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Pensieve header: The linear algebra preliminaries for the partial quadratic signature formalism for
tangles; with Jessica Liu.

230100 Def. Given a v.s. V, a Partial Quadratic (PQ) Q on V is
a symmetric bilinear form Q on a subspace D(Q) < V. For
U < D(Q), denote anng(U) = {ve D(Q) : Q(U,v) = 0}.

Def. Q1 + Q> is with D(Q1 + Q2) = D(Q1) N D(Q»).

Def. Given a linear : V — W and a PQ Q on W, the pullback is
(* Q) (vi,v2) = QWv1,¥v2) with D(y*Q) = ¢~ (D(Q)).

Def. Given ¢: V — W and a PQ Q on V the pushforward ¢, Q is
with D(¢+ Q) = ¢(anng(D(Q) N kerg)) and (¢« Q) (w1, w2) =
Q(v1,v2), where v; are s.t. ¢(v;) = w; and Q(v;,rad Qlkerg) = 0.

Thm(?). y* and ¢, are well-defined and functorial, oL o
and if @/ = y//5, then y* o, = 6./B*. ¢* is addi- YV .7 {8
tive but ¢, isn’t. *5 e

Thm(?). Over R, given¢: V — W and PQs Qon V and C on W,
signy (Q + ¢*C) = signye 4(c* Q) + signy (C + ¢..0).

For a knot K and a complex unit w set u = R(w'/?), v = R(w), make an F x F
matrix A with contributions
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mn[-1-= RowRed[Subspace[vs , gens ]] :=
RowReduce [Join[Table[Coefficient[g, v], {8, gens}, {v, Sort[vs]}],

IdentityMatrix[Lengthegens], 2]1;

iml-]:- RowRed[Subspace[{y, Z, X, W}, {X+Y, X-y+2Z, X+2y+w}]] // MatrixForm

Out[-]//MatrixForm=
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pdf
in[-]:= CF[Subspace[{}, {0 ...}]] := Subspace[{}, {}];
CF [Subspace[vs , {}]] := Subspace[Sort[vs], {}1];
CF [Subspace[vs , gens_]] := Module[{cvs = Sort[vs]},
Subspace[cvs,
DeleteCases [ (RowRed [Subspace[vs, gens]][All, ;; Length@vs]).cvs, 0]
115
CF[Lt_LT] :=Sort /@ Lt
CFSteps [Subspace[{}, {0...}]] := {};

CFSteps [Subspace[vs_, {}]] := {};
CFSteps[sub_] := RowRed[sub] [All, -Length@RowRed [sub] ;;1;

in[-].= CF[Subspace[{Yy, Z, X, W}, {X+Y, X-Y+Z, X+2y+W}]]
Out[e]=

z z z
Subspace | {w, X, Yy, 2}, {W+£, X+£: y_EH
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in[-]:- CFSteps[Subspace[{y, z, X, W}, {X+V¥, X-y+2Z, X+2y+W}]] // MatrixForm

Out[-]//MatrixForm=
3
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pdf
1= Eval[Q_ , v_, w_ ] :=Expand[Qvw] //. {n:i_y: =»1,n: y2 =»2}/.(n|y)_-0;
Eval[g , v_] :=Expand[# V] /. {n: yi =1, U%__ yi_ »2n}/.y_-8;

ini-J= Eval[uni+vnina, yi+Y2]

Out[]=
2U7’]1+V7’]1+V7']2

il Eval[Eval[uni +vnina, yi ], Y1 +Y2]
Out[e]=
2u+v

ni-1= Evalluni+vnina, y1+Ya2s V1]

out[e]=

2u+v
pdf
in[-]:=  Pivot[v_Plus] := v[1]; Pivot[v_] :=v;
y! i=ni; nl i=yi; (vs_List)* :=Table[v*, {v, vs}];
pdf

in[-]:=  CF[PQ[sub_Subspace, Q_]] := Module[{csub, cvs, cgens},
{cvs, cgens} = List @@ (csub = CF[sub]) ;
PQ[csub, Sum[Eval[Q, v, w] Pivot[v]* Pivot[w]* /2, {v, cgens}, {w, cgens}]]
]

ini-1- CF[PQ[Subspace[{y1, Y25 ¥3}s {y1+2Y¥3, Y2+3y3}], n3]]
Out[«]=
PQ[Subspace[{y1, Y2, Y3}, {y1+2Y¥3, y2+3y3}], 4ni+12n1m2+9n3]

Infe]:= Eval[nﬁ, Yi+2Y3, Y2+ 3Ys]
Out[-]=
12

Infe]:= EV31[477§+12771 M +9n3, Yi+2Ys, y2+3Ys]

Out[«]=
12
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il Eval[4ni+12n1m2+9n3, Y1, ¥a2]

Out[«]=
12
in[-1:= Eval[12nin2, Y1, Y2l
Out[e]=
12
pdf
in[-1:=  Perp[Subsp_] := Module[{pp, cvs, cgens},
{cvs, cgens} = List @@ CF@Subsp;
pp = Complement [cvs, Pivot /@ cgens]™*;
CF@Subspace[cvs™,
Table[p - Sum[Coefficient[g, p*] Pivot[g]*, {g, cgens}], {p, pPpP}]
1
1
in[-]:= Perp@Subspace[{y1, Y2, Y3}, {y1-Y2}]
Out[«]=

Subspace[{n1, N2, N3}, {N1+ N2, N3}]

in[-]:= Perp@Perp@Subspace[{yi, Y2, Y3}, {y1-Y2}]
Out[e]=
Subspace[{y1, ¥2, Y3}, {Y1-Y2}]

pdf

mf-1:= Id[vs_] :=LT[vs, vs, Table[v > Vv, {v, vs}]]

inl-1:= Id[{Y1, ¥2}]

Out[e]=
LTI {y1, Y2}, {Y15 Y2}, {Yy1 > Y1, Y2 > ¥2}]
pdf
in[-]:= LT[dom_, ran_, rs_]1*[Subspace[ran_, gens ]] := Perp@CF@Subspace[dom*, Table[
Sum[Eval[p, v /. rs] v*, {v, dom}],
{p, Perp[Subspace[ran, gens]][2]}
11
il )= LT[{Y 15 Y-25 ¥-3}5 {Y15 Y25 ¥3}5 (Y12 Y1+2Y3, Y2 2Y>-Y3, Y3 Y3}]7"[
Subspace[{y1, Y25 Y3}, {y1-Y¥2} 1]
Out[e]=

Yoo 2y
Subspace | {y 3, V2, ¥ 1), {¥ 3+ . H
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pdf
in[-]:= LT[dom , ran_, rs ]1*[PQ[sub _, Q 1] := CFePQI
LT [dom, ran, rs]*[sub],
Sum[Eval[Q, vl /. rs, v2 /. rs] v1*v2* /2, {vl, dom}, {v2, dom}]
1

ini-= Id[{Yy15 Y25 Y3} 1" [PQ[Subspace[{y1, Y25 ¥3}s {y1+2Y3, Y2+3y3}], 4nj+12n1my+973]]

Out[]=
PQ[Subspace[{y1, Y2, Y3}, {Y1+2¥3, Y2+3y3}], 4ni+12n11; +9 73]
mi1= LTI{Y-15 Y-25 ¥Y-3}5 {¥1s Y25 Y3} {¥Y-1 > Y1 +2Y¥3, Y2 > 2Y2-Y3, Y3 > ¥3}17
PQ[Subspace [{y1, Y25 ¥3}s {Y1+2Y3s Y2+3Y3}], 4ni+12n1m +973]]
Out[e]=
Y2 361 24
PQ[subspace | 1y 5, v 2, v 1}, {y 3+ =, v}l P s Ant]
7 49 7
36n%; 24 y-2 y-2
In[«]:= EVal[ +_T]_3T]_1+4T]El, Y3+—, y_3+—]
49 7 7 7
Out[«]=
72
49

Inf]:= Eva1[4n§+12 n17m2 + 913,
y-2
Y-3+7 /e {Yy1->Y1+2Y3, Y 2>2Y2-Y3, Y3 Y3},

y-2
y_3+7 /e {Yy1>Y1+2Y3, Y 2>2Y,-Y3, y-3->Y3}:|

Out[e]=
72
49
pdf
in[-]:=  Subspace /: Subspace[vls , genls_] ®&Subspace[v2s_, gen2s_] :=
CF@Subspace[vis |Jv2s, genls Jgen2s];
Subspace /: Subspace[vs_, genls_ ] + Subspace[vs_, gen2s ] :=
CF@Subspace[vs, genls |Jgen2s];
Subspace /: subl_Subspace () sub2_Subspace := Perp[Perp[subl] +Perp[sub2]];
Subspace /: v_ € Subspace[vs , gens_ ] :=
(Subspace[vs, gens] () Subspace[vs, {v}])[2] =!= {};
inl-]:- Subspace[{y1, Y2}, {y1-3Yy2}] ®Subspace[{y_1, Y2, ¥-3}, {¥-3, Y1 +Y-2}]
Out[e]=

Subspace[{y_3, Y2, ¥-1, Y1, ¥Y2}» {¥-3, Y2+ Y-1, Y1 -3¥2}]
in[-]:= Subspace[{Y1, Y25 Y3}, {¥1+2Yy3}] + Subspace[{y1, Y2, ¥3}, {3Y3}]

Out[e]=

Subspace[{y1, Y2, Y3}, {¥1, Y3} ]
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In[«]:=

Out[e]=

In[«]:=
Out[«]=

In[«]:=

out[e]=

In[«]:=

In[«]:=

In[«]:=
Out[]=

In[«]:=

In[«]:=

Out[«]=

In[«]:=

Out[]=

In[«]:=

out[e]=

Subspace[{y1, Y2, Y3}, {y1+2ys3}] N Subspace[{y1, Y2, ¥3}, {2¥3, Y1}]
Subspace[{y1, Y2, Y3}, {Yy1+2Y3}]

ys € Subspace[{y1, Y2, Y3}, {Y1+2Y3}]

False

Y3 € Subspace[{y1, Y2, Y3}, {Y1+2Y3, Y1+Y3}]

True

PQ /: PQ[subl_, Q1_]1e®PQ[sub2_, Q2 ] := CFe@PQ[subl®sub2, Q1+Q2];
PQ /: CirclePlus [PQ1_PQ, PQs__PQ] :=
CirclePlus @@ Join[{PQI®First[{PQs}]1}, {POs}[2;;11;

PQ1 = PQ[Subspace [{y1, Y2}, {Y2+2y1}1, 4ni+12n1 2+ 973 ];
y-2 3677 24

PQ2 = PQ[Subspace [ {y_3, Y25 Y-1}s {¥-3+ — Y} |, —= + = nana+ani;
7 49 7

PQ3 = PQ[Subspace[{ys}, {ys}1, n3];

CirclePlus [PQ1l, PQ2, PQ3]

Y2 Y2
PQ[Subspace[{yfs, Y25 Y15 Y15 Y25 Y31} {ys + 7, Yo1s Y1+ ;, ya}] s

361, 24 , 49n?
+ 7 N3na+4niy+

-

ANNpq[ 5 subspace,o 1 [Subspace[vs_, gens_]11] :=
2 (Perp@Subspace[vs*, Table[Eval[Q, g], {8, gens}]]

AnnPQ[Subspace[{yl,yz,yg}, {¥1+2y3,Y2+3 Y3} 1,4 ni+12 11 na+9 0] [Subspace[{y1, Y25 Y3}, {y1+2Yy3}]1]

Subspace | {y1, Y2, Y3}, {yl B Z:ZH

2y,
Y1 - T € Subspace[{y1, Y2, Y3}, {Y1+2Y¥3, Y2 +3Y3}]

True

2 2 2y2
EV31[4T11+127’)1T12+9772: Y1-T: y1+2y3]
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pdf

1= Ker[LT[{}, _, _1] := Subspace[{}, {}];
Ker[LT[dom_, {}, _1] := Subspace[dom, dom] ;
Ker[LT[dom_, ran_, rs_]] := Module[{ns},
ns = NullSpace[Table[Coefficient[d /. rs, r], {r, ran}, {d, dom}1];
If[Lengthens > @, CF@Subspace[dom, ns.dom], Subspace[dom, {}]]
]

in[-]:= Ker[LT[{Y_1, Y-25 Y-3}5 {Y15 Y25 Y3}, {Y-12Y1+2Y¥3, Y2 >2Y2-Y3, Y.3>Y3}]]
Out[]=

SUbSPaCE[{yfh Y-2, y—3}: {}]

in[-1:= Ker[LT[{Y_15 ¥Y-25 ¥-3}5 {Y1s Y25 ¥3}5 {Y-1 2 Y1 +2Y3, Y2 = -Y¥3, Y3 > Y3}]]

Out[«]=
Subspace[{y_3, Y2, ¥Y-1}, {¥Y-3+Y_2}]

in[-]:= (xwill return a LT that is a section on the imagex)
Section[LT[dom , ran_, rs_]] := Module[{im = Subspace[ran, dom /. rs], newrs = {}},
newrs = Thread [Pivot /@ (CF[im] [2]]) -» (CFSteps[im].dom)[ ;; Length@CF[im] [2111];
LT [ran, dom, Join[newrs, Thread[Complement[ran, Pivot /@ (CF[im][2])] -» ©0]1]]
1

inf-]:= Section[LT[{y_1, ¥Y-25 ¥-3}» {¥1s Y25 ¥3}5 (Y12 Y1+2Y3, Y2 > 2Y2-Y3, Y3 > Y3}]]

out[e]=
v v
2

LT[{Yl: Y25 ¥3}s {Y-15 ¥Y-25 ¥Y-31}) {Y1 > -2y 3+Y.1, Y2~ 7 + » Y3 %Y-s}]

inf-]:= Section[LT[{y_1, ¥Y-25 ¥-3}» {¥1s Y25 ¥3}5 {¥y-1 20, Y2 >2Y2-Y3, Y3 >Y3}]]

Out[e]=

+

LT[{yl: Yas ¥3}s {¥-15 ¥Y-25 ¥Y-3}, {yz - > Y3 > Y3, Y1 0”

2 2
pdf

in[-]:= Section[LT [Subspace[vs , gens ], ran_, rs 1] := Section[LT[gens, ran, rsl];

pdf

in[-]:=  (LT[dom_, ran_, rs_1]),[Subspace[dom , gens 1] := CF@Subspace[ran, gens /. rs]

il 1= LTI{Y15 Y25 ¥3}5 {Y15 ¥2}5 {Y1 > @, Y2 > Y1, ¥3 > Y2} ], [Subspace[{y1, Y2, Y3}, {¥15 ¥3}]]

out[e]=
Subspace[{y1, Y2}, {Y2}]

pdf

mip=  Lt_LT,[PQ[sub_, Q_]] := CF@Section[CF[Lt]]*[CF@PQ[Annpq.us,o; [Ker [CF[LE]TT, Q] ];
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inf-1:= LTI{Y-15 ¥Y-25 ¥-3}» {¥15 Y25 Y3}, {Y-12Y1+2Y3, Y2 >2Y2-Y3, Y3 Y3}]*[
PQ[Subspace [{y.1, ¥-2, ¥-3}> {Y-1+2Y.3, Y2 +3Y.3}1, n%]]

Out[e]=

9n3
PQ[SUbSPaCG[{h; Vo> Y3, (Y1 +4Y3, Yo +Y3}], 4ni+6n1m,+ }

pdf

in[-]:= Sig[PQ[Subspace[vs , gens ], Q@ 1] :=

Plus @@ Sign@Eigenvalues [Table[Eval[Q, v, w], {v, gens}, {w, gens}]];

. 2 9n;
i1~ Sig[PQ[subspace[{ys, Y25 y3}s (Y2 +4Yss Y2 +¥3}], 4nf+6mmy+ — ]

Out[«]=
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