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in[-]:= Once[
SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\ICERM-2305"] ;
<< KnotTheory" ;

1

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

in[-]:=  sign[x_?NumberQ] := Sign[Re[x]]

pdf
in[-1:= SetAttributes[B, Orderless];
CF[b_B] := RotateLeft[#, First@Ordering[#] - 1] & /@DeleteCases[b, {}]
pdf
mi1- CF[&_] := Module[{ns = UnioneCases[&, n_| 7 , =]},
Total[CoefficientRules[&, ns] /. (ps_ - c_) = Factor[c] Times e@ns™] |
pdf

inf-1:= CF[{}1 = {};
CF[rs_List] := Module[{ns = UnioneCases[rs, n_, =], n},
CF /@DeleteCases[0] [
RowReduce [Table[d,r, {r, rs}, {n, ns}]|].ns] ]

pdf

1

mier= (&) =8/ {Mon,n>7, w0, c_Complex » c*};

r_Rule® := {r, r*}

nir- {((2u-w+30™) mina)", (m>wn)’}

Oout[-]=
1 _ _m
{(ZU** +3<U) UERIPY) {77190)772: i~ *}}
w w
pdf
(-1~ RulesOf[n; +rest_.] := (n; » -rest)";
CF[PQ[rs_, g 1] := Module[{nrs = CF[rs]},
PQ[nrs, CF[g /. Union @@ RulesOf /@nrs]] 1]
inf-]:= CF[{n1-m2, M1 -M3}]
Oout[-]=

{n1-n3, N2-n3}

in[-]1:= RulesOf[ni + ny + N3l
Out[e]=
{(Mm->-1n2-N3, 11> -T2 -73}
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pdf

imi-1=  CF[2p_[o_, PG_1] := Ecrp) [0, CF[pPq]]

pdf

imi-1- Format[Z, s[o , PQ[rs_, q_11] := Module[{ns},
ns =ns &/@Joineeb;
Join[
Prepend[""] /@ Table[d.r, {r, s}, {c, ns}],
{Prepend[o] [
Joinee (b /. {L_,m___, r_} = {DisplayForm@RowBox[{" (", L}],
m, DisplayForm@RowBox[{r, ")"}1}) /. i_Integer » n;
1},
MapThread[Prepend, {Table[d,,.q, {r, ns*}, {c, ns}1, ns*}1]
1
1 // MatrixForm;
Kas[X[1, 2, 3, 4]]

Out[e]=
pdf

Kas[X[1, 2, 3, 4]]
The disjoint union in the world of multi-tangles.
pdf
in[-]:= Bpy_[ol_, PQIrsl_, q1_1]1UZp2_[02_, PQ[rs2_, q2_]] ":=
CF@Z=y0in(b1,b2) [0 + 02, PQ[rs1Urs2, q1+q2]];
tex
FM for Face Merge:

pdf

in[-]:= FMy |5 @3preii i ,ri y,(li___,i,ri_ Yy,bs 1L s PQIrS_, q_1] :=

CF@Zg((ri,1i,1,rj,L7,51,bs1 | @ PR[rs U {ni - nj}, q]]

In[-]:= Zgr{-1,237 [0 PQL{}, ©11 UZg((-3,43; [0, PQ[{}, ©1]1 // FM_31 4
Out[]=

0 -1 0 1

@ (N3 na M2 N1)
n_3 (7] 0 © 0
7, © 0 o o
7, @ © @ o
7, © o o o
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< = — -
| | ] LIy
. i ; ;‘: //’ e , \,(;/7, /// J,/u (47r_:f ﬂ/n///((‘/ %‘1/
i | k. i \fr &ZC, ') ()ll?() /([/L/Gr —/Q@
- ! | TF #0 & (/‘/I/”/-' O /'\#-:f,':xm/ﬂ .
/Q/ L/" J /1)
/) ¢ ;/',(Z/g\ 6\
pdf

in[-]:=  Cordon; @Zgr(ii i ,ri 3,bs 1005 PQIrs_, q_]1 :=
Module[{ ¢ = &,,rs, no = o, nrs =rs, nq = q, qii, p},
Nhich[

oree ((# =!=0) &/@¢), ({p} = FirstPosition[ (# ===

(qii = 87,,,,9) =1=0, (no += sign[qii];
na=q/. (ni--(874)/aii)" 7. (ni>0)"),
qii === @, AppendTo[nrs, 85 q]; nq=q /. (n: > ©)"];

CF@3gRestetri, Li},bs] [NTs PQINCS, Nq] /. (Nrirstetri,li} = Miaste(ri,(i}) ] ]

tex

c for contract:
pdf

inf-l= € 5 @ Bgrordi i ,ri__ Y, {___sd s ds__1L__

pdf
In[-]:= € ,5 @t:Zgre i ,5, 3, 1[__1:=Cordon;@t
Ci ,j @t :3gr, i3, 1[__1:=Cordon;et
Ci_,j_@t 3 zB[{___,j_,i_,___),___] [__] = Cor'donj@t

Ci_’j_@t ST, ,iY._ 1] [__]:= Cor‘donj@t
tex
mc for magnetic contract:
pdf

nf-1:= mc[&_ ] :=&//.

0) & /@ ¢, False];
{nrs, nq} = {rs, q} /. (ni » -rspl / ¢0p1)* /. (ni »©)"),

1] :=t//FM i,Laste{ri,li} // Cor‘donj

2023-05-09 11:34:05
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pdf
imi-)- Kas[P[i_, j_1] := CF@Zg((_i,5y1 [0, PQ[{}, @]1;
TL[P[i_, j_]] := CF@Zp((-1,5;; [0, PQ[{}, @]]
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[ ———
Kashaev for Mathematicians.

Bedlewo for Mathematicians.
For a knot K and a complex unit w set u = R(w!/?), v = R(w), make an F x F

For a knot K and a complex unit w set t =1 —w, r = 2R(t), make an F x F
matrix A with contributions matrix A with contributions

v

v

and output 3(c(A) — w(K)). (conjugate if going against the flow) and output o(A).

pdf

inf-1:=  Kas[x _X] := Module[{v =2u’-1, fs, s, m, ns},

fs = List @@ x; s = PositiveQex;
fs »= If[s, {-1,1,1, -1}, {-1, -1, 1, 1}];

lulu vulu

uvul ulul
m=I-F[s, 1u1u’_1uvu]’

uluv ulul

ns =n, &/@fs; CF@3g¢sy [If[s, -1, 11, PQ[{}, TIS*-m-TIS]]]

i1~ Kas /@ {X[1, 2, 3, 4], X[1, 4, 3, 2]}

Out[«]=

-1 (Na nNa n2 n3) 1 (Na n3 N2 N-1)
N, -1+2u® u 1 u n, -1 -u -1 -u
{ N4 u 1 u 1|, 7 -u 1-2u* -u -1 }
m, 1 u -1+2u®> u n, -1 -u -1  -u
s u 1 u 1 N, -u -1 —u 1-2u?
pdf
in[-]1:=  TL[Xx_X] := Module[{t =1-w, r, fs, s, m, ns},
r=t+t*; fs = List @@ x; s = PositiveQex;
fs »= If[s, {-1, 1,1, -1}, {-1, -1, 1, 1}];
0 t* o -t~ r -t-2t* t*
t -r-t*2t* -t* o t* (2]
= If ;
n=If[s, @ -t @ t [’|-2tt r -t E
-t2t t* -r t 0 -t (]

ns =n. &/@fs; CF@Zges [0, PRL{}, ns*.m.ns]]]
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ml-1:= TL /@ {X[1, 2, 3, 4], X[1, 4, 3, 2]}

Out[e]=

0 (N-a N1 M2 n3) 0 (Na n3 2 n-1)
— (-1+w)? _ _ B -1+w — -1+w = )
Ma — 7 -liw -2 (-l+w) — Na © - 0 T
—1+w)? -1+
{7 -7 o 2o o |, | 1-w -EEE 2o (1) |}
) _
7, 2 <f:+w) 1-w (fl;w) B flww n, 0 -1l+w 0 1-w
. 1 2 (-1+w) “l+w (-1+w)?
n; 1l-w 0 -l+w 0 Mg —++W ——— —— o

pdf

inf-]:=  Kas[K_] := Fold[mc[#1J #2] &, 2g[; [0, PQ[{}, O]], Listee (Kas /ePDeK)];

KasSig[K ] := Kas[K][1] /2

in[-1--= Kas[Knot[3, 1]]

KnotTheory: Loading precomputed data in PD4Knots'.
out[e]=

3+ sign[} (3-4u) | sign[-2 (-1207) ] v sign[- 222 )

~1+2u?

in[-1:= KasSig[Knot[3, 1]]
Out[~]=

1 1 -3 +4u?
3+sign|— (3-4u?) | +sign[-2 (-1+2u?)] +sign|-———
[ sten[2 (3] sionl 2 (120 sian] 02
pdf
mi - TLIK_] := Fold[me[#1 ) #2] &, Za(; [@, PQ[{}, 0]], Listee (TL /@PDeK)];
TLSig[K ] := TL[K][A]
pdf

Reidemeister 2

a =
v K2 gQ/fﬁ N &
2 — - 2
LY P EN e Ty e )
N N R \
1 ;L/ Q,/“l P \ \
kﬁ\) L,\L)\z gy SR
: ¢ 3 i 3 53
F/‘/\-l[)3
bt 34
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inl-1- Kas[X[1, 5, 2, 4]] UKas[X[2, 5, 3, 6]]

Out[e]=

()

(N_s N3 Ne  1-2) (N.a nNa s n2)

2
ne -1 -u -1 -u 0 0 0 0
73 -u 1-2u® -u -1 0 0 0 0
Mg -1 -u -1 -u 0 0 0 0
N, -u -1 —u 1-2u? 0 0 0 0
N, © 0 2 2 -1+2u® u 1 u
n, © 2 2 2 u 1 u 1
s @ 0 0 2 1 u -1+2u® u
n, © 0 0 0 u 1 u 1

i1~ Kas[X[1, 5, 2, 4]1 UKas[X[2, 5, 3, 611 // FM_, s

Out[~]=

0 0 e 1 © 0 o -1
0 (ns 13 Ne N-2 M2 N-a n-1 Ns)
ns -1 -u -1 (4] 0 0 -u
N3 -u 1-2u® -u @ © 0 0 -1
Ne -1 -u -1 @0 © (] 0 -u
n, © 0 0 ©0 0o 0 0 0
n, © 0 e o 1 u 1 wu
. © ] @ 0 u -1+2u> u 1
n, © 0 e o 1 u 1 u
ns -u -1 -u 0 u 1 u o

i1~ Kas[X[1, 5, 2, 411 UKas[X[2, 5, 3, 6]] // FM_,,5 // Cordons

Out[-]=
e (Ma N2 N3 Ne N2 N2)
N, -1+2u® u 2 @ 1 wu
N1 u 0 -u -1 0o 1
3 0 -u 1-2u® -u -1 o
Ne 0 -1 -u -1 -u ©
n_y 1 0 -1 -u 0 u
M, u 1 0 0 1

nl-1:- Kas[X[1, 5, 2, 4]]1 UKas[X[2, 5, 3, 6]] // FM_;,5 // Cordong // Cordon_,
out[e]=
1 e -1 o

(N-a N-1 N3 T7s)

()

6
T, © © 0 0
7, © © o o
7, ©6 © o o
7, © © o @
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pdf
in[-1:= {Kas[P[1, 311 UKas[P[4, 6]1] // FM_4,3, Kas[X[1, 5, 2, 411 UKas[X[2, 5, 3, 6]] // mc}
Out[«]=
pdf
1 0 -1 o 1 0 -1 o
O (N4 N1 N3 Ne) O (N4 n1 N3 Ne)
N, © o o T4 0 o
{ﬁ,leeae’ﬁ,leeae}
n;, @ o e @ 7, @ o e @
e @ © o @ e © © o @
pdf

in[-]:= {TL[P[1, 311 UTL[P[4, 6]] // FM_,, 5, TL[X[1, 5, 2, 4]]1 UTL[X[2, 5, 3, 6]] // mc}

out[e]=

pdf
1 o -1 © 1 o -1 ©
© (N4 N1 N3 7Ne) O (N4 N1 N3 7Ne)
T a ) 7, © © o o
{ 7, @ © o o |’|7, o o o e }
7, @ © © o 7, @ © e o
Ne 0 0 o0 0 e 0 0 o0 0
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pdf
Reidemeister 3
1= {u=7/29};
lhs = Kas[X[4, 2, 5, 1]]1 UKas[X[7, 3, 8, 2]] UKas[X[8, 6,9, 511 // ¢y,.2// Cs5,.5 // Cg,_g
rhs = Kas[X[7, 5, 8, 4]] UKas[X[8, 2, 9, 1]] UKas[X[5, 3, 6, 2]] // €3,.2 // C5,.5 // Cg,_3
Clear[u]
Out[e]=
-4 (n7 s M6 Nne M1 1-a)
= 1486 16289 841 406 841 16289
-7 645 18 705 645 645 645 18705
— 16289 228046 16289 841 406 841
773 18705 542445 18705 645 645 645
= 841 16289 228046 16289 841 406
776 645 18 705 542 445 18705 645 645
= 406 841 16289 1486 16289 841
T79 645 645 18705 645 18705 645
= 841 406 841 16289 228046 16289
n -1 645 645 645 18705 542445 18705
— 16289 841 406 841 16289 228046
n’A 18705 645 645 645 18705 542445
Out[«]=
-4 (n5 n3 Ne N9 N1 7-a)
= 1486 16289 841 406 841 16 289
T]77 645 18705 645 645 645 18705
— 16289 228046 16289 841 406 841
)73 18705 542445 18705 645 645 645
= 841 16289 228046 16289 841 406
776 645 18705 542445 18705 645 645
= 406 841 16289 1486 16289 841
f79 645 645 18705 645 18705 645
= 841 406 841 16289 228046 16289
n -1 645 645 645 18705 542445 18705
— 16289 841 406 841 16289 228046
-4 18705 645 645 645 18705 542445
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pdf
m(-1-- lhs = Kas[X[4, 2, 5, 1]] UKas[X[7, 3, 8, 2]] UKas[X[8, 6, 9, 5]1] // mc;
rhs = Kas [X[7, 5, 8, 4]] UKas[X[8, 2, 9, 1]] UKas[X[5, 3, 6, 2]1] // mc
{lhs[1], rhs[1]}
Simplify[lhs[2, 2] == rhs[[2, 2]]
Out[«]=
pdf
-3 +sign[(-1+2u) (1+2u)] (n-7 3 Ul ) g
_ 2 (—1+2u2) u (—3+4u2> 1 2u
-7 (-1+2u) (1+2u) (-1+2U) (142u)  (-142u) (1+2u)  (-1+2u) (1+2u) (-1+2
_ u (-3+40%) 20 (-3+407) u (-3+4u?) 1
3 (-1+2u) (1+2u) (-1+2u) (1+2u) (-1+2u) (1+2u) - (-1+2u) (1+2u) (-1+2
_ 1 u (-3+4u?) 207 (-3+40%) u (-3+4u?)
e T (“1:2u) (1:2u) (-1+2u) (1+2u) (-1+2u) (1+2u) (-1+2u) (1+2u) (-1+2
_ 2u 1 u (-3+4u?) 2 (-1+2u%) u (-2
Mo C(“1:2u) (1+2u)  (-1+2u) (1+2u) (-142u) (1+2u) (-1+2u) (1+2u) (-1+2u
— 1 2u 1 u (-3+4u%) 2u? (-
-1 T o(c142u) (1+2u)  (~1+2u) (142u)  (-142u) (1+2u)  (-1+2u) (1+2u) (-1+2u
_ u (—3+4u2) 1 2u 1 u (—3
-a (-1+2u) (1+2u)  (-142u) (1+2u)  (-1+2u) (1+2u)  (-142u) (1+2u)  (-1+2u
Out[e]=
pdf
{-3+sign[(-1+2u) (1+2u)], -3+sign[(-1+2u) (1+2u)]}
Out[e]=
pdf

True

mi-1- f =KasSigePD[X[4, 2, 5, 1], X[7, 3, 8, 2], X[8, 6, 9, 5]1;
Plot[f, {u, -1.2, 1.2}]

Out[e]=

=1.0 =0.5 10k 0.5 1.0

|
-
[«
T T T T T T T T T T T

T
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inf-]:= lhs = TL[X[4, 2, 5, 1]] UTL[X[7, 3, 8, 2]] UTL[X[8, 6, 9, 5]] // mc;
rhs = TL[X[7, 5, 8, 411 UTL[X[8, 2, 9, 1]1] UTL[X[5, 3, 6, 21] // mc

{lhs[1], rhs[1]}
1hS[[2, 2]] == r‘hs[[2, 2]]

Out[«]=

pdf
. 2 (-1+w)?
sign [% ] (n-7 N3 Ne N9 N1 N-a)
7, ) —l+w ° ) ) _lvw
w w
— 1+w? 1+w 2
3 1-w w T 6 w _ZJ
— 1+0? ~1+w 2
]76 0 _1 - w - w - w
Mg 0 0 -l+w 0 1-w 0
_ -1+w 1+w
n_q 0 2w -2w — " -1-w
_ 1+w 1+0?
N_a -l+w -2w 2 (4 - =
Out[e]=
pdf
2 (-1+w)? 2 (-1+w)?
{sign{ ], sign[ ”
w w
out[e]=
pdf
True

in-1- f=TLSigePD[X[4, 2, 5, 1], X[7, 3, 8, 2], X[8, 6,9, 5]] /. w-» &®

Plot[f, {t, 0, 27}]
Out[e]=

-0.5F

Kashaev for Knots

in[-]1:= -KnotSignature /@ Al1Knots[{3, 8}]
Out[-]=
{2,0,4,2,0,2,0,6,2, -4, -2,4,2,0,0,4,
0,2, -4,2,-2,0,0, -2,2,0,0,2,4,2,0,0, -6,0, 2}
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In[-]:= (*U=0;x)
Kas [Knot[3, 1]]
Clear[u]
Out[-]=

[3+sign|} (3-4u*) | sign[-2 (-1+20%) ] +sign[- 235 |

~1+2u?
1 ~3+4u2
o1 g [sign (3-47) ] +sign[-2 (-1+20) ] + sign[- ———— ], pe1 (3, 1]
2 -1+2u?
Out[«]=

(sign[% (3—74u2)} +sign[-2 (-1+2u?)] +sign[f‘3*4“2])

~1+2u?
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in[-]:- Table[K -» 2 KasSig[K], {K, AllKnots[{3, 7}]}] // Column

Out[~]=
Knot([3, 1] » 3 +sign[3-4u?| -sign[-1+2u?] - sign[:?;‘zi]
. 2 . 5.4 42 . (-5+4u?) (-3+4u?)
Knot[4, 1] - 1+ sign [—3 +2u } - 51gn[_3+4u2] - sign {T]
B . B 21 o 1,8u2+8u“] s {5—20u2+16 u“} s [5—29u2+16u4}
Knot[5, 1] -5 251gn[ 1+2u } 51gn[771+2uz sign| — Sign | s
. 2 . 2 . -3+4 u? . -7+8 u?
Knot[5, 2] » 4 +sign[7-8u?| - sign|[-2+3u?] —51gn[72+3u2J —51gn{73+4u2]

o6, 11 3. sgn[o -3 - sen -3 27| st 525 - stn| 238 - sun[ 224
(-1+u) (1+u) (3-12u?+8u*)

(-5+4u?) (-3+40%)

. 11-28 u?+16 u* . 11-28 u?+16 u*
} —51gn[7u+ - ] —51gn[7“2+ n ]
(-1+u) (1+u) 3-12u“+8u

13-28 u?+16 u* }
(-1+u) (1+u)

sign[

Knot[6, 3] » sign[3-4u?| +sign[-3+4u?] +sign{

. 13-28 u2+16 u4] . { (-1+u) (1+u) (5-12u*+8u?) ] . [5729 u?+16 u“]
sign| —————— | - sign -sign| ————

g [ 5-12 u?+8 u* g (-3+4u?) (5-20u’+16u*) g -3+4 u?

. . 1-8u?+8u*
Knot[7, 1] > 7 -3 sign[-1+2u?] —ﬂgn[%] -
-1+2u

. (-1+2u) (1+2u) (-3+4u?) (1-16 U>+16 u*) . -7+56 u?-112 u*+64 u® . ~7+56 u2-112 u*+64 u®

sign -sign -sign
(-1+2u?) (1-8u+8u?) (-1+2u) (1+2u) (-3+41%) (-1+2u?) (1-16u’+16u*)

2 2 2
Knot([7, 2] - 5+sign[11-12u?| - sign[-3+4u?| - sign [ :95:161“u2] - sign [ ’ijlu“z } - sign [% ]

Knot([7, 3] » -5+sign[-1+2u?| +sign[-3+4u?] +
(-5+8u?) (3-18u’+16u*)
(-1+20u?) (-3+40%)

13-44 u2+32 u*
-5+8u?

. 13-44 u2+32 u*
+sign| ————

sign +sign
g [ ] g [ 3-18 u?+16 u*

Knot[7, 4] - —6+sign[_2+3u2] . Sign[fa”‘uz}

-2+3u?

. -7+8 u? . -11+12 u? . 2 . -15+16 u?
51gn[73+4u2] + 51gn[777+8uz } + 51gn[—15 +16u ] +sign {771142 uz}
. > . 243142 . (-1+20u?) (-3+4 %)
Knot[7, 5] » 7 - sign[-1+2u?] —ugn[m] —ﬂgn[T] -

(-1+2u?) (-5+6u?)
-3+4 u?

. (-7+8u%) (-5:8u7) ] . [ 17-48 u?+32u* } . [17—48 u?+32u
] - 51gn{ (-1+2u?) (-s+6u2) | sign (-1+20?) (-7+802) | s1gn -5+8 u?

Knot[7, 6] >3 +sign[(-1+u) (1+u)] +sign[3-4u?] -

sign[

“2-us2W?) (-2+ur2U?) (-3+40%)
5-10 u?+4 u*

. 5-10 u’+4 u*
51gn[< u’+4u }

} * 51gn[ (-1+u) (1+u) (-3+40%)
(-3+2u?) (7-16u’+8u*)
“2-us2W?) (-2+ur2u?) (-3+4 %)

19-36 u?+16 u* . 19-36 u?+16 u*
+2 ] - s1gn { 2+ 4
-3+2u 7-16u“+8u

5.402) (—3+4 W2
Knot[7, 7] - sign[-3+2u?] —sign[%} —sign[%] -

sign[ < } —sign[

13-20 u2+8 u*
-5+4u?

21-36 u?+16 u*
13-28 u?+16 u*

si n[ } Si n[ ] si n{ (21-36 u*+16 u*) (13—28u2+16u4)}
18 +s1g *518 (-1+u) (1+u) (13-20u*+8u*)
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in[-1:= f = KasSig[Knot[1@, 1]]

Out[«]=

Out[]=

Out[«]=

Out[e]=

Plot[f, {u, -2, 2}]

1 R R -5+4u2
— |5+sign[17 -16u?| + sign[-3+2u ]A—sign[ggggggf} -
2 -3+2u2
-7+6u° -11+ 10 u? -15+ 14 u? -17 + 16 u?
sign[ } —sign[AAAAAAAAf} —sign[AAAAAAAAf} —sign[AAAAAAAAfJ
-5+4u? -7+6u° -11+ 10 u? -15 + 14 u?
10F
05
-2 -1 L 1 2
05|
1ol
in[-1:= f = TLSig[Knot[10, 1]]
Plot[f, {u, -2, 2}]
(-1+w)? 4-9uw+4w?
sign[AAAAAAAf} —sign[
w w
10}
05
1 1 [ 1 1
) -1 L 1 2
Y
_1of

n[-]:= u=1/2;

Out[«]=

KasSig /@ Al11Knots [ {3, 8}]
Clear[u]

{2) 01 4) 2) 9) 2’ OJ 4) 2) _4) _ZJ 4) 2) OJ 0) 4)
@) 2) _4J ZJ _zJ 0) e) _ZJ 2} 0) 9.’ 2) 4) 2) 0) 0) _4J 0} 2}
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in[-1:= £ = KasSig[Knot[9, 5]]
Plot[f, {u, -2, 2}]

Out[«]=
1 , 3 (-5+6u?) -9+11u?
- —7+sign[2<—3+4uH+sign[—]+sign{7]+
2 2 (-9+1117) 2 (-3+4u%)
-11+12u? -17 +18u? 1 R -23+240°
sign{i] +sign[7] +sign[f (-23+24u )] +sign{7]
-5+6Uu? -11+12u? 6 -17 +18u?
Out[e]=
-2 ‘ ‘ - — — 2

T T

T T

T

-1.0

T T

-15

T

T T

hg
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in[-1:= f = KasSig[Knot[8, 2]]
Plot[f, {u, -2, 2}, PlotPoints - 1000]

Out[«]=
1
— |5+sign[-3+2u®| +sign[-2 (-1+2u?) ]+
2
(-5+4u*) (-3+401%) 8 (-1+u) (1+u) (3-12u”+8u)
sign{— ] + sign[— ] 4
2(—3+2u2) (—5+4u2) (-3+4u2)
(—3+4u2) <1—10u2+8u4> (7—24u2+16u4)
sign{— ]+
8 (-1+u) (1+u) (-1+2u?) (3-12u*+8u*)
-17 + 96 uU? - 144 u* + 64 U° -17 + 96 uU? - 144 u* + 64 u®
sign{— } + sign[— }
(—3+4u2) (1—1eu2+8u4> 2(7—24u2+16u4)
Out[]= i
sl
oL
1L
5 . >

http://drorbn.net/AcademicPensieve/Talks/ICERM-2305/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: ICERM-2305: Archive: Signatures-230508.nb 2023-05-09 11:34:05

in[-1:= f = KasSig[Knot[12, Alternating, 422]]
Plot[f, {u, -1, 1}, PlotPoints - 1000]

KnotTheory: Loading precomputed data in KnotTheory/12A.dts.

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of

2005.
Out[«]=
1 2 -7 + 8 u?
— |4+sign[-2 (-1+2u?) ] +sign[f (73+4u2” +sign[+7u} +
2 3 2 (—3+4u2)
2 (8-23u%+16u?) (-3+4u?)? (11-28u% + 16 u*)
sign{— ]+sign[— ]+
-7 + 8 u? -44 +155u% - 176 u* + 64 u®
-44 +155u% - 176 u* + 64 U® -11+ 76 u%> - 128 u* + 64 u®
sign{ ]+sign{— J+
8-23u?+16u* 11 -28u?+16u*
(-29+ 160 u* - 256 u* + 128 u°) (11 - 170 u® + 544 u* - 640 u® + 256 u®)
sign{— ]+
4(-1+2u) (-3+4u?)? (-11+76u% - 128u* + 64 U°)
(-3+4u2) (-23+152u2-256u4+128u6)
sign{— ]+
11 - 228 u? + 864 u* - 1152 u® + 512 u®
‘ { (—3+4u2) <—23+152u2—256u4+128u6> (11-228u2+864u4-1152u6+512u8)}
sign| -
2 (-29+160u*-256u*+128u°) (11-170u*+ 544 u* - 640 u® + 256 u®)
out[e]=
sl
— 2+ —
1L
n n n 1 n n n n [ n n n n 1 n n n

-1.0 -0.5 L 0.5 1.0

Tristram-Levine for Knots

in[-]:= -KnotSignature /@ Al1Knots[{3, 8}]
Out[-]=
{2,0,4,2,0,2,0,6,2, -4, -2,4,2,0,0,4,
0,2, -4,2,-2,0,0, -2,2,0,0,2,4,2,0,0, -6,0, 2}
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inl-1- TL[Knot[3, 1]]

Out[e]=
—wtw?
[ sign[- 2247 s sign| - H ]
In[~]:= @ = —1;
TLSig /@ AllKnots[ {3, 8}]
Clear[w]
Out[]=

{2) e) 4) 2: 0) 2) 0) 6: 2) _4) _2: 4) 2) 0) 0: 4)
9,2,-4,2,-2,0,0,-2,2,0,0,2,4,2,0,0, -6, 0, 2}

in[-]:= sign[c_* & 1 /; NumberQ[c] := Sign[c] sign[&]

in[-]:= Table[K -» TLSig[K], {K, Al11Knots[{3, 8}]1}] // Column

Out[~]=

Knot[3, 1] - 7sign{M] ,Sign[l—wiwz}

w w
Knot[4, 1] - sign[ﬂ} _sign[m]

w w

? 2 2,34
Knot[5, 1] » -2 Sign{ﬂ] —sign{l*—“’] —sign{lfﬂ“é)l%wz)*w}
@ w w (1+w

Knot[5, 2] - —Sign{M] —sign[m}

w
Knot[6, 1] - sign[(’li*“”} _sign[M}

w w
Knot[6, 2] 951gn[ » sign o (13007 sign ; sign =y

ign| =k | i L1 | gygn[ 130 ], gign[13ussstsut

Knot [6, 3}—>s1gn[ » } 51gn[w(L3w+ﬁ) sign ” +sign =T

(1—w+w2) (1+m+u)2)

w (1+w?)

~1+w)?

Knot[7, 1] - -3 sign{ (

—wrw?-wd -0 +w® }

] - sign {“Twz ] - sign { ] - sign [ : (1-w+0?) (L+w+0?)

Knot[7, 2] » —Sign{%“”z] _sign[%dwz}
Knot (7, 3}%251g”[ L) rsien| T | esien [ TR
Knot[7, 4] - sign[%*“”z} +sign[%+4wz]

a2 (2012 W2 .
Knot[7, 5] —» —sign{%””z] ,sign[l’wT*wz} ,sign[w} ,Sign[w}

w (1—w+w2) w (2—w+2 wz)
e Hwy} s [<71+w>2(174w+w2) : [stq s [1—5w+7w275w3+w4}
Knot[7, 6] —» 51gn{ " sign o (13 00?) +sign » sign o (1-d0?)
. (-1+w)? } e [ (-1+w)? } e [ 1-3 w+w? ] . { 1-5w+9 w?-5 W +w* ]
Knot([7, 7] - 51gn[7w sign| - (13 0e0?) sign — — | +sign ST
2 2
Knot[8, 1] - sign[i(’lw) } - sign[73’7““3‘“ J
w w
e (-1+w)* ] e {1—3w+w2} e [1—2w+w2—2w3+w4} e [1—3w+3w2—3w3+3w4—3w5+w6
Knot([8, 2] ~ -sign { w (1-3 w+w?) s1gn w s1en (-1+w)? w s1gn w (1-2 w+w?*-2 W?+w?)
2 2
Knot[8, 3] —» —sign{ (L) ] +sign [4’9”7*4“}
e <71+w>2] s [ (-1+w)? (1+07) ] e {l—wﬂuz] . [275w+5w275w3+2w4}
Knot[8, 4] - 51gn{ " S1gN |~ o o) sign " +sign o (1)
Knot[8, 5] »
. 1-w+w? . (-1+w)* (1+0?) . 1.3 wi3 w2 3wt . (1-w+e?) (1-2w+0?-2wW?+0?) }
sign { w } 518N [ w (1-3w+30?*-3 W+ ] 518N { w (1-w+w?) ] +s1gn [ (-1+w) 2w (1+0?)
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Knot[8, 6] - -sign|:% | - sign|2ee7eeuuzel]

w (1—a)+u)2)

Knot [8, 7] —»

. 1-3 w+w? ] . [ 1-3w+3 w?-3 W+t } . [ (-1+w)? (1’2“““’Z’2m3+w4) ] . [ 1-3 w+5 w?-5 w3 +5 w3 W’ +w®
sign| —— sign| ————— sign - S1gn
g { w * g w (1—3 w+w2) * g w (1—3 w+3 w?-3 w3+w4) g w (1—2 w+w?-2 w3+w4)
) C1vw)? . (2-2w+w?) (1-2w+207)
Knot[8, 8 si n[g}—u n[
[ ’ J - g w g (—1+w)2w
B 2 . B 4 . _ 2
Knot[8, 9] - sign[ﬂ} - ugn[%} - ﬂgn[m] +
w w (1—3 W+ ) w
. (-lrw-20+0?) (-1+2 w-0?+0?) ] A [ (-1+w)? (1—w+(u2)2 ] . { 1.3 wi3 w?-3 Wit ]
sign sign -sign| ———
g [ w (1—w+u)2)2 *s18 w (1-3w+3 0> -3 w?+u?) g (-1+w) 2w

Knot[8, 10] —

(-1+w)? (—1+m)“2 ] . sign{ (-1+w)? (1:“)2)
w w (1-w+w?) 0 (1-w+w?)

(1-w?)? }

sign| | - sign| | +2sign| 20 | - sten| TG

. (—1+w)2] s { (-1+w)* ] s {1—3&)4@2] s [ (-2+w) (-1+2w) (1—w+w2> ]
Knot (8, 11] —» 51gn{7w sign 7“73&%2) sign| — — sign Lou

e (-1+w B (-1+w)? (1-4wre?) } . [1730)%)2] . {1770”13 w2—7w3+m4]
Knot[8, 12] » 51gn[ » } 51gn[ = 3w+w) +sign| ———— | +sign = (1-d0r)
2 2 3 4
Knot[8, 13] — —sign[ (-1+w } N 51gn[ 2+w) (-1+w)? (-1+2 w) } + sign [ 1-3 w+w J _sign { 2-7 w+ll w?-7 W+2 W ]
w (1-3 w+w?) w (-2+w) w (-1+2 w)

(-2+w) (—1+w) (-1+2 w)
w (1—3 w+w2)

1-3w+w?

Knot[8, 14] — sign{ (-1+w)? ] 3 sign{ 2—8w+11w2—8w3+2w4]
w

] N 51gn{ } B 51gn[ (-2+0) 0 (-1+2 @)

s (,1%))2} s |:2,3w+2w2:| s { (1-w+w?) (3-5w+3 w?) ] s [ (-1+0)? (3-4w+3 0?) ]
Knot[8, 15] —» 51gn[7w sign|— — sign o (3-40307) sign T saa0 (230207)
Knot[8, 16] —
_ . (-1+w)? } e [14—7@02 } e [ (-1+w)? ] . [ 1-3 w+w? } . [ 1-4w+8 w?-9 w3 +8 w*-4 W +w® }
2 sign [7w sign| — sign| — (13 0e7] +sign) ——— | +sign Cro?a (1:07)

s (71+u))2} s [ (-1+w)* } . [1—3m+wz]
Knot[8, 17] - 51gn[7w sign 7“173%&) +sign|—— | +
(-1+w)* (1-w+w?) 1-3w+3 w?-3 wdrwt
(—1+w)2w

. . 1-4w+8 w?-11 w?+8 w*-4 W’ +0°
Slgn[ }+Slgn[ W+8 W zw-v- w Zw-v-w }
( (-1+w)“w (1—w+w )

w (1-3 w+3 w?-3 W3 +u

) ] —sign[

Knot[8, 18] —

2 51gn[ J sign [ 3 0nd) sign - sign| — +sign YR
Knot[8, 19] - Slgn{ S| esten | ]
. 1-w+w? (-1+w) 1+w+u) 1+w* . (1—w+w2) (1—w2+w4> }
sign [7] + 51gn[ 1+w + 51gn[ rard) } +sign [—w 1]

2 1+w)

Knot [8, 20] - ugn{ Z“”

+sign {

-1
)| _sign

d
il’ o ]
[

KnOt[sJ 21] —Slgn[ (1 30)*!4) 1 W' ) ]

+ sign[ (-1vo)® ) ] - sign

{ 2-3 w+2 w? ]
w (2-3 w+2w?

1+w

in[-]- f=TLSig[Knot[9, 5]] /. w » e®*
Plot[f, {t, 0, 27}]

Out[e]=

. . 2 ) ) )
sign[G e 't (—1+e1t>2] +sign[f e 't (6-11 e“+6e2“)]
3
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out[e]=

T

-0.5

-2.0

—T T T T T T T T T T T T T T

[~ f=TLSig[Knot[8, 2]] /. w » e'*
Plot[f, {t, @, 27}]

Out[]=
. o . s 271t (—1+<e“>4
sign[—Z«a']"c (-1+e'") ] +sign[2 et (-1+e'") } +sign[— } +
1-3eltie2tt
2 e it (1_zeit+e21t_2e3jt+e4it>
sign[—Ze’“(1—3e“+<e2“)]+sign[— ]+
(—1+<ej"‘)2
Zefit (1*3@I‘Lt+3@2]‘Lt*3e3jt+3@4jt*3e5jt+esit>
sign{f ]
1_2eit @2it_pgdit, g4it
Out[]=
4
3
2

— 7 T T T T T T T T T T 7T
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in[-]- f=TLSig[Knot[12, Alternating, 422]] /. w » e**
Plot[f, {t, 9, 2}, PlotPoints - 1000]
Out[-]=
2 sign [—2 et (-1+ ejt)z} + sign[z et -1+ e“)z] +sign

4ett (—1+e“>2] +

| +

9 e it (1_eit+ezit) (2_4eit+4ezjt_3e3jt+4e4ﬂt_4esit+zesit>

4eit (17ej1t +(Ezfuc>2

sign[-e 't (-2+e'") (1+2ejt)]+sign{< et (1i2e
-2+e -l+2e

sign{f . : . . . : ]+
2*4(Elt+6®21t*5@31t+6e41t*465lt+2e61t

e it (2_4eit+6e21t_Se3it+6(e4jt_4e5ilt+2e611t>

sign{— ]
(1_eit+ezﬂt>2
Out[e]=

4k
3L
2; ’— —

T
N
N
w
N
(S}
[}
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