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Pensieve header: Testing the equivalence KV <-> (R4 and ||Phi_V/||)==1.

in[-1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\WK04"];

Section 1 - Introduction

Initialization

in[-]:= << FreeLie.m;
<< AwCalculus.m;
$SeriesShowDegree = 4;

Initialization
FreeLie® implements / extends
{*, +, %%, $SeriesShowDegree, (), j, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop, cw,
CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,
t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, T', ¢, A, O, A, —, A}.
Initialization
FreeLie® is in the public domain. Dror Bar-Natan is committed
to support it within reason until July 15, 2022. This is version 150814.
Initialization
AwCalculus®™ implements / extends {«*, =%, =, dA, dc, deg, dm, dS, dA, dn, do, E1, Es, hA,
hm, hS, hA, hn, ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, ta, tn, to, T, A}.
Initialization
AwCalculus™ is in the public domain. Dror Bar-Natan is committed
to support it within reason until July 15, 2022. This is version 150909.

Section 2.2 - Some Preliminaries on Lie Algebras and
Cyclic Words

alphabetagamma
ml-1:= X =LN@"x"; y=LWe"y";
{a, B, ¥} = LS /@ {x+b[x, y]l, y-b[x, b[x, y]l], x+y-2b[x, y]}

Out[«]=
alphabetagamma

{Ls[?, Xy, 0,0, ...], LS[V, 0, - xXy, 0, ], LS[X+y, -2y, o, o, ]}

BracketExample

{b[a, B], b[a, b[B, ¥]]1 +b[B, b[¥, a]] +b[¥, b[a, B]]}

BracketExample

{Ls[e, XY, XYY, -X XXy, ...|, LS[0, @, 0, 0, }}
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bch
in[-1:=  bch = BCH[x, y]
Out[«]=
bch
Xy 1 1 —— 1
LS|X+Y, —, — xXy +— Xyy, — xXyy,
2 12 12 24
bch16
Timinge {Lengthe (bch@16), (bch@16)[1090 ;; 1092]}
bch16
17 XX XXY XYy XXy XX XYy Yy
{39.5313, {2181, - ‘
179625 600
389 XX XXY XY XXY XXy XXy  53xXXXY Xy XXy XXy Xyy }}
+
1320883200 1089728640
omegas
inf-]:= {w1, w2} = CWS /@ {cW[X] -3 cw[y, X, X], cW[y] +cw[y, y]}
Out[]=
omegas

{CWs[X, @, -3xxy, @, ...|, CWS[Y, Yy, @, 0, ...]}

DegreeScale

DegreeScale[h] /@ {wy, wy}

DegreeScale

{ws[hx, @, -3h°xxy, @, ...|, CWS[hy, h*yy, 6,0, ...|}

TangentialDerivative

il {A=(X>a, y > B), ¥ // Dy}

Out[]=
TangentialDerivative

2023-07-05 22:29:14

{<7»LS[7, Xy, @, o, ...],V»LS{V, 9, - xXy, 0, ]>, Ls[e, 0, XXy, -X XYY, H

th

1= Al =25 A2=(X>B, Yy > ¥); th[al, A2]

out[e]=
th

<7%Ls{e, 0, XXy, -XXyy, ...],VeLS[G, 0, XXy, -XXyy, ]>
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th2
1hs = Dippaz,a2; [wa]s rhs = b[Dyg, Dy2] [w1];
{lhs@ {8}, (lhs =rhs)@{8}}

th2

{CWS [0, 0, 0, 9, 9, 9, 9, 18 XXXXYXYY — 18 XXXXYYXY — 36 XXXYXXYY + 36 XXXYYXXY, ...

BS[9 True, ...]}

TestingGammaODE

ad

lhs = 6;T¢[A]; rhs = // e ™ 7/ adSeries[ — rt[x]];
e -1

{T'9[A], lhs, (lhs =rhs)e@{6}}
TestingGammaODE

{(?» LS[0,0,0,0, ...], Yy >1S[0,08,0,0, ...]),
1

2023-07-05 22:29:14

s

<T»LS[?, Xy, -t XXy, — t2X XXy -tx XYy, ...},7%5[7, 9, - XXy, ~txX XYy, ]>

4
BS[7 True, ]}

TestingGamma
{¥ 7/ ™™, ¥ /7 cC[T¢ (11}

TestingGamma

{Ls{%v, L2XY, -t XXy, tX XYY, } Ls[7+7, 2%V, -t XXy, tX XYY, ..

TestingLambdaODE

ad

ead _

lhs = 0:A¢[A]; rhs = X // &m0 7/ adSeries[ , Ac[AT, tb];

{Ag[A], 1lhs, (lhs =rhs)e@{6}}
TestingLambdaODE

{(795[0, ©,0,0,...],y>1S[0,0,0,0, ...]),
1

-1}

<7%LS[7, %y, t XW,E‘CZX XXy +tx XYy, .|, Vo LS|V, 0, - XXy, txXyy, ]>

BS[7 True, ]}

TestingLambda

{ 77 ccrtay, ¥ 7/ e™w}

TestingLambda

1
{Ls{?+7, 2%y, -t XXy, —EtzxxW FEX XYY, ]

1
X4V, 2%y, -t XXy, —Etzxxw FEX XYY, ]}

LS

Unclassified aside: an alternative formulation of A (on March 1, 2015, this took 61 Seconds to degree 8):
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A3 = (X » RandomLieSeries[{x, y}], y - RandomLieSeries[{x, y}1);

e -1

{1hs=.13 // EulerE // adSeries[ , 13] // RC[-23],

ad
ad

rhs = A[A3] // EulerE // adSer-ies[ s A[A3], tb]; (1hs = r-hs)@{7}} // Timing

{13.1406,
_ _ o 17 —— 23 — 23 —— 89 T — 73 —
{<x»LS[—2x—2y,6xy,—— XXy —— XYY, — X XXY +—xxyy+—xyyy,...],
2 2 6 2 6
. _ 99— — 47 — — 5 —
y»LS{—Zy,—ny,fxxy +2 xyy,——xxxy—3xxyy+fxyyy,...]>,BS[
2 6 6
8True,...]}}

CCAndRC
{aa // CCx[-¥], a // CCx[-¥] // RCx[¥], a // CCx[-¥] // CCx[¥]1}

CCAndRC

30— 7T/ 23T ——= 20—
fxyy,fxxxy——xxyy+fxyyy,...},
2 6 6 3

{LS{S?, 2XY, -

N w,

LS[X, Xy, 8, 8, ...], LS[T, XY, - XXV, 2X XXy +X XYY, H

tru

in[-]:= u=LWe@"u"; v=LWe"v";
With[{y =b[b[v, u], ul}, try[¥]]

Out[«]=
tru
-uv
divu
With[{y =u+b[b[v, ul, ul}, div,[¥]]
divu
U - uuv
Ju
Ix[¥]

Ju

5%y 7xxy  7Xxyy 3xxxy 1l1xxyy 3xyxy = 3'xyyy
CWS | %, y - + B - - + s e
2 6 6 8 4 4 8

{div[ale{5}, j[A]le{5}}

[CWS[X +7Y, - Xy, - XXy, 0, 8, ...],

CWS[Y+Y, - XY, = XXy, - XXYY + XYXY , —XXXYY + XXyXYy, ”
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cocycledj
lhs = j[BCHy, [A1, A2]]; rhs = j[A1] + eD’“[j [A211;
{lhs, (lhs =rhs)@{8}}

cocycle4j

{CWs[X +27y, -3%Xy, @, -9 XXyy +9 XyXy, ...|, BS[9True, ...]}

dj
e /: ez=0;
{jleAl, jleA] = ediv[A]}
dj
{WS[eX +ey, -~exy, ~e Xxy, @, ...|, BS[5True, ...]}

Section 2.3 - The [AT]-inspired presentation El of A",

ElSetup
m[-]:= X =LN@"x"; y=LWe"y";
{8a = E1[(x > LS[x+b[x, y]], y> LS[y-b[x, b[x, y111), CWS[cw[x] -3 cw[x, Yy, Xx]]1,
8 = El[(Xx>LS[y-b[x, y]1, y->LS[x+y+b[y, b[x, y1]1), CWS[cw[y] -2 cw[x, y111,
8c=El[{(x->LS[x-b[b[x, y], b[x, Y111, ¥y »>LS[y+3b[x, b[x, y111),
CWS[cw[X] -2 cw[X, Y] +cwW[X, ¥, X]11}
Out[-]=
ElSetup

{El“?a LS[?, Xy, 0, 0, ], Y - LS{V; 0, - XXy, 0, ...]>,CWS[/)?, 8, -3%xy, 0, H’

ElH?eLﬂV,JW}&@,”J,VeLﬂ7+7,&—?7y,&.“}%
ws[¥, -2%y, e, e, ...H,

E1[<7+LS[7, 9, 0,0, ...},VeLS[V, 9, 3 xXy , 0, ]> WS [X, 2%y, XXy, O, ]H

ElAssociativity
lhs = 8y %% (Zp **x L) 5 rhs = (&5 #% 8p) ** 8¢
{lhs@ {3}, (lhs =rhs)@{8}}

ElAssociativity

{E1{<?+Ls[2?+7, 0, ; XXy, ---],7+LS[7+37, 0, z XXy - Xyy, ]>

WS[2X +Y, -4%y, -2 %7, ...]], BS[9 True, ]}

detaExample
{&a /7 dn*, &2 7/ dn’}

detaExample

{E1[(y > Ls[y,@,0,0, ...]),CWS[0,0,0,0, ...]],
E1[(X > LS[x,0,0,0,...]), CWS[X,0,0,0, ...]]}
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dA1
in[]:= {&q = EL[A, CWS[O]]1, &q // dA}
Out[«]=
dA1
{El“?eLs[?, Xy, @, 0, ...],V»LS{V, 0, - xXy, 0, ...]>,CWS[0, 9,0,0, ...1|,
EL[(X > LS[-%, -%X¥, 0,0, ...], V> LS[-V, 0, XXy, 0, ... | ),
CWS[—Y—V, XY, XXy, XXyYy - Xyxy, H}
dA2
(8a = (Eq// dA // dA)) @{8}
dA2
BS[9True, ...]
dA3
lhs = (L, %% &) // dA; rhs = (&, // dA) %% (&, // dA);
{lhs@ {3}, (lhs =rhs)e@{8}}
dA3
{E].HX aLS[—x—y,e, -— XXVY, ], y»LS{—x—Zy, 0, — XXy + XyVy, H,
2 2
WS [-V, ~2XY, -2 XXy - Xy H BS[9 True, }}
ds
&q // dS
ds
51[<7ﬂs{7, ~XYy, 0, 0, ...],7%5[7, 0, - xXy, 0, ]>
CWS[?JrY, XY, - XXy, XXyy - Xyxy, ]]
dD1
{8a Ea// dAly, Y, 21}
dD1
{E1{<7+ LS[X, Xy, 0,0, ...], 7*'—5{7: 0, - XXy, 0, ]>’ Ws[X, 8, -3%xy, o, H’
El[<HLs[7+?, 0, - xXy - xXZ, 0, ...],7»LS[T,W+W, 8,0, ...],
7»LS{7+?, 9, - XXy - xXZ, 0, ...H,cws[?, 9, -3 XXy -3 %XxZ, O, ]H
dD2
lhs = (L, ** 8p) // dAly, Yy, z]; rhs = (8, // dALy, ¥y, 2]) »* (8 // dALY, ¥, 2]);
{lhs@ {3}, (lhs =rhs)@{8}}
dD2
{El{<z+LS{x +2yY +22,0, -— XXY - — XXZ - XYZ - Xyy -2 Xzy - Xxzz, ],
2 2
xeLS{x+y+z,0, — XXy +— XXz, },
2 2

1
7%5{7&%2?, 9, -~ XXY -~ XXZ - XyZ - Xyy -2 Xzy - xzz, ]>
2

CWS[X + Y +Z, ~2%y -2%XZ, -3%Xxy - 3 %Xz, ]] BS[9 True, ]}
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Section 2.4 - The factored presentation Ef of A", and its
stronger precursor Es

EsSetup1
i = & =ES[{1->LS[u+blu, v]], 2 LS[v-b[u, b[u, v]]], 3> LS[u-b[b[u, v], b[u, v]]1),
CWS[cw[u] -3 cw[u, Vv, u]]]

Out[«]=

EsSetupl
Es[<1eLS[T, uw,e,0,...|, 2»Ls{7, @, - uuv, o, ], 351s[U, 0,0, 0, ]>,
W[, 0, -3Tuv, @, ...]|

EsSetup?2

in[-1:=  &p = RandomEsSeries [0, {1, 2, 3, 4}];

Sp@{2}
Out[e]=
EsSetup2
13 __ 23 24 __
Es[<1»LS[—1—22+23—24,212+—+14————+234,...},
2 2 2
o . 313 _ . 34
2»LS[21—2—23+4,212+ ~214-23-24-"", },
2 2
323
3»LS[—1+2+24,—212+213—14— 1224 -234, ],
2
12 313 .
4»LS[—21+22+23+4,——+ ~ 2244734, H,
2 2
311 312 28 .
cws[3-4, N -213+14+22+223-—-233-34+44,...H
2 2 2
haction

lhs = & // hm[1, 2, 4] // thalu, 4]; rhs =&, // tha[u, 1] // tha[u, 2] // hm[1, 2, 4];
{lhs, (lhs =rhs)@{8}}

haction
_ — 1 — 3 — — 1—
{EsHBeLS{u,—uv,—uuv +— UVV, —UUUV +U UVV —— UVVYV, ],
2 2 6
_ uv 23 —— 5 — — 13 T — 1 —
4»L5[u+v,—,—— uuv - — UVV,UUUV +— U UVV +— UVVYV, H,
2 12 12 24 12
. 3uuv uuuv
CWS[Zu,—uv,— y - +uuvv—uvuv,...H,BS[QTr‘ue,...]}
2 6
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metaassoc
lhs = S // dm[1: 2, 1] 7/ dm[l: 3, 1]; rhs = v // dm[z.v 3, 2] // dm[l.v 2, 1];
{lhs@ {3}, (lhs =rhs)e@{5}}

metaassoc

. 314 — 19 ——
{ESHI»LS{—21+4,——,20 114 -~ 144, },
2 3
31— 13—
4»LS[21+4,14,—— 114 - = 144,...”,
2 6
L 14 71111 19114 77144 27444
cws{3174,7311+—+44, . - - ,...H,BS[6Tr‘ue,...}}
2 4 4 6 3

Section 3.1 - Tangle Invariants

Section 3.1.1 - The General Framework

RDefs

mf-]-= Rl[a_, b ] := ELl[(a - LS[@], b - LS[LWea]), CWS[@]];
iRl[a , b ] := El[(a > LS[@], b > -LS[LW@a]), CWS[O]];
Rs[a_, b ] := Es[(a—>LS[@], b- LS[LW@a]), CWS[O]];
iRs[a_, b_] := Es[{(a > LS[O], b -LS[LWea]), CWS[O]];

R3
lhs = R1[1, 2] **R1[1, 3] **R1[2, 3]; rhs =R1[2, 3] *»*R1[1, 3] **R1[1, 2];
{lhs@ {3}, (lhs =rhs)@{5}}
R3
{E1[(1>1Ls[e, 0,0, ...],2>1S[1,0,0, ...],351S[1+2,0,0, ...]),CWS[6, 0,0, ...]],
BS[6True, ...]}

Section 3.1.2 - The Knot 8,7 and the Borromean Tangle

817
t1 = iRs[12, 1] iRs[2, 7] iRs[8, 3] iRs[4, 11] Rs[16, 5] Rs[6, 13] Rs[14, 9] Rs[1@, 15];
Do[tl = t1 // dm[1, k, 1], {k, 2, 16}];
tle {6}

817

- 311111 1351111111
Es|(151S[0,0,0,0,0,0, ...]), CWS|e, -11,0, -~ |, - 7777 H
12 360
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Borromean
t2 = iRs[r, 6] Rs[2, 4] iRs[g, 9] Rs[5, 7] iRs[b, 3] Rs[8, 1];
(Do[t2 = t2 // dm[r, k, r], {k, 1, 3}]; Do[t2 = t2 // dm[g, k, g1, {k, 4, 6}];
Do[t2 = t2 // dm[b, k, b], {k, 7, 9}1; t2)

Borromean

1 1

Es[<b—>LS[0,F,7gF+Wg+fFr‘,
2 2
1T 17— 17— 1—=— 1—— 17— 1
-—-bbrg+-gggr +-—ggrr-—-—bgbr-—- brgg-—- brrg+- grrr, ],
2 6 4 2 2 2
el — = 17— 1T/ 17— 17— 1 —
g»LS[O,fbr‘,fbbr'fbgr‘fbr‘g+f brr, -—bbbr -—bbgr -—bggr -—bbrg -
2 2 6 2 2 2
1 — 1" —— 1 —=— ——— — 11— 1— 1——
-bbrr+-bgrr+-—-bgbr+brgr-bgrg-—- brgg+— brrg--— br‘r‘r‘,...},
4 2 2 2 6

— 11— — 11— 1 — 1 —
r‘eLS[O,bg,;bngrbgr‘ +£ bgg,gbbbg+£bbgr‘+

17— 1 — 1 —= 1—
-bggr+—bbgg+—-bgrr+—- bggeg, ]>,
2 4 2 6

CWS[G, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr, H

Section 3.2 - Solutions of the Kashiwara-Vergne Equations

Continues pensieve://2013-10/SolvingWKO.nb.
VSetup
(1= X=LW["X"]; y=LW["y"]; z=LW["Z"];
a=LS[{x, y}, as]; B=LS[{X, ¥}, Bs]; ¥ = CWS[{X, y}, ¥s];
Vo =Es[{x->a, y-B), ¥];

CapSetup

In[-]:= xk=CWS[{x}, ks]; Cap = Es[{(x > LS[O]), k];

VCapEgns
in[-]:=  RAEQn = Vg ** (RS[X, z] // dA[X, X, Y]) = Rs[y, z] **RS[X, z] **Vp ;
UnitarityEqn = Vg %% (Vo // dA) = ES[(X - LS[@], y - LS[0O]), CNS[O]];
CapEqgn = (Vg ** (Cap // dA[X, X, y]) // dc[x] // dc[y]) =
(Cap * (Cap // do[x, y]) // dc[x] // dc[y]);
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VCapSolution

il = Bs["x"] = 1/2; Bs["y"] = 0;
SeriesSolve[{a, B, ¥, x}, (h'l R4Eqn) A UnitarityEqn A CapEqn];

{Ve@{4}, x@{4}}

VCapSolution
SeriesSolve: In degree 1 arbitrarily setting {ks[x] - 0}.

VCapSolution
SeriesSolve: In degree 3 arbitrarily setting {as[x, y, y] - O}.

Out[e]=
VCapSolution

. Xy’ 7Xx XXy 7xXyy Xyyy
{EsteLS[@,——,O, - N ]
24 5760 5760 1440

. X Xy X XXy 1 —— 1 —

y eLS{—, -— 5,0, ———— - — X XYYy + — XYVYVY, H,
2 12 5760 720 720
Xy XXXy XXyy  Xyxy = Xyyy XX

cus|e, -—, o, " . . s o] ] cusle, -— o,
48 2880 2880 5760 2880 96
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In[]:= Vg@{7}

SeriesSolve: In degree 5 arbitrarily setting {as[x, x, X, y, y] -» 0}.

SeriesSolve: In degree 7 arbitrarily setting {as[x, x, X, X, X, y, y] - O}

Out[e]=

+

Es[<7+LS{0,——, , -
5760 5760 1440

Xy 0 7Xx XXy 7XXyy Xyyy

31x xxXy Xy

31xxX XXy  31xxx Xyy 83xxXyyy 31xXy Xxyy

- + _
967 680 483 840 967 680 725760 645120

13x xyyyy 101Xy Xyyy B527xXyy Xy Xyyyyy
+ + -

241920 1451520 5806 080 60480
. X Xy X XXy 1 — 1 — XX XXy XXXyy xxXy Xy
y%LS o T T o Y9 - X XYYy +— Xyyy, - + -
2 12 5760 720 720 7680 3840 6912

XXX XXy  23xxx'Xyy 13xxXyyy xXXy Xxyy
_ + _

645120 483 840 161280 22680

A1x xXy' Xy xXyyyy Xy Xyyy 71xXyyXxy Xyyyyy
+ + + -

580 608 15120 12096 483 840 30240

XXXX XXY S5XXXX XYY XXXXYYY XXXY XYy 5xXXXY Xy XXXYyyyy
_ + + _ _

+
258048 387072 64512 96768 290304 96768
17XXY Xyyy XXXyyXy XxXyxXyy 7xxXy xxXy xXyyyxy H
- - - + ool )y
1451520 60480 207 360 1658880 207 360
Xy XXXy~  XXyy  Xyxy  Xyyy XXXXXY — XXXXYY — XXXYXY  XXXYyy
CWs|e, -—, 0, + + + , 0, - - - - -
48 2880 2880 5760 2880 120960 120960 120960 120960

XYY OYXYY YYXY RVYYY VXY XYY Yy WYY H
120960 120960 362880 120960 241920 120960

241920 120960

Sinh

1 h/2
Series[— Log[—], {a, 0, 12}]
4 Sinh[ha /2]
Sinh
n? n* n né nte 691 n'? 1
+ + +0[hA]

-— +

96 11520 725760 38707200 1916006400 62768369664 000
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LambdaV

A[Vel

LambdaV

Xyyy ]
1440 ~ )’

X Xy 1 — 1 — 1 = 1 —
— XXy, — XXXy - — XXyy + — xyyy,...]>,
720

960 320
Xy XXXY XXYyy XyXy Xyyy ] ]
+ + + oo

cws[e,f—,e, ,
48 2880 2880 5760 2880

_ X XXy 1 ——
El[<xeLS{0,——, XXV, - —— X XYYy +
24 96 2880 480

Xy 1

2 12 96

logF

mi-1:= logF = A[Ve]lMI1l // do[{X, ¥y} - {Yy, X}]

Out[«]=
logF
. Y oxy 1 — 1 — 1 — 1 —
<x»LS{—,—,—xyy,——xxxy +—xxyy——xyyy,...},
2 12 96 720 3 960

xyyy )

atkv
ad

mn[-1:= atkv = 1logF // EulerE // adSeries[
ad

{f = atkvy, g = atkvy}

Out[«]=

Yy xy 1 — 1 — 1 — 1 —

{LS{—,—,* XYYy, —— XXXY +— X XYy + — xyyy,...],
2 6 24 180 80 360

1 — 1 — 1 —
XYY, —— XXXy +— X XYyYy +— XYyVyY, H

Xy 1 —
Ls[e, LA
12° 24 360 120 180

On March 1, 2015, the following took 379 seconds in degree 8:

KVTest

[ﬁ'l (LS[x+y] -BCH[y, x] = f-g-Ad[-x] [f] +Ad[y] [g]) A

1 ad
div, [f] +divy[g] = - tru[adSeries[ B x] [u] +
2 <ead -1
. ad . A
adSerles[ ) y] [u] —adSer-les[ , BCH[X, y]] [u]] @{6} // Timing
ead -1 ead -1
KVTest
: In degree 7 arbitrarily setting {as[x, X, X, X, X, y, y] » 0}.
KVTest
1}

{13.8281, BS[7 True, ...
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KVDirect

{F=LS[{x, y}, Fs], G=LS[{x, Yy}, Gs]}; Fs["y"] =1/2;

SeriesSolve [ {F, G},

=

- tr‘u[

N

A7 (LS[x+y] -BCH[y, x] = F-G-Ad[-x] [F] +Ad[y] [G]) Adivy[F] +divy[G] =
ad

ad ad
adSeries[ ) x] [u] +adSeries[ N y] [u] —adSer‘ies[ ,» BCH[x, y]] [u]]];
ead_l -1 @ -1
{F, G}
KVDirect
Y oxy 1 — 1 — 1 —— 1 —
{LS{—, —, — XYY, —-— XXXY +— XXYyy +— XYyVYV, ],
2 6 24 180 8 360
Xy 1 — 1 — 1 — 1 —
LS[O,—,—xyy,——xxxy +— X XYYy + xyyy,...”
12 24 360 120 0

Section 3.3 - The involution T and the twist equation

Theta
ml-1:= Ol[x_,y , s ] := E1[{(x>LS[sLWey], y > LS[sLW@x]), CWS[O]];
es[x_,y ,s_] := 0l[x, y,s] // T;

{el[x, y, 1], es[x, y, 1]}

out[e]=

Theta
{E1[(x >5[y, 0, 0,0, ...], V> 1LS[X,0,0,0, ...]), Cus[0, 0, 0,0, ...]],
_ Xy 1—— 1 — 1 — 1 —
Es[<xaLS[y,—,7xxy—— xyy,—xxxy——xxyy,...],
2 6 12 24 24
. Xy 1 — 1 — 1 —— 1 —
yeLS{x,——,—— XXY +— XYY, — X XYyy - — xyyy,...H,CWS[O,@,G,@,...]H
2 12 6 24 24
Vtau
TV =Rs[x, y] »* (Vo // do[{X, Y} » {y, X}]) »*©S[X, y, -1/2];
(Vo = tV)@{6}
Vtau
BS[7 True, ...]
Linearized

{A=LS[{x, y}, As], B=LS[{x, y}, Bsl};
msgs = SeriesSolve[{A, B},

at (b[x, A] +b[y, B] =
{A, B}

In[«]:=

LS[@]) A (div,[A] +div,[B] = CWS[@]) |;

Linearized
SeriesSolve: In degree 1 arbitrarily setting {As[y] - O}.

Out[]=
Linearized

(LS[0,0,0,0, ...],1S(0,0,0,0, ...]}
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msgs

msgs

dims

dims

dims

dims

dims

dims

dims1

dims1

dims1

dims1

dims1

dims1

Read[msgs]

{{ArbitrarilySetting, 1, {Hold[As[y]] - ©}}, {ArbitrarilySetting, 2, {}},
{ArbitrarilySetting, 3, {}}, {ArbitrarilySetting, 4, {}}}

A@12; Length[Last[#]] & /@ Read[msgs]
. In degree 8 arbitrarily setting {As[x, X, X, X, y, X, y, y] -» 0}.
. In degree 10 arbitrarily setting {As[x, X, X, X, X, X, ¥, X, Y, y] » O}.
: In degree 11 arbitrarily setting {As[x, X, X, X, X, X, ¥, X, Y, Y, y] = 0}
. Further output of will be suppressed during this calculation. >

{1, 0,0,0,0,0,0,1,0,1,1, 2}

{Al = LS[{x, y}, Als], Bl1=LS[{x, y}, Bls]};
msgsl = SeriesSolve [ {A1, B1},
a' (b[x, Al] +b[y, B1] = LS[0]) A
(divy, [A1] +divy[B1] = CWS[@]) A (A1l = (Bl // LieMorphism[x >y, y - X])) ];
Al@12; Length[Last[#]] & /@ Read[msgs1]

: In degree 1 arbitrarily setting {A1s[y] -» 0}.
. In degree 8 arbitrarily setting {A1s[x, X, X, X, ¥, X, ¥, y] - 0}.
. In degree 10 arbitrarily setting {A1s[x, X, X, X, X, X, ¥, X, ¥, y] > 0}.
. Further output of will be suppressed during this calculation. >

{1) 0) 0.’ e) @) e) eJ 1) 0) lJ 1) 2}

Section 3.4 - Drinfel’d Associators

4T
{b[t[1, 3], t[4, 2]], b[t[1, 2] +t[1, 3], t[2, 3]]}
47
{0, 0}
DKExample
b[t[1, 3], t[1, 2]]
DKExample

DK[3, -12]
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DKSExample
b[t[1, 3], t[1, 2]] // DKS
DKSExample
DKS[@, -~ti3t3, 0, 0, ...]
sigmaExample
{t[2, 3700245 (L5L(3,7,81,090] // pys, t[2, 3]°12415:378,91 DKS}

sigmaExample

{DKS[?B‘*'TU*'E*'E*’E*’E) 9, 0,0, '-']: DKS['t—B‘+T17‘+r].8‘+?3E;‘+?S7‘+?58‘) 0, 0,0, °'~}}

BCH4DK
R =DKS[t[1, 2] /2];
{R *% RO[2:3] 5 R*x Ro[lz’?’]}
BCH4DK
tn, tm 1 1 1
{DKS[* +——, —— tiztys, - — tiztaztos + — tiztisztos,
2 2 8 48 96
1 ——— 1T t tis ty
-— tiztostostos + — tistuztostas, - -].- DKS[i t o+ ,0,0,0, .. ”
384 384 2 2 2
Phi

[ ]- ®S[2,1] = &s[3, 1] = &s[3, 2] =0; &s[3, 1, 2] =1/24; &, = DKS[3, &s];

SeriesSolve[@o, (2e°'%! = —@p) A (Zg % 8”117 wa 371234 2 gp711138] 4y g, 7112:34)
@ {6}
Phi
SeriesSolve: In degree 3 arbitrarily setting {®s[3, 1, 1, 2] » 0}.
Phi
SeriesSolve: In degree 5 arbitrarily setting {®s[3, 1, 1, 1, 1, 2] » O}.
Out[e]=
Phi
. 7tiztastostas  7tistiztastys  tistiztiztys
DKS 0, *t13t23, 0, - + -
24 5760 5760 1440

31tz tostostastostos 157 tyztistostastiztas 31 ty3trztiztoztastas

967 680 1935360 387072

31 ty3tistostoztostys 11 tistyztistostiatos 31tz tistoztiztostys
+ + +

483 840 290 304 725760

83 tiztiztiztoztostos 13 tystiztistiztostas  tiztizstiztiztiztes
+

967 680 241920 60480
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Hexagons
R =DKS[t[1, 2] /2];
(Ra[12,3] = g kx Ra[2,3] ok (_§a)o[1,3,2] ok Rc[1,3] **QOO[S,I,Z] A
(_R)o[12,3] = g Ak (_R)G[Z,B] % (_§o)c[1,3,2] % (_R)o[1,3] **§00[3,1,2])@{6}

Hexagons

BS[7 True, ...]

Section 3.5 - Associators in AY

PhiVv
il 1= Vig =V // do[{X, ¥} » {1, 2}];
By = (Vi /7 dA) P23 s (Vyp /7 dRA) 120w V3, 01203 s v, 011230
Out[«]=
PhiVv

23 1123 71223 1233 72223
ES[<1—>LS[0,*,0,— + + - +
24 1440 5760 5760 5760

727233 1 — 1323 1 —— 1322 1332 2333
S — +— 123 2- - -
5760 480 1920 640 1152 1152 1440

—_—

13 1113 1123 71223 1 —— 17133 17233
251Sle, -—, 0, - + 17132 - + +

24 ’ 1440 1152 1920 480 5760 1152

71213 191323 71232 771322 71332 1333

+ + + + +
5760 5760 1920 5760 5760 1440
12 1112 1123 71223 71122 1132 1233 1213
3->LS|0, —, 0, - + + + - - + +
24 1440 5760 5760 5760 1440 1440 5760

1323 1232 771222 771322 1332

- - - - ,...}>, CWS[®, @, 0, 0, ...]
1440 1152 5760 5760 1440

n[-1:= (8y **x dA[By]) @ {7}

Out[]=
Es[(1->1S[0,90,0,0,0,0,0, ...],2->1S[0,0,0,0,0,0,0, ...],
3515[0,0,0,0,0,0,0, ...]), CNS[0,0,0,0,0,0,0, ...]]
PentPhiV
By ** §Vr.7[1,23_,4] % §V«'.7[2,3,4] = §Vc1[12,3,4] .k §vo[1,2,34]
PentPhiV

BS[5 True, ...]
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Phi_is_sder
¢ = (3y // A)[1];
(b[LWel, ¢;] +b[LW@2, ¢,] +b[LW@3, ¢3])@{6}

Phi_is_sder

LS[0, 0,0, 0,0, 0, ...]
DK2Es

in[-]:= DK2Es[s___]1[£ ] := EL[& // aMap[s], CWS[@]] // T;
DK2Es [1, 2, 3] [Ze]

Out[«]=
DK2Es

23 1123 71223 1233 72223
Es[<1 N Ls[e, e, - + + N
24 1440 5760 5760 5760
727233 1 ——— 1323 1 — 1322 1332 2333
- 1213 - +— 123 2- - -
5760 480 1920 640 1152 1152 1440
13 1113 1123 71223 1 ——— 1133 1233
2-51LlSs|0, -—, 0, - + -—1132 - + +
24 1440 1152 1920 480 5760 1152
71213 191323 71232 771322 71332 1333
+ + + + +
5760 5760 1920 5760 5760 1440
12 1112 1123 71223 71122 1132 1233 1213
3->LS|0, —, 0, - + + + - - + +
24 1440 5760 5760 5760 1440 1440 5760

1323 1232 771222 771322 1332

- - - , ...}>, cws[o, o, 0, o, ...]}
1440 1152 5760 5760 1440

The computation below takes a a couple of hours and yields “BS[8 True,False,...]”:

TrueQ[DK2Es[1, 2, 3] [3] = &y] @ {8}
BS[8 True, False, ...]
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Section 3.6 - Solving the Kashiwara-Vergne Equations
Using a Drinfel’d Associator

z8
i1~ R = DKS[t[1, 2]/2];
Zg = (~Bp) 11328 4y g0 113021 L ROIZI] Ly (Lg,) 011231 4 g 0112,3,4]
Out[e]=
z8
ty 1 1 1 1
DKS | —, —— Taztos - — Tygtos + — Tygtag + — Tostas, O,
2 12 24 24 12
tistastostas  7tuatoatostos  tugatsatostos tugtsatsatos 7 tygtsatsstsg
+ + - - -
5760 5760 1920 1920 5760
trataataatas tuatoatastys tuatoatiatss Tuataatosts, 1 —
+ + - — tiztiztostas +
5760 1920 1920 1920 720
1 ———— Ttutuataty 7tiatiatsatss tiatostaatss  tiatiatiats
— T3tz tiztos - + + -
720 5760 5760 5760 1440
ti1atiatiatsy 1 ———— Tttty 1 —— tututiuts
——— - — tututytayr —————— - — ttutyty - ——
1440 960 5760 960 5760
VfromPhi
Zs // DK2Es[1, 2, 3, 4] // tn* // tn?
VfromPhi
24 72224 727244 2444
Es[<1»LS[0,7—,0, - .
24 5760 5760 1440
2 24 2224 1 — 1 —
2.,15(0,0,0,0, ...], 3%LS[—, "7 e, 27284+ 2444, ...],
2 12 5760 720 720

451S[e, 0, 0, 0, ...]>, CWs[e, 9, 0, 0, ]}

The computation below takes a few hours and yields “BS[8 True,False,...]":

Vg = Zg // DK2Es[1, 2, 3,4] // tn* /7 tn® 77 hn? /7 hn* 7/ ho[{1, 3} > {x, y}] //
to[{2, 4} » {X, Y}1;

TrueQ[V[1] = Vo[1]] @ {8}
: In degree 5 arbitrarily setting {as[x, X, x, y, y] -» O}.
: In degree 7 arbitrarily setting {®s[3, 1,1, 1,1, 1, 1, 2] » O}
: In degree 7 arbitrarily setting {as[x, X, X, X, X, y, y] » 0}.

. Further output of

will be suppressed during this calculation. >
BS[8 True, False, ...]
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nu
il - vinv = &, // DK2Es[1, 2, 3] // dS[2] // dm[3, 2, 2] // dm[2, 1, X]
Out[«]=
nu
. XX XXXX
Es[<X+LS[0,0,0,9,...}>,CWS[0,—, , - S .. H
24 2880
nucap4
(vinv x% Cap »* Cap *x Cap *x Cap) @ {6}
nucap4
Es[(X > LS[6,0,0,0,0,0, ...]), CWS[0, 0,0,0,0,0, ...]]
Phil
in[-]:= & = (Bg)3 // LieMorphism[LWel » -x-y, LW@2 - y]
out[e]=
Phit
Xy X XXy X Xyy Xyyy
Lsje, -—, 0, - +
24 1440 5760 1440
F
in[-]:=  F = (X - LieMorphism[y » -x-y] [-&;],
y > LS[(x+Yy) /2] ~BCH~LieMorphism[x >y, y-» -X-y][-&;] ~BCH~LS[-y / 2])
Out[«]=
e
. Xy 7XxxXy 7XXyy Xyyy
<x»LS{0,——,0, - + }
24 5760 5760 1440
. X Xy X XXy 1 —— 1 —
yeLS[—,——,@, ——xxyy+—xyyy,...}>
2 12 5760 720 720
FV
(F =Vo[[1]) @{7}
FV
. In degree 7 arbitrarily setting {®s[3, 1,1, 1,1, 1, 1, 2] » O}
FV

BS[8 True, ...]

Section 3.7 - A Potential S; Action on Solutions of KV

rho2
p2[V.1 i= V 7/ (-1)%8;
V; = ES[(X—>LS[O], y>LS[-x/2]), CWS[O]] **Vp;
{(V1=p3[V1])@{8}, (Vo =Rs[x, y] **py[Ve])@{8}}
rho2
: In degree 8 arbitrarily setting {as[x, X, X, X, y, X, y, y] - O}.
rho2

{BS[9True, ...], BS[9True, ...]}
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rho3

inf-1:=  p3[& Es] := & // dS[y]l // dAly, Yy, z] // dm[X, z, Xx] // do[{X, Y} = {¥, X}1;

& = RandomEsSeries[1, {x, y}];
§c = (gc //D3 //D3 //D3)
Out[~]=
rho3
BS[5 True, ...]
V2
VZ = Ve**es[x, Y, —1/4] * %
Es[(x » LS@0@, y > LS@0), CWS[cw[x] /12-cw[y] /12] - (2Cap[[2] // tAa[x, x, Y]1)1;
(V2 = p3[V,]) @{6}
V2

BS[7 True, ...]
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