Dror Bar-Natan: Talks: Geneva-231201:

Abstract. Following a general discussion of the co-
mputation of zombians of unfinished columbaria (with
examples), I will tell you about my recent joint work
w/ Jessica Liu on what we feel is the “textbook” exten-
sion of knot signatures to tangles, which for unknown
reasons, is not in any of the textbooks that we know.
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Columbaria in an East Sydney Cemetery

Shifted Partial Quadratics, their Pushforwards, and Signature Invariants for Tangles

A SR'Liu’s Theorem
A Partial Quadratic (PQ) on 'V is a quadratic Q defined only on

Jacobian, Hamiltonian, Zombian|

Thanks for allowing me in Geneva! _*El [=
http://drorbn.net/ge23 [@]

' il e [Ka] For knots, 0 g = 20777

[Li].

pullback y*Q,aPQ on V.

Theorem 1. Given a linear ¢: V — W and a PQ Q on V, there is
a unique pushforward PQ ¢.Q on W such that for every PQ U on
W, 0v(Q + ¢°U) = Oiero( Qliers) + (U + 6.0).

(If you must, D(¢. Q) = ¢(anng(D(Q) N ker ¢)) and (4.Q)(w) = O),
where v is s.t. ¢(v) = w and Q(v, rad Qlierg) = 0).

Prior Art on signatures for tangles / braids. = Gambaudo
and Ghys [GG], Cimasoni and Conway [CC], Conway [Co],
Merz [Me]. All define signatures of tangles / braids by first clo-
sing them to links and then work hard to derive composition pro-
perties.

'Why Tangles? e Faster!
e Conceptually clearer proofs of invariance
(and of skein relations). z

e Often fun and consequential: 212 4 QM2 4 N < o

o The Jones Polynomial ~» The Temperley-Lieb Algebra.

o Khovanov Homology ~» “Unfinished complexes”, complexes
in a category.

o The Kontsevich Integral
~» Associators.

o HFK ~ OMG, type D,
type A, A, ...
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[Exactly what we want, if the Zombian is the signature!

V: The full space of faces. wlw|w|w W
W: The boundary, made of gaps. ol el

(Q: The known parts. . .

U: The part yet unknown. e

ov(Q + ¢*(U)): The overall Zombian. s U

0 (Olkerg): Aninternal bit. U + ¢.Q: A boundary bit.
IAnd so our ZPUC is the pair § = (0(Qlkerg), ¢+ Q).

Zombies: Freepik.cor

Computing Zombians of Unfinished Columbaria.

e Must be no slower than for finished ones.

e Future zombies must be able to complete the
computation.

e Future zombies must not even know the size &7
of the task that today’s zombies were facing.

e We must be able to extend to ZPUCs, Zombie [
Processed Unfinished Columbaria!

[Example / Exercise. Compute the determinant

of a 1,000 x 1,000 matrix in which 50 entries M S

are not yet given. Columbarium near Asse

Homework / Research Projects. ¢ What with ZPUCs? e Use
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A Shifted Partial Quadratic (SPQ) on V is a pair S = (s €
7, Q a PQ on V). addition also adds the shifts, pullbacks keep the
shifts, yet ¢.S = (s + o-ker¢(Q|ker¢)’ ¢.Q) and 0(§) = s + (Q).
Theorem 1’ (Reciprocity). Given ¢: V. — W, for SPQs S on
V and U on W we have oy (S + ¢*U) = ow(U + ¢.S) (and this
haracterizes ¢..5). Note. y* is additive but ¢, is not_.{
heorem 2. * and ¢, are functorial. Vo =V,

this to get an Alexander tangle invariant. —
. . R signature
IReminders. {knots} =3 {matrices / quadratic forms} ——
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With [w|=1,t=1-w, r=t+1,v=Re(w), and u = Re(w'?):
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& [ heorem 3. If, a the right, Ba = 9y and @ and y. V7B
- Y LTV = Vi :
are surjective, thesxky* = B*6.. Pl f,., :«/ \/;/ o fvz =V
8 SPQS\ ki | & )
Definition. S|(83  &1)]:= { Q } ' g141 f
on <g i> 812 1 84
Theorem 4 ¢( {S(cyclic sets)} is 5 5}; f3g23 g34.f1 a
a planar algebra, with compositions 821
SDN(S)) = LW, S), where | %7
Wp: (fi) = (g maps every face of L ;]:6 .. D)

i |fo > &5, 1 84 -

D to the sum of the input gaps adja- Connection Diagram
cent to it and ¢”: (f;y — (g;) maps every face to the sum of
the output gaps adjacent to it. So for our D, Yp is fi — g,
2 o 831+ &ua + 8aa + 833, 3 P g, fa o gL 5 o 813+ 8o fo o 8,
Iy g+ g and @P 1S fi > g1, o g2+ g6, f5 0 0, fi b g3, f5 5 0,

o

Theorem 5. TL and Kas, defined on 1.
X and X as before, extend to planar Pl

algebra morphisms {tangles} — {S}. 8
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Proof of Theorem 1°. Fix W and consider triples (V,S,¢: V — A dd A ‘H\A/ Y Lﬁ{/b/) V
W) where S = (s, D, Q) is an SPQ on V. Declare (V1,5 1,¢1) ~

(V2,8 2, ¢) if for every quadratic U on W, l, ,@j Tnking J=O /n e 'Q(/ rﬁ] 5747&'”’72

v, (S1+ ¢ U) = 0y (S2 + $3U). ot Tt Awrg (S 0"(5) Bﬂ"&ku
Given our (V, S, ¢), we need to show: 1hs stems W""J /£ 9550 Wéa Savts e C[‘_j %
1. There is an SPQ S’ on W such that (V, S, ¢) ~ (W, S’, ). 2. % 7%\{:#3 C=o In De /z(/,/o(hl ﬂé‘én;}
2.If(W, S, 1) ~(W,S"”,I)then S’ = §". s Tt ;La c ‘L/’) 0_((/)
Property 2 is easy. Property 1 follows from the following fﬁﬁrm /e M_‘j H ¢
claims, each of which is easy. Bat wev / ﬂ'ﬂ In ﬂw’ZfC’)CZD \A/’;nl’%f
Claim 1. (V, S @) ~ (D(S),S, dlpes)), so wlog, S is “full”, mea—}wz W,/-O/D 2
ning D(S) = m|
Claim 2. IfS'—sﬁl‘vekemS %31 = O) # 0, then (V. S, ¢) ~ =, ’4‘2’3 bnma. il j:" &j/ dad

) 0(—,v)® O(v, -) Y. e Jdicyong of

(V/<v>, (s +Sign(D, VI, 0~ = ),¢/<v>). / S ’42 D FarrrS o g

So wlog Qliers = 0 (meaning, Olergsker g 70) o B. v NI erspednt ot he [Podyug
Claim 3. If Qlierg = 0 and v € ker¢'le = ker Q(v, —) and \36 O Hesrem .
then (V. S, ¢) & (V', Sy, lv) so wlog Qlvekergrkergay =0- 8 & Do [ puch, paldJ bl for \/\;I
Claim 4. If Mkermm@v = 0then S = ¢*S’ for some SPQ S’ ADeQc \/ VAR ¢ -
on im ¢ and then (V, S, ¢) ~ (W, ", I). 98 sl A AN / Vo
Proof of Theorem 2. The functoriality of pullbacks needs no ' Frmy A@B\D !/ 6 LV
proof. Now assume V) N Vi L V> and that S is an SPQ on s s wtve of &
Vo. Then for every SPQ U on V; we have, using reciprocity three The “JB-)L‘:’(' Toe & roof”
times, that 0(B.@.S + U) = o(a.S +B°U) = (S + a*B°U) = boxX .

(S + (Ba)*U) = o((Ba).S + U). Hence B,a.S = (Ba),S. O /’_\ o fj;lf‘,-,:'» ,..{&_ﬂ,"’f::-’__i{

Lemma 1. $.¢*S = Slimg- z , ,
Proof. For every PQ U with D(U) = im ¢ we have a@,én¢+U) = JI _ — gy <=7 2
S U) = (¢ (@ V) = o 9°U) = o478y U) ' L e 0 ar
where for the second equality we use the fact that a pullback by a [ 4
surjective map does not change the signature, and the last equality
wthe reciprocity property. m| < / T furs W’ A
emma 2. Under the conditions of Theorve S;isan SPQ on

Vifori=1,2,then o(a*S| +v*S2) = 0(B.S1 + 0.5 2).
Proof. Let m := Ba = &y. Then (in order) by reciprocity with Y
U = 0, by the functoriality of pushforwards, by Lemma 1, and u-

sing the surjectivity of @ and of y, o(@*S 1 +y*S2) = o(m.(@*S | +S a qg_) vﬂﬁ Q" S
Y'$2)) = 0B, S 146,y S2) = 0(Bi(S 1lima)+0x (S2|1my)) Jmﬁ 2

O'(ﬂ*Sl + 6.5 2) O
Proof of Theorem 3. Given S on V>, for every U on V| we

I,?m-p'—.:ulm,sa imd>

have using reciprocity, Lemma 2, and reciprocity again, that
o(a.y*'S +U) =o(y'S +a*U) = 0(6,S +B.U) = o(B8°6..S + U).
Hence a.,.y*S = (%0.S.
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Implementation (sources: http://drorbn.net/icerm23/
ap). I like it most when the implementation matches the math
perfectly. We failed here.

Once[<< KnotTheory ];

Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Utilities. The step function, algebraic numbers, canonical forms.
6[x_]1 /; NumericQ[x] := UnitStep[x]
w2[v_][p_] :=Module[{q = Expand[p], n, c},
If[q===9,0,
c = Coefficient[q, w, n = Exponent[q, w]];
cv'+w2[v][q-c (w+w'1)"]]];
sign[&_] := Module[{n, d, v, p, rs, e, k},
{n, d} = NumeratorDenominator[&];
(n, dy /= wExponent[n,w]/2+Exponent[n,w,Min]/2;
p = Factor [w2[v]@enxw2[v]ed /. v 4u?-2];
rs = Solve[p == @, u, Reals];
If[rs === {}, Sign[p/.u-e],
rs = Union@ (u /. rs);
Sign|[ (-1)“=FPenentI-Ul coefficient[p, u, e]] +Sum[
k=0;
While[ (d = RootReduce[dy,,+i}P /. U > T]) =
If[EvenQ[k], @, 2Sign[d]] *6[u-r],
{r, rs}l]

0];

]
]

SetAttributes[B, Orderless];
CF[b B] := RotateLeft[#, Firste@eOrdering[#] - 1] & /@
DeleteCases[b, {}]
CF[& ] :=Module[{¥s = UnioneCases[&, ¥_|¥_, =]},
Total|CoefficientRules[&, ¥s] /.
(ps_ — c_) = Factor[c] « Times e@ ys"] |
CFI{}] ={};
CF[c List] :
Module[ {¥s = Unione@Cases[C, ¥ , =], ¥},
CF /@DeleteCases[0] [
RowReduce [Table[d,r, {r, ¢}, {¥, ¥5}]1.¥s] ]
(&))"
r_Rule*

“*, c_Complex = c*};

=8/ ¥ vV, wow
= {r, r}
RulesOf[y; +rest_.] :=
CF[PQ[C , g 1] :=Module[{nC =CF[C]},
PQ[nC, CF[g /. Union @@ RulesOf /@nc]] 1]

CF[Zy, [o , Pq_1] :=Z¢crpy[o, CF[pq]]

(yi » -rest)*;

Pretty-Printing.
Format[Z, s[o , PQ[C_, g_]1] :=Module[{¥s},
¥S =y~ &/@Joineeb;
Column[{TraditionalForme o,
TableForm[Join[
Prepend[""] /@ Table[TraditionalForm[&.r],
{r, ¢}, {c, ¥s}l,
{Prepend[""] [
Join ee@
(b/. {L,m __
{DisplayForm@RowBox [ {" (", L}],
m, DisplayForm@RowBox[{r, ")"}1}) /.
i_Integer :»y; 1},
MapThread [Prepend,
{Table[TraditionalForm[d,,.q], {r, ¥s*},
{c, ¥s}1, ¥s"}]
1, TableAlignments - Center]
}, Center] 1;

s} >

The Face-Centric Core.
Zps [01_, PQ[C1_, q1_]11@®32p; [02_, PQ[C2_, gq2_]1] ~:=
CF@Zj0in(b1,021 [01 + 02, PQ[c1 €2, q1 +q2]];

GT for Gap Touch: fi @

3 @ZBgli___,i,ri___ Y, __,d_,ri__ alas
PQ[C’_: qg_1]1 :=
CF@Zg((ri,Li,7,ri,L7,i},bs1 [Os PRIC U {¥i - ¥j}s 911

cor-don < (xsrdn)

N THEpRpeDICTIONARY

1, 1. Aline of people, military posts, or ships stationed around
an area to enclose or guard it: a police cordon.

2. Arope, line, tape, or similar border stretched around an

area, usually by the police, indicating that access is

restricted.
use ¢, to kill its row and
dp¢, #0 column, drop a (01) summand
N 10

¢=0,1#0 use Atokill g, let s += sign(4)
¢»=0,1=0 append 0 to Creg.

Cordon; @Zgr¢1i__ i ,ri___3,bs.__100.> PRIC_ ,q_]11 =
Module[{¢ = 8,,C, A = 85, ,4.9, No = 0, NG, nq, p},
{p} = FirstPosition[ (# =!=90) & /@ ¢, True, {0}];
{nc, nq} = Which|[
p>0, {C¢,q} /. (yi»-cIpl/olpl)" /.
A=1=0, (no+=sign[A];
{esar. (vi»>-(85,9) /X)) /. (vi»>0)"}),
r===0, {cU{85,9}s9/- (vi>0)'}];
CF@Zgmoste(ri,Li},bs] [NT,
PQ[NC, nql /. (Yiaste(ri,Li} = YFirste(ri,li}) ] ]

(¥vi»0)",


http://drorbn.net/icerm23/ap
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Strand Operations. ¢ for contract, mc for magnetic contract: Reidemeister 3.
R3L = PD[X_3,5,4,-15 X-3,7,6,-5>

o al__1:=

t // GTj,rirste(ri,Liy // Cordon; X e,0,8,-413 \ y
R3R = PD[X_3,5,4,-25 X_4,6,8,-15

Ci ,j @t :Bprqui i ,ri___},{___ i

Ci ,j@t:tZgry i 5, 4, [__1:= Cordon;et

1N

X.5,7,9,-615

Ci ,j @ :32g¢5, ,iy, 1[__1 :=Cordon;et
{TL@R3L == TL@R3R, Kas@R3L == Kas@R3R}

Ci ,j@t:tZgry 5., 3, [__1:= Cordon;et

Ci,j @t:Zgi, ,i3, 1[__] :=Cordon;et {True, True}

mc[&s ] :=&8//. Kas@R3L
20(u-1)-20(u+l)-2

t : ZB[{___)".-,J___}J{___:j,x___})___] [——] | (v-3 Y7 ( YzJ ( 2) RE] RS Y-2)
ZB[{___, Uopil o _To__ 1] [__] | ZB[{j_,___, 1}, 1 [__] /; V3 i:zl‘?f,,zl QZ“:‘“;:_L Y 1{2u¢1w - !2u—1z‘:2m1w T 2u 1‘2.,,1‘ ,2:‘:"‘%211\
1+ j =0 > Ci,j@t 7 ,2‘;‘::’;:1\ \zi‘f\u::_lﬁ ‘ZZ‘:\UTZT_L BYE 1«2um T2 1\2?“‘1\ T 2u 1\1\2uw]\
The CI'OSSin Yo Teu 1\1x2u‘1: in‘:yu‘zzijl‘ 2:21‘“22:431 ‘zz‘:‘uzzzl,l; " 2w 1v1\zum " 2u 12“1“‘1‘

gS (and empty Strands)‘ = B 2u B 1 u (4u?-3) 202 (4u?-3) u(4u?-3) N 1
8 (2u-1) (2us+1) (2u-1) (2us+1) (2u-1) (2u-l) (2u-1) (2u-1) (20-1) (20-1) (2u-1) (2us1)
KaseP; ,; :=CF@3g((i,j);[0, PQ[{}, @1]; ey R ey rrr ey S e SR I, L
TL@P; ; := CF@3g((i,5); [0, PQ[{}, O]] Ve ol o e sl i)

Kas[x :X[1 , T , kR , L 1] :=

—_ Reidemeister 2. 56
KaS@I'F[POSitiVGQ[X] N X—i,j,k,—LJ X—j,k,L,—i]; _
_ 5 TL@PD[X-2,4,3,-1: X-4,5,5,-3] _
Kas[(x:X|X)fs”] :=Modu1e[{v=2u -1, p, ¥s, m}, 0

¥S =¥z &/@{fs}; p= (x===X); 1 0 -1 2] 2
Vvud1lu Vvud1lu (Y-2 Y6 s Y-1)
ulul ulul Y-2 7] 7] %] %]
m=I-F[ID"1uvu"-1uvu:|‘; Ye 0 ) ) )
ulul ulul s 0 0 %] 0
Y-1 0 0 0 0

CF@Zg( sy [IF[P, -1, 11, PQL{}, ¥s*.m.¥vs]]] -
{TL@PD[X_3,4,3,-15 X_4,6,5,-3] = GTs5, ,@TL@PD[P_3 5, P_; ],

TLIx:X[1_, J_,k_, L_]] := Kas@PD[X_;,4,3,-15 X-4,6,5,-3] == GTs,_,@Kas@PD[P_; s, P_; 6]}

TL@If[PositiveQ[X] N X—i,j,k,—L.’ Y—j,k,l.,—i];

_ {True, True}

TL[(X DX | x)fs__] i= Module[{t =1-w, r, ys, m},
r=t+t*; ys=vy,&/@{fs};

Reidemeister 1. k
m=1If [X === X,

{TL@PD [X_3’3,2,_1] == TL@P—I,ZJ

KaS@PD[X_3,3,2,_1] == KaS@P_llz}
-r -t 2t t* r -t -2t* t*

“t* @ t* o “t* @ t* @ I {True, True}
E)

3

2 2
] =
A 1
2t* t -r -t* -2t t r -t A Knot
t o -t o t @ -t o _
f = TLSig[Knot[8, 5]]
CF@Zg ()1 [0, PRL{}, ¥s*.m.vs]]] J3 3
T ERCI PP RN
Evaluation on Tangles and Knots. 2 2
Kas[K_] := Fold[mc[#1®#2] &, Zg(; [0, PQ[{}, @11, 20[u- ©-0.630.. | +26[u- De.630...

List ee (Kas /@PDeK)];
KasSig[K ] := Expand[Kas [K] [1] / 2] Plot[f, {u, -1, 1}]

TLIK ] :=
Fold[mc[#1®#2] &, Zg[; [0, PQ[{}, @11,
Listee (TL /@PDeK)] /.
e[c_+u] /; Abs[c] 21 6[c];
TLSig[K 1 := TL[K][1]




The Conway-Kinoshita-
Terasaka Tangles.

e Il
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Conway Kinoshita Terasaka

T1= PD[i—6,2,7,—13 X_2,8,3,-7> 9

X_8,4,9,-3> X_11,6,12,-55

3 58
X_a,11,5,-10] 3 11 s 12 s
T2 = PD[X-5,2,7,-1: X_2,8,3,-7» I 2 [ 2
X 6 \\ \/
X_8,4,9,-35 X_12,6,13,-5» /7 12 7 3

X_4,12,5,-115 X_10,15,11,-14» X-15,1e,15,-9]3

Column@{TL[T1], Kas[T1]}

—Za(u—‘TE) +26(u+ﬁ) -1

(¥-10 Yo Y1 Y12)
Y-10 0 1-w 2} w-1
- w-1 20 w1 2w
e w w?-wi1 w w2l
Y1 %) w-1 %) 1-w
. w1 2w ‘
12 ) w2l
ﬁ) 1
2
(¥-10 Y1 Y12)
Y 10 2 (u-1) (u+1) “2(u-1) (u+1) (4u?-3) 0
_ _ 1
Vs 4 2 (au?3) 0 2 (au?-3)
Y -2 (u-1) (u+1) (4u?-3) 0 2 (u-1) (u+1) (4u-3) 0
. o1 1
REE e 2 (4u?-3) o 2 (4u?-3)
Column@{TL[T2], Kas[T2]}
0
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Examples with non-trivial co-
dimension.
Bl = PD[X—S,Z,S,—1: X_g,3,9,-2>
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Roughly, det(A) is “det on ker”,

A B
AR 3 e 5>
CA™' Bis “a pushforward of (C U) .

A B\ day (I A7'B 1 I A"'B
cC U c U 0 U-CA'B)

A B\ _ 1
so det (C U) = det(A)det(U — CA™'B). (what if 14-17)

Questions. 1. Does this have a topological meaning? 2. Is the-
re a version of the Kashaev Conjecture for tangles? 3. Find all
solutions of R123 in our “algebra”. 4. Braids and the Burau re-
presentation. 5. Recover the work in “Prior Art”. 6. Are there
any concordance properties? 7. What is the “SPQ group”? 8. The
jumping points of signatures are the roots of the Alexander poly-
nomial. Does this generalize to tangles? 9. Which of the three
Cordon cases is the most common? 10. Are there interesting e-
xamples of tangles for which rels is non-trivial? 11. Is the pg
part determined by I'-calculus? 12. Is the pg part determined by
finite type invariants? 13. Does it work with closed components
/ links? 14. Strand-doubling formulas? 15. A multivariable ver-
sion? 16. Mutation invariance? 17. Ribbon knots? 18. Are there
“face-virtual knots”? 19. Does the pushforward story extend to
ranks? To formal Gaussian measures? To super Gaussian measu-
res?
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