
Pensieve  Header:  The  Alexander  blobs  program,  with  conventions  following  the  Chicago  ax+b  handout  of
http://www.math.toronto.edu/~drorbn/Talks/Chicago-1009/

For the ArrowRules, see testing at “AlexanderBlobs-U(I2D) Comparison.nb”.

ArrowRules = 8
Diag@hs_, lft___, ar@i_, j_D, ar@k_, l_D, rgt___D �;

! OrderedQ@8ar@i, jD, ar@k, lD<D ¦ Plus@
Diag@hs, lft, ar@k, lD, ar@i, jD, rgtD,

Which@
i � k ÈÈ i � j ÈÈ k � l, 0,

j � l, Diag@h@iD hs, lft, ar@k, lD, rgtD - Diag@h@kD hs, lft, ar@i, jD, rgtD,

j � k && i � l, H
-Diag@h@iD hs, lft, ar@j, iD, rgtD + Diag@h@jD hs, lft, ar@i, jD, rgtD -

Diag@h@iD hs, lft, ar@j, jD, rgtD + Diag@h@jD hs, lft, ar@i, iD, rgtD
L,

j � k, -Diag@h@iD hs, lft, ar@k, lD, rgtD + Diag@h@kD hs, lft, ar@i, lD, rgtD,

i � l, -Diag@h@iD hs, lft, ar@k, jD, rgtD + Diag@h@kD hs, lft, ar@i, jD, rgtD,

True, 0

D
D

<;

If@Head@$DegreeStackD =!= List, $DegreeStack = 8Infinity<D;

$ModDegree = First@$DegreeStackD;

SetAttributes@ModDegree, HoldRestD;

ModDegree@m_, expr_D := Module@8res<,

PrependTo@$DegreeStack, $ModDegree = mD;

res = expr;

$DegreeStack = Rest@$DegreeStackD;

$ModDegree = First@$DegreeStackD;

res

D;

Deg@Diag@hs_, ars___DD := Length@8ars<D + Exponent@hs �. _h ® h, hD;

Deg@Diag@h@1D, up@2, 2D, ar@2, 3DDD
3

Unprotect@NonCommutativeMultiplyD;

0 ** _ = 0;

_ ** 0 = 0;

Hc_ ?HFreeQ@ð, DiagD &L * a_L ** b_ := Expand@c * Ha ** bLD;

a_ ** Hc_ ?HFreeQ@ð, DiagD &L * b_L := Expand@c * Ha ** bLD;

a_Plus ** b_ := Hð ** bL & �� a;

a_ ** b_Plus := Ha ** ðL & �� b;

d1_Diag ** d2_Diag �; Deg@d1D + Deg@d2D ³ $ModDegree := 0;

Diag@hs1_, ars1___D ** Diag@hs2_, ars2___D :=

Diag@hs1 * hs2, ars1, ars2D ��. ArrowRules;

b@x_, y_D := x ** y - y ** x;



DPower@expr_, p_IntegerD �; p > 0 := NonCommutativeMultiply �� Table@expr, 8p<D;

DExp@expr_D := Module@
8total, term, k<,

k = 0;

total = term = Diag@1D;

While@term =!= 0,

++k;

total += Hterm = Expand@term ** expr � kDL
D;

total

D;

DInvert@Diag@1D + expr_D := Module@
8total, term<,

total = term = Diag@1D;

While@term =!= 0,

total += Hterm = Expand@-term ** exprDL
D;

total

D;

r@i_, j_D := Diag@1, ar@i, jDD;

r12 = r@1, 2D; r21 = r@2, 1D;

R@i_, j_D := DExp@r@i, jDD;

b@r@1, 2D, r@1, 3DD + b@r@1, 2D, r@2, 3DD
-Diag@h@1D, ar@2, 3DD + Diag@h@2D, ar@1, 3DD

b@r@1, 2D, r@1, 3DD + b@r@1, 2D, r@2, 3DD + b@r@1, 3D, r@2, 3DD
0

ModDegree@7, DExp@r@1, 2DDD
Diag@1D + Diag@1, ar@1, 2DD +

1

2
Diag@1, ar@1, 2D, ar@1, 2DD +

1

6
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DD +

1

24
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD +

1

120
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD +

1

720
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD

ModDegree@3, DExp@r@1, 2DD ** DExp@r@1, 3DD ** DExp@r@2, 3DDD
Diag@1D + Diag@1, ar@1, 2DD + Diag@1, ar@1, 3DD + Diag@1, ar@2, 3DD +

1

2
Diag@1, ar@1, 2D, ar@1, 2DD + Diag@1, ar@1, 2D, ar@1, 3DD + Diag@1, ar@1, 2D, ar@2, 3DD +

1

2
Diag@1, ar@1, 3D, ar@1, 3DD + Diag@1, ar@1, 3D, ar@2, 3DD +

1

2
Diag@1, ar@2, 3D, ar@2, 3DD
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t1 = ModDegree@3, DExp@r@2, 3DD ** DExp@r@1, 3DDD
Diag@1D + Diag@1, ar@1, 3DD + Diag@1, ar@2, 3DD -

Diag@h@1D, ar@2, 3DD + Diag@h@2D, ar@1, 3DD +

1

2
Diag@1, ar@1, 3D, ar@1, 3DD +

Diag@1, ar@1, 3D, ar@2, 3DD +

1

2
Diag@1, ar@2, 3D, ar@2, 3DD

ModDegree@3, t1 ** DExp@r@1, 2DDD
Diag@1D + Diag@1, ar@1, 2DD + Diag@1, ar@1, 3DD + Diag@1, ar@2, 3DD +

1

2
Diag@1, ar@1, 2D, ar@1, 2DD + Diag@1, ar@1, 2D, ar@1, 3DD + Diag@1, ar@1, 2D, ar@2, 3DD +

1

2
Diag@1, ar@1, 3D, ar@1, 3DD + Diag@1, ar@1, 3D, ar@2, 3DD +

1

2
Diag@1, ar@2, 3D, ar@2, 3DD

ModDegree@7, DExp@r@1, 2DD ** DExp@r@1, 3DD ** DExp@r@2, 3DD -

DExp@r@2, 3DD ** DExp@r@1, 3DD ** DExp@r@1, 2DDD
0

ModDegree@7, DInvert@Diag@1D + r@1, 2DDD
Diag@1D - Diag@1, ar@1, 2DD + Diag@1, ar@1, 2D, ar@1, 2DD -

Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DD + Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD -

Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD +

Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD

Adjoint@Diag@hs_, ars___DD := Times@
hs �. _h ® 1,

H-1L^Length@8ars<D,

Reverse@Diag@ars, hsDD
D;

Adjoint@expr_D := Expand@expr �. diag_Diag ¦ Adjoint@diagDD;

Cap@Diag@hs_DD := Hhs �. _h ¦ 1L * Diag@hsD;

Cap@Diag@_, __DD := 0;

Cap@expr_D := Expand@expr �. diag_DiagD ¦ Cap@diagD;

PutOn@ind___, Diag@hs_, ars___DD := Module@
8ind1<,

ind1 = Flatten@8ð<D & �� 8ind<;

Expand@
Distribute@Join@

Diag@Expand@
hs �. h@i_D ¦ Total@h �� ind1@@iDD D

DD,

Diag@arsD �. ar@i_, j_D ¦ Total@Outer@ar, ind1@@iDD, ind1@@jDDD, 2D
DD �. Diag@c_Integer * hs1_, ars1___D ¦ c * Diag@hs1, ars1D ��. ArrowRules

D
D;

PutOn@ind___, expr_D := Expand@expr �. diag_Diag ¦ PutOn@ind, diagDD;
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ModDegree@5, DExp@r@1, 2DDD
Diag@1D + Diag@1, ar@1, 2DD +

1

2
Diag@1, ar@1, 2D, ar@1, 2DD +

1

6
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DD +

1

24
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2D, ar@1, 2DD

PutOn@2, 3, Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DDD
Diag@1, ar@2, 3D, ar@2, 3D, ar@2, 3DD

PutOn@1, 82, 3<, Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DDD
Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DD + 3 Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 3DD +

3 Diag@1, ar@1, 2D, ar@1, 3D, ar@1, 3DD + Diag@1, ar@1, 3D, ar@1, 3D, ar@1, 3DD

PutOn@81, 2<, 3, Diag@1, ar@1, 2D, ar@1, 2D, ar@1, 2DDD
DiagAh@1D2, ar@2, 3DE - Diag@h@1D h@2D, ar@1, 3DD - Diag@h@1D h@2D, ar@2, 3DD +

DiagAh@2D2, ar@1, 3DE - 3 Diag@h@1D, ar@1, 3D, ar@2, 3DD - 3 Diag@h@1D, ar@2, 3D, ar@2, 3DD +

3 Diag@h@2D, ar@1, 3D, ar@1, 3DD + 3 Diag@h@2D, ar@1, 3D, ar@2, 3DD +

Diag@1, ar@1, 3D, ar@1, 3D, ar@1, 3DD + 3 Diag@1, ar@1, 3D, ar@1, 3D, ar@2, 3DD +

3 Diag@1, ar@1, 3D, ar@2, 3D, ar@2, 3DD + Diag@1, ar@2, 3D, ar@2, 3D, ar@2, 3DD

R4Eqn@V_D := V ** DExp@r@1, 3D + r@2, 3DD - R@1, 3D ** R@2, 3D ** V;

TwistEqn@V_D := PutOn@2, 1, VD ** DExp@1 � 2 Hr@1, 2D + r@2, 1DLD - R@1, 2D ** V;

SetAttributes@PullDiags, ListableD;

PullDiags@expr_D �; Head@exprD =!= List := Module@
8diags, res<,

diags = Union@Cases@expr, _Diag, InfinityDD;

res = Total@HCoefficient@expr, ðD ðL & �� diagsD;

res + Expand@expr - resD
D

PullDiagsA
1

24
DiagAh@1D2, ar@2, 3DE + 2 c21 DiagAh@1D2, ar@2, 3DE - 2 c23 DiagAh@1D2, ar@2, 3DEE

1

24
+ 2 c21 - 2 c23 DiagAh@1D2, ar@2, 3DE
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