —267878T0 +59204175 —1106738T* +178959173 —
252573272 +31137527 ~3341184

109, 2T3+6T*-10T +13 3/v 105, 2T3-7T?+13T-15 3/X

@ T3 +AT*—10T3 +24T>-37T +44 2/ X @ ST +24T*-67T3+108T>-137T + 144 1/X

1187121272711 46541710 -204027° +38443T8 —21945T7 13244270 + 5943357 15304207 +296036377 —
462219372 +5992048T — 6526360

1055 2T3+8T*—14T +17 3/X
9T —S2T*+ 13173 -232T%+314T - 344 2/X
62712584711 +1856T 10 +2264T° —47052T8 +241288T7 ~8095417° +2068016T> —4270010T* +734793073 —
1072333172 + 134062067 — 14434208

28

142712 21368711 46524710 -201207° +4279078 5792877 + 1691970 + 1587007 5407077 + 113029473 —
1034 AT?+14T-19 2/ X
24T3—116T%+221T-268 2/X

@ T3 +4T*—10T3+28T>—49T +60 1/X

1427122160071 +8823710-31058T9 +74964T8 — 11789777 +67064T° +255997T° — 10476007+ +2360395T° —

180964372 +2363114T 2577418
41678 —1568T7 — 1322470 + 13692875 —604124T* +1701008T> —3414673T2 +5118714T 5846946
10;6 2T3+7T*=13T +17 3/X
394788872 +5281288T —5805248

105, 2T3-8T>+16T—-19 3/X
57> —28T*+87T3—164T*+229T —252 1/X
118712 - 1464711 +8536T10-2979279 +62096T8 ~39696T7 24219570 + 11518487 ~3078140T* +
609891073 —966194072 + 126212407 — 13779050

&




knot  nj Alexander’s w* genus /ribbon [knot  nf Alexander’s w* genus / ribbon
diag (o))" unknotting #/ amphi? |diag (o))" unknotting # / amphi?
(5)* (5)*
1054 4T?-13T+19 2/X 105, T3-7T*+15T-17 3/X
@ —8T3+36T*-100T +136 2/ X @ T —12T*+52T3-104T%+124T -128 2/ X
92878 787277 +26174T0 —22588T5 — 142295T4 +689113T3 — 167639172 +2728998T 3192146 8712175711 41659710 891379 +2925278 —5429277 + 10686 T +290989T5 — 11266637+ +267321173 -
472349872 +6566572T —7317656
10;’0 —A4T?+17T-25 2/X 10311 AT? 14T +21 2/X
@ 24T3 - 148T2%+345T —440 1/X —4T?>4+9T-12 1/X
41678 —2048T7 — 1749070 +219996T7 — 11018947 +339690773 —724551072 + 112437347 — 12988226 99278 —944077 +36936T° —59136T° —72624T* + 6233047 — 169189972 +2867550T —3391374
10;‘2 2T3+8T*-15T+19 3/X lOg‘3 4T>-16T +25 2/X
@ T3 —4T*+13T3-40T?+78T -96 1/X @ 0 1/v

142712 2183271 + 11204710~ 426887 + 10990978 — 18438477 + 12483170 +360782T° 161539174 +
375958573 — 640489072 +8655360T —9545252

99278 — 1081677 +47856T° —88336T> —84402T* +92032077 —265534072 +4640912T —5542372

41678 -1632T7 - 1612270 + 17246075 ~788845T* +2280037T3 —4653713T2 +7038342T ~8061882

105, 377-9T +13 2/ X 1055 2T7—12T +21 2/v

@ ST3+20T*-52T +68 2/ X @ T3 +12T*-47T+76 2/X
28578 220577 +66017°—342975 —43369T* + 18570373 43185772 +687874T 799218 6278 — 100077 +62447° — 1574475 — 15707T* +2326807> ~ 77584072 + 14743727~ 1810118

105, 3T%+13T-19 2/ X 105, 4T?-13T+19 2/X

@ 14T3—-88T*+208T —264 2/X @ 0 2/v
1147839777 —7597T0 +8114175 39344174 + 119896773 —2544952T2 +3941362T 4550398 99278 —8736T7 +31914T° —47212T5 —64499T* +497921T3 — 130875572 +2181630T 2566522

105 AT?+15T-21 2/ X 105, 2T3+8T*-13T +15 3/X

@ 2473 —128T2%+270T-336 2/X @ 9T —52T*+125T3-204T>+263T —280 2/X

62712584711 +1788T10 424807 4419178 +2134887T7 —683173T0 +1684054T> —3393468T* +5753447T3 —
833057172 +103790807 — 11164828

105, 27°—8T°+17T-21 3/X
5T +28T*~89T3 + 17672 ~258T +288 2/

118712 - 1464711 +8692710-31256T +67987T° —49624T7 25795570 + 13014827 ~3582545T* +

&

724025373 — 1162038272 + 152923567 — 16735336

lel T°-7T*+17T-21 3/X
. T5—12T*+54T3-120T? +157T - 164 2/X
8712175711 41697710 -954379 +33561 78 —69114T7 +29117T0+354127T5 —1527139T* + 383649977 —

&S

701904272 +9942516T — 11145016

10g, T3+7T*=19T +27 3/v
273 —-8T*+11T-12 1/X
9712203711 42093710 - 1297179 +52885T8 — 14226877 +214987T° +6093 173 — 1368859T* +4365895T —
881535772 + 130584047 — 14831092

&

102:3 T3+7T*-17T+23 3/X
0 2/v
971220371 42051710 - 1225379 +47594T8 — 12096277 + 17045070 +61017T5 — 104591174 +317527173 -
620966172 +9025932T — 10186676

&

104’;4 T°—7T*+19T-25 3/X
T5—12T*+56T3—-140T?+220T —248 1/X
871217571 +1735T10 - 101577 +37586T8 —8116077 +29232T° +5009377° 21974517 +563511577 —

E

1044805872 + 149002367 — 16735696

107, T°+7T7—21T+31 3/%
0 2/v

971220371 42135710 - 136897 +58324T8 — 165246 T +266640T° +52413T° — 173853974 +58213677° —

B

1212307772 + 182901487 —20900556

109, —T*4+3T7°-4T?*+5T -5 4/X
BT7+12T0 2177 +34T*-43T3+52T%-55T +56 3/X%X
771057715 1204714 -382713 469712 42247711 ~9674T10 +27287T9 —61957T8 +121378T7 -2119617° +
33543873 —485235T* +644818T3 —78936572+891215T —928064

B

104, T*-3T°+6T*-7T+7 4/X
2T7+8T-23T°+38T*-56T3+60T>—68T +64 2,3/%X
12710117715 4598714 -20307 13 +4959712-8715T 11 +9312710 4292179 ~4482378 + 13960277 3121127° +
57918275 9365467 + 13475387 — 174163372 +2029805T —2135930

&

IOZ8 T*-3T3+6T?-9T +11 4/v
T5-2T*+2T3-3T +4 2/X%
16T10-165T 15 +906T 14 ~3452713 + 100697 12 ~23423T 1 +43765T 10 —633437° + 5958875 +823277 -
1925057 +537134T7 — 10481767 + 166952873 —228199472 +27351097 2902594

@

10?19 373 -8T°+12T—-13 3/X
307°-94T*+196T3-292T%+372T —392 3/X
1777124302871 22080710+ 10136 17% 34135478 +914348T7 —2044469T° +3931812T° —6622778T* +
987427073~ 1310511072 + 155225327 — 16422794

e

102, 2T +7T°—11T+13 3/%
975 +44T* —94T3 + 15072 — 186T +200 2/%

10;’l 2T3-7T?+15T-19 3/X
ST +24T*-73T3+134T%—194T +212 2,3/%X
1187121272711 +6813710-226027° +45771T8 ~28275T7 — 18041176 +857569T° 23066977+ +460264173 —
733266572 +9612128T — 10506256

@

62712496711 +1283710 4209479 2973278 + 13430177 —4128097° +9909037° — 1959941 7% +327862177 -
3/X%X

470240872 +5824956T — 6253664
@ 2/X

102, 67°—18T+25 2/%
937°-346T2+680T —828 2,3/%

364278 +58248T7 —417976T +1846212T° —5694639T* + 1308493673 —2323 116372 +32545278T 36374532

&9

1022 2T -7T?+13T-15
BT +16T*=37T3+50T>—49T +44

1347122148071 +7961710 -270587 +62159T8 —88993T7 +22042T0 +296843T3 — 104024074 +2254967T° —
372001772 +49524007 —5437448

@ lOg‘4 2T —6T>+10T-11 3/X

BT +12T*-24T3+26T>-21T+16 2,3/ X

134712 21272711 +5964T 10— 178807 +36606T8 —46740T7 +6565T0 + 150576 T —487825T* +1010638T3 —

161959372 +21209787 —2316318

107, ST7—15T+21 27X
6673 ~246T+488T 596 2/X

—1966T8 +3049177 ~215627T° +945597T5 ~2905831T% +666295173 ~ 1181471272 +16540014T — 18481854

B

102, 2T3+8T* 14T +17 3/X

OT>+52T* - 13373 +234T*-312T +340 2/X

62712584711 + 1800710 +28407° —49588T8 +247616T7 —819257T0 +2077408T> —4277830T* + 736401073 —
1076563972+ 134819907 — 14525656

10‘5‘7 2T°—-8T*+18T-23 3/X
ST3+28T*-93T3+194T%-300T +340 2/X%
1187121464711 +88087T10-3226479 +71276T8 —49320T7 —305843T0 + 153737675 —4286854T* +
877439073 — 1422138372 + 18829374 —20648444

&)

10’5’8 377-16T +27 2/X 10;19 T°—7T?+18T-23 3/X
@ 373 -28T2+94T - 140 2/X @ T +12T*-55T3+128T>-181T+196 1/X
30978 —4384T7 +24039T° —49896T> —90763T* +864784T3 —2647834T2 +4837480T — 5867454 8712175711 +1716T10-9858T7 +35706T8 —76124T7 +33704T +412653T5 — 1824096 T* +4655939T7 —
859664472 +12230816T — 13727286
@ 1020 —T3+7T*-20T +29 3/X @ 102l 2T +5T*-6T +7 3/X
5T3—40T?+122T-176 1/X T3 +20T*-27T3+36T>-35T +36 2,3/%X

94712672711 +2231710-43827° +4108T8 +632077 —40187T0 + 11329675 2357 14T +4004707° -
57652972 +714816T —767686

9712203711 42114710 1333879 +5573278 — 154496 T7 +241898T€ +66137T5 - 1621594T* + 532660373 —
4/ X

1098985872 +16499428T — 18824860
@ 2/%

1022 T*-3T3+6T°-8T+9
2T7+8T° 23T +40T*—-63T3+76T>—89T +88

12710 117715 +598T 14 ~20577 13 45172712 -95097 11 + 10856710 +2734T° ~5450278 + 17891777 -

4143127 +786766T° — 12892087 + 186586673 —2414454T2 +2812025T —2957594

107, 5T°-14T+19 2/%
667> ~220T +416T —496 2/%

—1966T8 +28318T7 — 1880807 +78338873 —2311570T* +5141906 T3 ~8929148T2 +12349082T — 13743884

&




knot  nj Alexander’s w* genus /ribbon [knot  nf Alexander’s w* genus / ribbon

diag (o))" unknotting #/ amphi? |diag (o))" unknotting # / amphi?
)" )"

10¢, —T*+3T3-6T*+10T-11 4/% 10g5 2T°-TT*+14T-17 3/%

@—Tuﬂf’—11T5+24T4—37T3+52T2—60T+64 2/% @ ST +24T*~71T3+ 12472~ 1697 +180 2/%

15716153715 4830714 -3147713 +9133712 -209837 ! +37963710 501647 +30642T8 +68741T7 -
31003670 +7454307° — 13817357 +215056073 —290631772 +3464829T —3671204

10¢. 3T°-9T°+16T—-19 3/X

@ 3072 —112T*+279T3 -480T> +662T —724 3/X

1777124332171 —27536T 10+ 145346T% 5616 14T8 + 170678877 —4256 134T0 +8946173T° — 16135424T4 +
2527193573 —34647456T2 +41790680T —44471832

1187121272711 46657710 -212827 +40874T8 2076877 ~166691T° +742216T5 ~1933704T* +3781794T3 —
2/X

595094772 +7749120T ~8452246
@ 2/%

1027 4T?+16T-23
24T3-140T2%+312T-392
416T8-1696T7 — 1859270 +205384T —971474T* + 288488073 —6004484T2 +9188872T — 10566612

1028 4T? 14T +21 2/ X @ 1029 T>-7T*+21T-29 3/X

873 —40T>+117T -164 2/ X T +12T*-68T3+212T>-397T +476 2/X

92878 —8448T7 +29784T0 —26736T> — 178984T* +891736T> ~2217147T2 +3657390T —4297054 8712175711 +1753710 1033979 +37435T8 —68174T7 = 7899770 + 101563575 —3880779T* +969749173 —
1793782672 +256463007 — 28844672

1030 T°-7T*+16T-19 3/X% 10‘;1 T3+7T>—18T +25 3/X

@ T +12T*-53T3+114T?*-146T +152 2/X @ T3-2T*-T+4 1/X

871217571 +1678T10-922079 +3125178 —6045077 +14335T° +3375937T5 ~ 1351773T* +3275803T3 —
586433672 +82086547 —9166724

105, 27°+9T°—16T +19 3/X
975 +60T*~167T%+298T2 410 +448 2/%

971220371 42072710 - 126087 +50167T8 — 13108277 + 19065570 +64937T> —1206917T* +3745659T3 —
3/X

743610272 + 109067787 — 12346734
@ 1/%

10‘7’3 T°-7T?+20T-27
T —12T*+65T3-194T2 +350T 416

8712175711 +1738T10- 1011279 +36117T8 —66038T7 —61235T° +869449T5 —3296603T* +813380377 —

1488088072 +211228907 —23697928

62712672711 42407710 4284679 —67046T8 +358714T7 — 12374407 +3225136T° —6760702T* +
2/ X

1176798473 — 1731577772 +21757146T —23465324
@ 2/%

1034 AT?+16T-23
24T3—136T2+290T —-360
41678 —1984T7 — 14448T0 + 17883275 ~870542T4 +2626104T3 —5521764T2 +8500760T —9794748

104, T°+7T°—19T+27 3/V
4T3 +36T>~117T +172 2/%

971220371 42093710 - 1297979 +53085T8 — 14406077 +222795T0 +45939T5 — 138250774 +452891973 —

10‘7‘6 2T3+7T* 12T +15 3/X

T3 +44T* —104T3 +184T> -245T +272 2,3/ X

62712496 + 1263710 +29267° ~37611T8 +174774T7 —553794T 0 + 13597407 —2727505T* +4595668T° —
661003972 +8193314T —8796596

930236572 +13926940T — 15875332
105, 21°—7T7+14T-17 3/%
-ST54+24T*~71T3+13272 - 189T +208 2,3/X

1187122127271 46657710 -211707° +3960275 — 1348077 — 19356370 +812568T° —20724527% +3997538T3 —
622787972 +80589127 —8771174

109, T +7T7—16T+21 3/X
27° 24T +105T° ~244T%+390T —448 2/%

10?9 T*=3T°+7T*-12T +15 4/X
0 2,3/v
16716165715 +951714 -3892713 + 12327712 -31301 7" +640477"0 - 10208879 + 10894278 -517277 -
32863570 + 101364475 —209931874 +3486798T3 490482472 +5979109T — 6380898

€&

571229171 4626710~ 13107° —9682T8 +98268T7 —472808T° + 15588977 —3892200T* +769910773 —
3/X

1236527872+ 163513527 — 17933784
@ 3/%

10§, T3+8T°-20T+27 3/%
0 2/

9712232711 42632710 - 173477 +73146T8 — 199476 T7 +303717T° +63516T° — 178322274 + 56366741 —

&

1123991872 + 165010927 — 18681194

10;;0 373 —9T°+15T-17
3072 —112T*+2607T3 -426T*+568T -616
1777124332171 -26919710 41374197 —511788T8 + 150090677 —3625608T° +7420093T° — 1310178574 +
2019676773 —27388655T2 +32826444T —34860060
4/X
& g

10g, 2T3-9T>+19T-23 3/X
ST3+34T*-110T3+214T%-3017 +332 2/X
1187121632711 +10501710-40166T° +92154T8 —74661T7 —344938T° + 182904975 —5155786T* +
1058900373 — 1718400272 +22763416T —24966116

&5

10g, —T*+4T°-8T?*+12T-13
T7—6T+19T° —42T*+64T3 787> +84T — 84
157102204715 + 1362714 -5956T 13 + 19067712 4694071 +:89646T 10~ 12598477 +94379T8 + 11848877 —
66360070+ 167594473 —3187626T* + 504650873 — 689963272 + 82827527 —8796438
3/X%X
& g

IOg5 T*—4T3+8T7>—10T +11 4/ X
2T —12T°+36T°-68T*+10173 - 124T%+138T - 140 2/X
12710156715 +986T 14 ~39827 13 + 11319712 -230427 "1 +29987710 -30987 — 11646078 +418314T7 —
100542570 + 195304872 —3252398T* +4764776T3 —622061172 +7285042T — 7676632

&

10;4 2T —9T?+20T -25
ST +34T*—116T3+246T>-373T +424
118712163271 +10601710-409707° +9336 178 —60130T7 —457712T0 +2276184T5 —6379977T* +
1313108873 —2137012572 +283635427 =31128704
3/X
®

10§6 2T3+9T*-19T +25
T +6T*-21T3+58T>-105T +128

142712 2205671 + 14135710 -603467° + 17307378 —32245777 +2561327° + 6408397 319217874 +

780651173 —1371273172 + 188520807 —20906284

10g, 2T°+9T*-18T +23 3/v
T3 +6T*-23T3+66T>-125T +152 2/X
1427122205671 +139557 10— 5831879 + 16279878 —29322877 +214867T° +612960T5 — 28824607+ +
690257073~ 1197966972 + 163614447 — 18106010

&

107, T°+8T2-24T+35 3/X
0 1/v

10g, T°—8T?+24T-33 3/X
T3 —14T*+83T3-264T>+495T —596 2/X
8712200711 +2236T10 - 1446179 +56992T8 — 11707277 ~76152T +1508604T> —6093936T* + 156200307 —
2928660472 +42155400T 47509694

E3)

9712232711 42716710~ 1895577 +86300T8 —257664T +436281T0 +55760T> —2823656T* +9657962T° —
3/X

2030648072+ 307754727 ~ 35215022
@ 2/%

545844373 -943230972 + 128614967 — 14226804

lOgl T*—4T3+9T°—14T +17 4/X
T5-2T*+2T3-3T +4 1/%
16710 -2207 15 + 1535714 ~7166T 13 +24885T12 —67476 T 1 + 145070710 -2420147° +27875378 - 7821277 -

&

62432970 +20919107° —4424108T* +73976307> — 1042541872 + 127118147 — 13565348

10;’0 2T3+8T*-17T+23
142712 2182471 + 11452710 ~45568T +123153T8 21497677 + 13851570 + 5239187 —2309034T* +
1032 2T3+10T?-20T +25 3/X

IO 4+6T*—21T3+54T% 93T +112
@ 9T +68T*~216T3 +428T%—622T +696 2/X

1033 2T3—8T*+15T-17 3/X
37°—18T*+43T3 58T +55T —48 2/X
134712 21696711 +10180710-378807 +94183T8 — 14727277 + 6272970 +424866T5 ~ 1618596 T+ +
361674373 —6059793T2 +8130868T —8948936

&

62712760711 +3228T10 4+ 1776T° —90686 T8 +555772T7 —2114169T0 +5951964T5 — 1325115974 +
4/X

2412785073 ~ 3662401672 + 468624607 — 50844652
@ 2/%

10’9‘4 T*+4T3-9T?+14T -15
—T7+6T-20T° +46T*-76T3+102T>-115T +120
157102204715 + 1405714 —6454T 13 +21907712 - 57432711 + 117080710~ 1767547 + 15040578 + 13597277 —

92871770 +2460642T3 —4804019T* +772946273 — 1067299072 + 128815667 — 13703760

1035 2T3—9T?+21T-27 3/X
ST +32T*—114T3 +248T> 384T +436 1/X
11871216561 + 11045710 -444627° + 10911875 — 10403577 39158370 +22980837 —68047 1174 +

&

1445670973 —2400808272 + 322366967 —35514492

105, —T3+7T*-22T +33 3/X

T3 +50T*-147T +212 2/ X

9712203711 +2156T 10~ 1406077 +61189T8 — 17703477 +287437T° +96689T5 —2149699T* +7231587T3 -
1522808272 +23163354T 26546674

107, —577+22T-33 2/%
3773 +242T7~603T +788 2/%
106178 =5486T7 —470907° +615064T3 —3157165T* +9904926T3 —21376446T2 +33395786T 38661308

®




n;, Alexander’s w* genus / ribbon
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ot  nj Alexander’s w* genus / ribbon

6271267271 +2575T 10+ 1666T° —67602T8 +398948T7 — 148381370 +4115776T5 —9069800T4 +

knot
diag (o))" unknotting #/ amphi? |diag (o))" unknotting # / amphi?
(0" )"
105, 2T°+9T°-18T+23 3/% 105, T*-4T°+10T*-16T +19 4/v
97> —60T*+177T3-348T*+501T - 564 2/% 0 2/v

16716220715 + 1580714 —76887 13 +27976T12 —796127"1 +179656T'0 - 3150607 +38627278 — 14816077 —
79217270 +2854748T° —6237824T* + 1064964473 — 15214156 T2 + 186966087 — 20003232

1639637873 —24767965T2 +31602148T —34255402
109

100 T*—4T3+9T%—12T +13 4/X

277 —12T%+39T°—-80T* + 1287 - 164T>+192T —196 2,3/ X

12710156715 + 1019714 ~43407 13 + 13189712 -290127 1 +41715710 - 1123279 - 15361178 +603116T7 —
152051370 +304945273 —5190414T% + 771530473 — 1016423472 + 119616847 — 12623974

R

109, 7T7=21T+29 2/%
—12973 +480T2-942T +1148 2,3/%

745378 +115979T7 —819947T +3586847T5 109875737 +25120359T3 —44443695T2 +62133778T 69396618

@

1070, 2T +8T7—16T +21 3/X
T3 +6T*—19T3+50T*—-89T +108 1/X
142712 21824711 411296710 -4400079 + 11598478 ~ 19720077 + 12320370 +462512T5 — 19960647 +
464929873 —795184072 +10777160T — 11897326

&

1090, 273 —8T*+17T-21 3/X
57°—=30T*+93T3—178T*+254T —280 3/X
118712 - 144071 +8404T10 -29584T9 +61863T3 ~33736T7 —289763T° + 135518675 —3666373T* +
736741373 — 1180297472 + 155259087 — 16990056

B

10y, T*—4T3+9T>—15T +19 4/ X
T3 -2T*+2T3-3T +4 1/X
16710 -220715 41535714 ~7197713 425227712 -693327! 1 + 151513710 -2572797° +301366T8 ~ 8339377 —
71040270 24094697 —5162297T% + 872647873 — 1239766372 + 151912037 — 16238052

@

10‘1105 T3 —8T*+22T-29 3/X
T3+ 14T*=T71T3+184T>-292T +332 2/X
871220071 +2218T10- 1426179 +57123T3 — 13298677 +65302T° +805306T3 —3722841T* +978443073 —
1840058772 +26441286T 29769592

&

10‘,‘06 T*+4T>-9T>+15T-17 4/X
—T7+6T°—207° +48T*-82T3+114T> - 134T +140 2/ X
157162204715 + 1405714 —6481713 +22197712 - 58948711 + 122017710 - 1869377 + 15925278 + 16165377 —

107319070 +287267175 —5674479T* +9221494T3 — 1282731072 + 155510037 — 16568312

@

10‘1’07 T +8T*-22T +31 3/X
273 -8T2+13T-16 1/X
9712232711 42674710~ 1815579 +79705T8 227986 T +366663T0 +65430T° —2285283T* +75183987 —

®

107, 2T°—8T7+14T—15 3/X
3T +18T* 4173 +5072—40T +32 2/%

1347122169611 +10032710-364167° +87916T8 — 13386077 +58617T0 +353392T5 — 133764274 +

&

1540851372 +22997470T —26180364
107, T'—4T°+10T°~17T+21 47X

0 2/v
16710220715 + 1580714 ~7719713 +28318712 -81525T"1 +1865917"0-33235179 +41369675 — 15828477 —
88912970 +323937175 —71654117% + 1236173873 — 1779919772 +21979657T —23554274

@

296100673 —493044972 +6594854T =7251776
lO‘I‘10 T°—8T?+20T-25 3/X
T°—14T*+69T3-160T>+219T 236 2/X
8712200711 +21807 10— 135697 +52114T8 — 11647277 +61616T° +604668T> —2747906T* +7072274T7 —
1310391872 + 186728367 —20967250

&

10‘1‘ll 2T34+9T? 17T +21 3/X
973 +60T*—171T3+316T>-436T +480 2/X
62712672711 +25077 10+ 18947 —64067T8 +361705T7 — 12991457 +3506889T° —7575591T* +

1351006973 —2023483572 +25700228T —27818092

10, T +5T°-11T*+17T-19 4/ X
T7—-8T°+29T° —68T*+ 115715272 +175T - 180 2/X
15710255715 12068714 - 10699713 +39650T 12~ 11116071 +239401710 3813387 +35759578 +21524077 —
19005907 +525209975 — 104706527 + 170626837 —23747257T2 +28786648T — 30666904

€

10‘1‘13 2T3—11T?+26T-33 3/X
ST>+42T*-167T3+394T%>-623T +720 1/X%
1187122016711 +15681710-71126T9 + 19071278 - 1874167 —827053T° +4935892T5 — 14986146 T* +
3245628273 —54606535T2 +738723807 81581546

&

100, 2T +1077-21T+27 3/X
T5—8T*+307°~78T>+140T - 168 1/%

142712 22280711 +16976T10-76976T° +230999T8 —445876T7 +369450T0 +890044T5 —4554487T* +

@

107, T°+9T7-26T +37 37X
0 2/v

9712261711 +3345T10 2494279 + 11887078 —36593277 +636497T° +31527T° —~3907730T* + 1347264973 —

&

2829803972 +42798944T — 48929878

1125651973 — 1989073672 +27431686T —30450926
1014 T*+5T°-12T*+19T -21 4/ X
T7—8T+307° —74T*+132T3-184T*+217T 228 2/ X
15710255715 42111714 11302713 +43668T 12~ 128023711 4288575710 -4823077° +485985T8 421501877 -
241671170 +6942030T3 —14142246T* +23374622T3 —32832655T2 +40008697T — 42694444

&

101, 2731077 +24T -31 3/X
ST +38T4-144T3+33072-522T +600 2/X
1187122182471 413156710 -5631279 + 143746 T8 12821277 64873170 +370101275 - 110807177 +

&

109, T=5T°+12T7-19T+23 47X
0 1/v

16T10-275T15 42305714 - 12526713 +49379T 12~ 14907771 +352067T10-641987T° +825146 T3 ~399494T7 —
14580867 +5641784T> —12589879T* +21712756T3 —31187934T2 +384321957 41152780

9

2384423073 ~3999473072 + 540333527 59650184
107, 27°+1072-23T +31 37X

T3 +6T*-26T3+86T>—175T +220 1/X
1427122288711 417392710 8156077 +255719T8 — 52182077 +483354T€ +990524T> - 56180507 +
1449940573 —2633983572 +369164187 —41198798

®

107, 8T?—26T+37 27X
1667369272 +1433T - 1788 2,3/

—11768T3420132077-1541132T%47193960T°-23193562T 4455098408 T3-100101157T%+142136 1867159564534

10‘1’21 2T —11T?+27T-35 3/X
5T°—42T*+167T3-396T>+634T -732 2/X
118712201671 + 15853710 ~734507 +204605T® 23235177 76425170 +5054205T — 158908537+ +

&

107, 2T°+1177—24T+31 3/X
T +8T* 34T +104T>~211T +264 2/%

142712 22512711 +20355710-993627° +318535T8 —657014T7 +617040T0 + 119963675 —6869579T* +

3516063373 -59996079T2 + 818317487 90616328
(5 T*—6T3+15T%-24T +29 4/v

1

0 2/
16710330715 43216714 -197707 13 +:861707 12 -2825007 1 +7151627 10 138879077 + 191735078 -

116972077 —28325207° + 1236378475 —28689660T* +5056011073 —7357970072 +91325158T —98015944

&

1766320873 —3195309172 +44656222T —49787168
lO’I’24 T*-T3+T-1 4/X
—4T7—-6T*-4T>-6T 4/X
9715 25714 410713 47571217771 +155T 10+ 1137 57073 + 85077 —428T0 —824T5 +2167T* —234077 +

@

00, T°—2T7+2T—1 3/X
T3 4+2T*-2T3+3T -4 2/%

871250711 1151710 -28979 +41778 52477 +536T0 — 15077 —1168T* +394273 ~81307% +12314T - 14126

®

51072423757 -3832
10’1’26 T3 -2T?+4T -5 3/%
T3 -2T*+10T3-12T?+22T -20 2/X
871250711 +185T10-457T° +666T8 — 18T ~3074T0+10724T5 ~24495T* +43738T3 -64631T2 +81072T 87356

P

0], T°+4T7=6T+7 3/%
275 14T* 43273 - 52T+ 67T -72 2/%

ST12-487 11 4128710428979 —355178 + 1555477 —46589T° + 10920673 —211625T* +348370T3 —494107T2 +
6081547 —651576

107,4 2T -3T°+T+1 3/X 107,4 2T?-6T+9 2/vV
@ 137 +12T*-373-10T>-9T +12 3/X%X @ —T3-2T%+14T-20 1/X
267124296711 1071719417507 110778428777 293870479597 5782074 +3175T3-872772+28392T—-40368 6278 —56877 +22807° —4308T3 —553T* +25616T> —76125T2 + 1322587 — 157332

1075, 2T?—4T +5 2/ X 1075, 2T*+8T-11 2/X
@ T3-2T?+19T-24 2/ X @ 57°-38T*+87T-112 1/X

6278 —336T7 +924T0 — 156875 +253T* + 838473 —28668T2 +53628T —65374 3878 —27277 —5807° +12792T5 —66417T* +202096 T3 —422662T2 +646440T — 742870

1075, T>-T+1 2/ X 1075, T?+5T-7 2/X

@ 2T%+5T -4 1/X @ T3 —14T?+37T -48 1/X

478777 4127014575 +508T* —63173 32272 +2150T -3150

378 —4377 +16T0 +1489T5 —932274 +30945T3 — 6804772 + 1069547 — 123994




8712125711 +855T10 337479 + 845878 — 1332877 +8173T0 +2586375 — 1146027 +277037T3 -49731372 +
7022607 ~787812

knot  nj Alexander’s w* genus /ribbon [knot  nf Alexander’s w* genus / ribbon
diag (o))" unknotting #/ amphi? |diag (o))" unknotting # / amphi?
(05" (5"
1075, 2T —4T?+4T -3 3/X 10755 3T*-9T +13 2/ X
@ —13T>+24T*-33T3+30T>—41T +40 3/X% @ T3-6T>+18T -24 2/ X
26724376711 ~2056T10+6760T° — 1624878 +32568T7 5895170 +98316T5 — 15019474 +21073873 - 32178261377 +89057° — 1203377 — 193297 + 13245173 ~33702572 +553002T — 647370
27324672 +324124T —344346
@ 107,, —T?+4T-5 2/X% @ 107, T?—6T+11 2/v
T3 +4T*-2T -4 1/X —AT?+24T -44 1/X
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