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Pensieve header: Calculations appearing in the WKO4 paper.

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\WKO4"] ;

Section | - Introduction

Initialization

<< Freelie.m;
<< AwCalculus.m;

$SeriesShowDegree = 4;
Initialization

Freelie ' implements / extends

{*, +, *x, $SeriesShowDegree, (), J, , ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,

AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop, CW,
CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE, Exp,
Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,

t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, I', ¢, A, O, h, —, A}.
Initialization
FreelLie' is in the public domain. Dror Bar-Natan
is committed to support it within reason until July 15, 2022.

Initialization

AwCalculus® implements / extends {*, *x, =, dA, dc, deg, dm, dS,
da, dn, do, E1, Es, hA, hm, hS, hA, hn, ho, tA, tha, tm, tS, tA, tn, to, T, A}.

Initialization

AwCalculus® 1is in the public domain. Dror Bar-Natan

is committed to support it within reason until July 15, 2022.

Section 2.2 - Some Preliminaries on Lie Algebras and Cyclic
Words

alphabetagamma

x1 = LW[1l];, %2 =1LW[2];
{a, B, ¥} = LS /@ {x1+b[x1, %x2], X2-b[x1, b[x1, %2]], X1+X%X2-2Db[x1, %x2]}

alphabetagamma

{zs[T,12,0,0,...],18[2,0,-1T2,0, ...], Ls[T+2, -272, 0, 0, ...]}

BracketExample

{bla, B], bl[a, b[B, ¥]] +b[B, b[¥, a]l] +b[y, b[a, B]]1}

BracketExample

—

(ts|o, 12, T22, -1112, ...], LS[0, 0, 0,0, ...]}
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bch
bch = BCH[LWex, LW@y]

bch

=%y 1 1 1 —
LS[x+y, —, — XXV + — XYY, — XXYVYVY, ]
2 12 12 24
bch16
Timinge@{Lengthe (bch@16), (bche@16)[1090 ;; 1092] // TopBracketForm}
bch16
53xxX XXY XY XXY XXV XY
{38.282645, {2181, R
1089728640
17Txx XXY XY XXYXXKXYYY 389xx XXYRXRY XKV XXV x'ﬂ}}
+
179625600 1320883200
omegas
{w1, w2} = CWS /@ {CW[1] -3CW[2,1, 1], CW[2] +CW[2, 2]}
omegas

fcws|[T, 0, -37112, 0, ...|, cws|2Z, 22, 0, 0, ...]}

DegreeScale
DegreeScale[h] /@ {w1, w2}

DegreeScale

{cws[h T, 0, -3n*7112, 0, ...|, CWS[h 2, h?22, 0, 0, ...]|}

TangentialDerivative
{A=<(1->a, 2 > B), ¥ // Da}

TangentialDerivative

{<1»LS[T, 12,0,0, ...],2-18[2,0,-1T2, 0, }> Ls[0, 0, 112, -1122, ...]}

AL =2; A2=(158, 2 > ¥); tb[Al, A2]

<l+LS[O, 0o, 112, -1122, ...], 2-»1s[0, 0, 112, -1122, ]>

b2
lhs = Dip(a1,221 [w1]; rhs =b[Dx1, Da2] [w1]

{lhse{8}, (lhs =rhs)@{8}}

tb2
{cws[o0, 0, 0, 0, 0, 0, 0, 1811112122 - 1811112212 - 3611121122+ 3611122112, ...],

BS[9 True, ...]}
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TestingGammaODE

lhs = 0 T+[A]; rhs

d
A // et // adSeries| , Te[Al]:
1

ead _

{To[A], lhs, (lhs =rhs)@{6}}
TestingGammaODE
{<1-1s[0,0,0,0,...],2>L5[0, 0, 0,0, ...]),

—

S — = 1 = =
<19LS[1, 12, -t 112, ~t?11172-t1122, ...],
4

2-1s[2,0,-17T2, -t1122, ...}>,BS[7True, Sl

TestingGamma
{x 77 P, ¥ // cclre[A11}

TestingGamma

{Ls[T+72, -272, -t 172, t1T22, ...], Ls[T+2, -2T2, -t 112, £t1122, ...|}

TestingLambdaODE

d
lhs = 0cAc¢[A]; rhs = A // e’ // adSeries| , Ac[A], tb];
1

ead _

{Ao[A], lhs, (lhs =rhs)@{6}}

TestingLambdaODE

{<1-1s[0, 0,0,0, ...],2>L5[0, 0, 0,0, ...]),
—_ — — 1 — — _ .
<leLS[l, 12, t172, —t21112+t17122, ...],2-1s[2,0,-112,t17122, ]>
2
BS[7 True, ]}

TestingLambda

{ 77 ccrea1, ¥ 1/ eP=m}

TestingLambda

— = — — 1 — —
{Ls[T+72, -272, -t 172, -—t?211T2+t17122, ...],
2
S — — 1 — —
Ls[T+72, -272, -t 172, -=t21112+t17122, ...]}
2

Unclassified aside: an alternative formulation of A (on March 1, 2015, this took 61 Seconds):

A2 = (1 » RandomLieSeries[{1, 2}], 2 -» RandomLieSeries[{1l, 2}]);

e -1
{1hs =2 // EulerE // adSeries| , A2] // RC[-22],
ad
ead_
rhs = A[A2] // EulerE // adSeries| , A[A2], tb]; (lhs =rhs)@{8}} // Timing
ad
{54.491149,
- 11— 11 — T 121 T — 47 /=
{<19Ls[_1+22,_412,—112_—122,_121112+ 1122 -—1222, ...],
2 2 6 6
— — JE— pr— 33 — 1 — 271 — 209 ——
2-1s[T-22,6T7T2,-8112+—122,--11T2-—1122+ 1222,...]>,
2 3 6 6

BS[9 True, }}}
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CCAndRC

CCAndRC

tru

tru

divu

divu

Ju

cocycledj

cocycledj

{a // CC1[-¥], a // CC1[-¥] // RCi[¥], a // CCi[-¥] // CCi[¥]}

_ 5 33— 7 — 23 —
{Ls[T, 272, -~ 1T2+=>T22, —1112-—1T122+~ 1222, ...],
2 2 6 6 3

With[{y = b[b[LW@v, LW@u], LW@u]}, truy[y]] // TopBracketForm

u — uuv
J1[v]
. 12 7112 77122 371112 1171122 371212 31222
cws |1 , - + , - - + P
6 6 8 4 4 8

{div[a]e{5}, j[A]le{5}}
fcws[T+72, -12, -112, 0, 0, ...],

cws[T+72, -12, -112, -1122 + 1212, -11122 + 11212, ...]}

lhs = j[BCHw[Al, A2]1]; rhs = J[Al] + e®[j[A2]];
{lhs, (lhs =rhs)e@{8}}

7112 ___ 1112 771122 771212 271222
+ 122, + - + , ...], BS[9 True,
3 4 6 3 3

lhs = j[BCHp[A1l, A2]]; rhs = j[Al] + ePn[j[A2]];
{1lhs, (lhs =rhs)}

3717 37112 31122 1112 2571122 1212 1222
{cws[-2Z, - ;- + , - - + PR
2 12 12 4 24 6 4
312 312 37112 31122 7112
Bs[2True,——:o,——:0&&— + = - +122,
2 2 12 12 3
312 37112 317122 7112
_ =0&& - + = - + 122 &&
2 12 12 3

1112 251122 1212 1222 1112 71122 71212 21222 }}
- - + = + - + PR
4 24 6 4 4 6 3 3
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dj
€ /: €2=0;
{jleA]l, jleA] =ediv[A]}

dj
[cws[e T+e?2, €12, -€ 112, 0, ...]|, BS[5 True, ...]}

Section 2.3 - The [AT]-inspired presentation El of A%,

ElSetup
x1 = LW[1];, x> = LW[2];
{8a =
E1[(1 > LS[x1 +b[x1, x2]], 2> LS[x2-b[x1, b[x1, x2]]]), CWS[CW[1] -3CW[1, 2, 1]]],
& =E1[(1 > LS[x2-b[x1, %x2]], 2> LS[x1+x2+b[x2, b[x1, %x2]11]),
CWS[CW[2] -2CW[1, 2]]],
c=E1[(1 > LS[x1-b[b[x1, x2], b[x1, x2]]], 2> LS[x2+3b[x1, b[x1, x2]]1),
CWS[CW[1] -2CW[1l, 2] +CW[1l, 2, 1]]]}
ElSetup

{El[<1eLS[T, 12,0,0, ...],2-18[2,0,-1T2,0, ]> cws[T, 0, -3712, 0, ...]],

El[<1eLS[?, -12,0,0, ...], 2>18[T+2,0,-T22, 0, ]>,

cws|Z, -212, 0, 0, ...]], E1]
<1+LS[T, 0,0,0,...],2->1s[2,0,3112, 0, }> cws|[T, -212, 112, 0, ...]]}

ElAssociativity

lhs = 8a %% (o **x8c); rhs = (8a** 8p) **x Ec;
{lhs@{3}, (lhs =rhs)@{8}}
ElAssociativity

{El[<1+LS[2T+7, 0,

— — 5
112, ...], 2-18[T+372, 0, S 112-122, }>

cws[2T+72, -412, -2112, ...]], BS[9True, ...]}

detaExample
{€a 77 an*, &a 7/ an?}

detaExample

{E1[(2>1s[2, 0,0, 0, ...]), cws(o, 0, 0, 0, ...1],
El[(1-1s[T,0,0,0,...]), cws[T, 0,0,0, ...]]}
dA1

{8a =E1[A, CWS[O]], &s // dA}

dA1

{El[<1eLS[T, 12,0,0, ...],2-18[2,0,-1T2,0, ]> cWs ([0, 0, 0, 0, ...1],

El[<leLS[—T, -72,0,0, ...],2>1s8[-2,0, 112, 0, ]>

cws([-T-72, 12, 112, 1122 -1212, ...|]}
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dA2

(Ba = (La//dA// dA))@{8}
dA2

BS[9 True, ...]

dA3
lhs = (La**&b) // dA; rhs = (& // dA) %% (Ea // dR);
{lhs@{3}, (lhs =rhs)@{8}}

dA3

—
’

El|(1->1LS —T—?,o,—illz,... , 2>5Ls|-1T-272 0,11ﬁ+ﬁ2,... ,
2 2
cws([-2, -212, -2112-122, ...]|], BS[9True, ...]}

ds
Ea // dS

ds

El[<1»LS[T, -72,0,0, ...], 2>18[2,0, -172, 0, ]>
cws|T+72, 12, -112, 1122 - 1212, ...]]

dD1
{€a, Ba//da[2, 2, 3]}

dD1

El[<l+LS[T,ﬁ+ﬁ, 0,0, ...], 2>18[2+3,0,-1T2-113,0, ...],

3-1Ls[2+3,0,-112-113, 0, }> cws[T, 0, -3112-37113, 0, ...]]}

dD2
lhs = (Za** &) // dA[2, 2, 3]; rhs = (La //dA[2, 2, 3]) +* (& // dA[2, 2, 3]);

{lhs@{3}, (lhs =rhs)@{8}}

dD2

— lm— 1 — — = — —
2-1s[T+22+23,0, -=112--113-123-122-2132-133, ...],
2 2
. 1l —— 1 — —— — —— —
3-1s[T+22+23,0,--112-—-11T3-123-1T22 -2 132-133,...]>,
2 2

cws[T+2+3, -212-213, -3112-3113, ...|]|, BS[9True, ...]}
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Section 2.4 - The factored presentation Ef of A, and its

stronger precursor Es

EsSetup1
u=LWe"u"; v=LWe"v";
€a=Es[{(1 >LS[u+b[u, v]], 2-5LS[v-b[u, b[u, v]]], 3»LS[u-b[b[u, v], b[u, v]]]),
CWS [CW[IIu"] - 3cw["ull, "vll, "u"]]]
EsSetup1
Es[(1-Ls[w, u¥, 0,0, ...], 2> Ls[v, 0, -uuv, 0, ...], 3>Ls[TW, 0, 0,0, ...]),
cws (@, 0, -3Wuv, 0, ...]]
EsSetup2
SeedRandom[0]; &b = Es|[
(Table[i » RandomLieSeries[{1l, 2, 3, 4}], {i, 4}]), RandomCWSeries[{1l, 2, 3, 4}]];
év@
{2}
EsSetup2
—_ - - .13 _. 23 24 ___
Es[<leLS[—l—22+23—2 4,272+ —+14-—_-—"—4+234, |
2 2 2
— e, 313 _. 34
2-5L8[2T-2-23+7, 272+ -214-23-24-"—, ],
2 2
— e — ., 323 —
3-Ls[-T+2+2%4, -2T2+2T3-14- +224-234, ...],
2
— e - - 12 313 —
4515[-2T+22+23+4, -—+ ~224+34, }>,
2 2
311 312 . . . 25
cws|[3 -7, - -213+14+22+223-—-233-34+44, ...]]
2 2 2
haction
lhs=§a // hm[ll 21 4] // tha[ul 4];
rhs = §; // tha[u, 1] // tha[u, 2] // hm[1l, 2, 4];
{lhs, (lhs =rhs)@{8}}
haction
1 3 1
{Es[<3+LS[F, -V, -uTUV + — WVV, U UTV +UUVV - — UV V, ...|,
2 2 6
v 23 5 13 1
451s[T+¥, —, -~ UWV - — WYV, UUTUV + —UTUVV + — TWVV v, ]>
2 12 12 24 12
3 uuv quuv
CWS[2TI, -av, - P + Tuvv - avuav, ...H,BS[9True, ]}
2 6

http://drorbn.net/AcademicPensieve/Projects/WKO4/Archive/ #MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: WKO4: Archive: WKO4-150710.nb 2015-08-02 19:39:50

metaassoc

lhs = & // dm[1, 2, 1] // dm[1, 3, 1]; rhs =& // dm[2, 3, 2] // dm[1, 2, 1];
{lhs@{3}, (lhs =rhs)e@{5}}

metaassoc

— .. 314 — 19 —
{ES[<1»LS[—21+4,——,20114——144,...},
2 3
— 31— 13—

4-518[2T+74, T4, -— 114 - — 144, ]>,

2 6
P 14 ___ 717111 197114 7144 27444
CWs[3T-7, -311 + — + 44, + - - , ...]], BS[6True, ...1}
2 4 4 6 3

Section 3.1 - Tangle Invariants

Section 3.1.1 - The General Framework

RDefs
Rl[a , b ] := El[(a> LS[0], b- LS[LWea]), CWS[0]];

iRl[a , b ] := E1l[{(a-> LS[0], b-> -LS[LWe@a]), CWS[0]];
Rs[a , b ] := Es[{(a>»>LS[0], b-» LS[LWea]), CWS[O0]]~’
iRs[a_, b_] := Es[{(a>»> LS[0], b-> -LS[LWe@a]), CWS[0]];
R3
lhs =R1[1, 2] **R1[1, 3] **R1[2, 3]; rhs =R1[2, 3] *»*R1[1, 3] **R1[1, 2];
{lhs@{3}, (lhs =rhs)@{5}}

R3
{E1[(1->1s[0, 0,0, ...], 2-518[T, 0,0, ...], 3->Ls[T+2,0,0, ...]),

CWs[0, 0, 0, ...]], BS[6 True, ...]}

Section 3.1.2 - The Knot 8,7 and the Borromean Tangle

817
tl = iRs[12, 1] iRs[2, 7] iRs[8, 3] iRs[4, 11] Rs[16, 5] Rs[6, 13] Rs[14, 9] Rs[10, 15];

Do[tl = t1 // dm[1, k, 1], {k, 2, 16}];
tle{6}

817

— 31 1111 1351 T11111
Es[(1-1Ls[0, 0, 0,0,0,0, ...]), cws[0, -1T, 0, - , 0, - "
12 360
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Borromean
t2 = iRs[r, 6] Rs[2, 4] iRs[g, 9] Rs[5, 7] iRs[b, 3] Rs[8, 1];
(Do[t2 = t2 // dm[r, k, r], {k, 1, 3}]; Do[t2 = t2 // dm[g, k, g], {k, 4, 6}]1;
Do[t2 = t2 // dm[b, k, b], {k, 7, 9}]; t2)

Borromean

1 — 1 —
ES[<b»LS[O,gT,*gﬁ+brg+*grr,
2 2
IR 1 — 1 T lee=— 1= 1 — 1 —
-—bbrg+—9gggr + —ggrr - —bgbr-—brgg-— brrg+ —grrr, ],g»
2 6 4 2 2 2 6
— 1 —— — == 1 — 1 — 1 — 1 — 1 =
Ls[0, -br, = bbr -bgr -brg+—brr, -~bbbr - —~bbgr--bggr--bbrg -
2 2 6 2 2 2
1 — 1 — le— ——— — 1 — 1 — 1 —
—bbrr+—bgrr+—bgbr+brgr—bgrg——brgg+—brrg——brrr,...},
4 2 2 2 2 6
— 1 — 1 = 1 — 1 —
r->1s[0, bg, ~ bbg +bgr + — bgg, ~bbbg + ~bbgr +
2 2 6 2
1T‘ 1 — 1 [ —
—bggr + —bbgg+—bgrr + — bggg, }>,
2 4
CWS[O, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr, H

Section 3.2 - Solutions of the Kashiwara-Vergne Equations

Continues pensieve://2013-10/SolvingWKO.nb.

VSetup
a=LS[{x, y}, as]; B=LS[{x, y}, Bs]; ¥y =CWS[{x, y}, ¥s];
Vo=Es[{x>a, y->B), ¥l;

CapSetup
K =CWS[{x}, xs]; Cap =Es[{(x > LS[0]), ]~
VCapEqgns
R4Eqn = Vo ** (Rs[x, z] // dA[x, x, y]) = Rs[y, z] **Rs[x, z] *% Vo ;
UnitarityEqn = (Vo *% (Vo // dA) = Es[(x-> LS[0], y->LS[0]), CWS[O]]) g
CapEqn = ( (Vo ** (Cap // dA[x, x, y]) // de[x] // de[y]) =
(Cap (Cap // do[x, y]) // dc[x] // dc[y]))
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VCapSolution
Bs[x] = 1/2; Bs[y] =0;
SeriesSolve[{a, B, ¥, ¥}, (h'l R4Eqn) /\ UnitarityEqgn /\ Caqun];
{Vo@{4}, x@{6}}

VCapSolution
. In degree 1 arbitrarily setting {ks[x] - 0}.
VCapSolution
: In degree 3 arbitrarily setting {as[x, y, y] - 0}.
VCapSolution
. In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.
VCapSolution
: Further output of will be suppressed during this calculation. >>
VCapSolution
XY TX XXY Tx XY XY
{Es[<xeLS[O,f—y, 0, Yo yy+ Yy y .},
24 5760 5760 1440
X XY X XX 1 — 1 ——
y—>LS[*,—7y, O,j—ixTyy+ Wyy,...]>,
12 5760 720 720
XY XXX XX XYX X
cus[o, - %, 0, ¥  EXYY VRV WY 1,
48 2880 2880 5760 2880
XX RXXX RXXXXX
CWS[O, -— 0, —, 0, - —m, }}
96 11520 725760
Sinh
1 h/2
Series[—Log 4] , {n, o0, 12}]
4 Sinh[# /2]
Sinh
h2 ht ho hs hlo 691 hl?
-— - + - + +0[h]13
96 11520 725760 38707200 1916006400 62768369664000
LambdaV
A[Vo]
LambdaV
8% 1 X XRY 1l —™—— XYyvVy
El[<x—>LS{O, -—Yy — XXy, ———— - —— XRYYy + ———— ],
24 96 2880 480 1440
X X 1 — 1 —— 1 —= 1
yeLS[—,—j,—xTy,—xxTy——ny+ Tyyy,...}>,
2 12 96 960 320 0
XY XXX XX RYX X
cus[o, - ¥, o, ¥ | XEVY VAV EVY ]
48 2880 2880 5760 2880
logF
logF = A[Vo][1] // do[{x, y} - {y, x}]
logF
v X 1 1 — 1 1
<xeLS[l, j,*ﬂy,—ixxﬂ'+ xTyy—*Wyy,...],
2 12 96 720 320 960
3% 1 — X XXy 1 ——— XyVYVY
y%LS[O, — XYY, -+ XRYyYy - ———— }>
24 96 1440 480 2880
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atkv

ad _
atkv = logF // EulerE // adSeries| , logF, tb];
ad
{f = atkvx, g =atkvy}
atkv
v %y 1 1 1 1
{LS[—, —, — XYYV, - XXXy + — XXYVY + Wyy,...],
2 6 24 180 80 360
%y 1 1 —— 1 1 —
LS[O, — XYY, - XXXV + X RYY + Tyyy,...”
12 24 360 120 0

On March 1, 2015, the following took 379 seconds:

KVTest

Al (LS[LWex + LWey] - BCH[LW@ey, LWex] = £f-g-Ad[-LWex] [f] + Ad[LWey] [g]) /\

ad

, LWex|][LWeu] + adSeries|
ed_1 e3d _

1
divk[£f] +divy[g] = — try[adSeries| , LWey] [
2 1

LWeu] - adSeries| , BCH[LWex, LWey] | [LWeu] ] |e{8} // Timing

exd -1
KVTest

: In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.
KVTest

: In degree 7 arbitrarily setting {as[x, x, x, x, X, y, y] = O}.
KVTest

: In degree 8 arbitrarily setting {as[x, x, x, x, y, x, y, y] = O}.
KVTest

: Further output of will be suppressed during this calculation. >>
KVTest
{330.441318, BS[9 True, ...]}

KVDirect
{F=1S[{x, y}, Fs], G=LS[{x, y}, Gsl}; Fs[yl =1/2;
SeriesSolve[{F, G},
h™l (LS[LWex + LWey] - BCH[LWey, LW@x] = F - G - Ad[-LWex] [F] + Ad[LWey] [G]) /\
. . 1 . ad
divg[F] +divy[G] = — try [adSerles[ , LW@x] [LW@u] +
2 ead_l
d
adSeries | , LWey| [LWeu] - adSeries| , BCH[LWex, LWey] | [LWeu]]];
ead_l ead—l
{F,
G}
KVDirect
Y XY 1 — 1 — 1 — 1 —
{LS[—, —, — XYY, - T XXXy + — XXYY + xyyy,...],
2 6 24 180 8 60
XY 1 — 1 — 1 — 1 ——
LS[O, —, — XYYy, - —— XXXy + X X + nyy,...]}
12 24 360 120 0
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Section 3.3 - The involution T and the twist equation

Theta
el[x ,y , s ] := E1l[(x>LS[s1LW@y], v > LS[sLWe@x]), CWS[0]];

es[x ,y ,s_] :=801l[x,y,s] // T;
{el[x, y, 1], es[x,y, 1]}

Theta

{El[(xeLS[?, 0, 0,0, ...7, y»LS[%, 0, 0,0, ...]), CWS[0, 0, 0,0, ...11,
Xy 1 1 1 1
Es[<xeLS[?, —, — XXy - — XYYy, — XXXy -—xXXVY, ], y -
2 6 12 24 24
XY 1 1 1 1
Ls[®, -—, -— X%y + ~ XYY, — X XYy - — XYY Y, }> cws[0, 0, 0, 0, ...]]}
2 12 6 24 24
Vtau
tV =Rs[x, y] ** (Vo // do[{x, ¥y} -» {y, x}]) **@s[x, Y, -1/2];
(Vo =tV)@ {6}
Vtau
: In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.
Vtau
BS[7 True, ...]
Linearized
{A=LS[{x, y}, As], B=LS[{x, y}, Bs]};
msgs = SeriesSolve[{A, B},
m' (b[LWex, A] +b[LWey, B] = LS[0]) /\ (divx[A] +divy[B] = CWS[0]) ]
{a, B}
Linearized
: In degree 1 arbitrarily setting {As[y] - 0}.
Linearized
{Ls[0, 0, 0, O, ...], LS[O, O, O, O, ...]}
msgs
Read[msgs]
msgs
{{ArbitrarilySetting, 1, {Hold[As[y]] - 0}}, {ArbitrarilySetting, 2, {}},
{ArbitrarilySetting, 3, {}}, {ArbitrarilySetting, 4, {}}}
dims
A@l2; Length[Last[#]] & /@ Read[msgs]
dims
: In degree 8 arbitrarily setting {As[x, x, x, X, ¥, x, y, y] = 0}.
dims
: In degree 10 arbitrarily setting {As[x, X, X, X, X, X, y, X, Y, y] = O}.
dims
: In degree 11 arbitrarily setting {As[x, x, X, X, X, X, y, X, ¥, y, y] = 0}.
dims
: Further output of will be suppressed during this calculation. >
dims

{ll O’ OI OI OI 0’ OI ll O’ 1’ l’ 2}
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dims1
{Al = LS[{x, y}, Als], Bl =LS[{x, y}, Bls]};
msgsl = SeriesSolve [ {Al1, B1},
n! (b[LWex, Al] +b[LWey, B1] = Ls[0]) /\
(divi[A1] +divy[B1] =CWS[0]) /\ (Al = (Bl // LieMorphism[x -y, y-x]))];
Al@l2; Length[Last[#]] & /@ Read[msgsl]
dims1
: In degree 1 arbitrarily setting {Als[y] - 0}.
dims1
: In degree 8 arbitrarily setting {Als[x, X, X, X, ¥, X, y, y] = 0}.
dims1
: In degree 10 arbitrarily setting {Als[x, x, X, X, X, X, ¥, X, y, y] = O}.
dims1
: Further output of will be suppressed during this calculation. >>
dims1

{1, 0, 0,0,0,0,0,1,0,1,1,2}

Section 3.4 - Drinfel’d Associators

47

{b[t[1, 3], t[4, 2]], b[t[1, 2] +t[1, 3], t[2, 311}
47

{0, 0}
DKExample

b[t[1, 3], t[1, 2]]
DKExample

DK[3, -LW[1, 2]]
DKSExample

b[t[1l, 3], t[1, 2]] // DKS
DKSExample

DKS[0, ~t13t23, 0, 0, ...]|

sigmaExample
{t[2, 3]0[(2,4),(1,5},{3,7,3},{9)] // DKS, t[2, 3]0[24,15,378,9] // DKS}
sigmaExample

{DRS[E137+ €17 + T1g + T35 + Ts7 + Esg s 0, 0, O, ... ]

’
DKS[t13 + t17 + t18 + t35 + t57 + t58 ’ O, O, O, ...]}
BCH4DK
R=DKS[t[1, 2] /2];
{R %% RO[2,3] , Rxx R°[12’3]}
BCH4DK
ti, a3 1 1 1 —
{DKS[ + r— 7 Liztos, - Liz oz oz + — Tiz iz tog,
2 2 8 48 96
1 — 1 _— tio tis ta3
——t13t23t23t23+—t13t13t23t23,...], DKS[ + + ,O, 0, 0,...}}
384 384 2 2 2
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Phi
&s[2, 1] =3s[3, 1] =3s[3, 2] =0; &s[3, 1, 2] = 1/24; %o = DKS[3, &s];
SeriesSolve[&o,
(§00[3,2,1] = —§o) /\ (§o *x 3g011123/4] 4y 5,012/3,4] £ 5,0112,3,4] , §00[1,2,34])] ;
$p@
{6}
Phi
. In degree 3 arbitrarily setting {®s[3, 1, 1, 2] -» 0}.
Phi
: In degree 5 arbitrarily setting {®s[3, 1, 1, 1, 1, 2] » 0}.
Phi
DKS [0, 1 T, 0, - 7 taztaztostos . Ttiztiztoztos  Liztiztiztes
24 5760 5760 1440
31 ty3 o3 tostaztastas 157 tististostostistos 31 tiztoztiztasztaostos ~
’ 967 680 1935360 387072
31 ti3ti3toztostostes . 11 ti3tiztiztostiztes . 31 ti3tiztoztiztostos
483840 290304 725760
83 ti3ti3ztiztostostas - 13 ti3tiztiztiztostas . ti3tiztiztiztiztos ]
967 680 241920 60480 ’
Hexagons
R=DKS[t[1, 2] /2];
(Ra[12,3] = @ ## R[2/3] 4y (_§0)0[1,3,2] *x ROIL3] 4y 3,003,1,2] /\
(-R) 911231 2 ) 4% (=R) 23] 4 (=80)°[1/3:2] 4y (-R)O[1/3] **§0°[3'1'2])@{6}
Hexagons

BS[7 True, ...]

http://drorbn.net/AcademicPensieve/Projects/WKO4/Archive/ #MathematicaNotebooks

2015-08-02 19:39:50



Dror Bar-Natan: Academic Pensieve: Projects: WKO4: Archive: WKO4-150710.nb

2015-08-02 19:39:50

Section 3.5 - Associators in A"

PhiV

Vi2 =Vo // do[{x, y} » {1, 2}];
Sy = (Via // dA)°112:3] wu (V1p // dB)OL12] s v15902/3] 4y vp,001/23]
Phiv

Es|

23 1123 71223 1233
<1»Lﬂ0,—qo -

72223 727233 1 —— 1323
, + + + 1213 +
24 1440 5760 5760 5760 5760 480 1920
1 ——_ 1322 1332 2333
—— 123 2- - s
640 1152 1152 1440
13 1113 1123 71223 1 T—— 1133 17233
2-1s[0, -—, 0, - + — 1132 - + +
24 1440 1152 1920 480 5760 1152
71213 191323 71232 771322 71332 1333
+ + + + + },
5760 5760 1920 5760 5760 1440
12 11172 1123 71223 71122 1132 1233
39LS[O, —, 0, - + + + +
24 1440 5760 5760 5760 1440 1440
1213 1323 1232 71222 771322 1332
+ - - - - ,...]>,cw5[o,o, 0,0, ...7]
5760 1440 1152 5760 5760 1440
PentPhiV

By *x 3y0[1:23/4] 4, 5,002,3,4] _ g,0[12,3,4]

*% §V°[1'2'34]
PentPhiV

BS[5 True, ...]
Phi_is_sder

¢ = (v // NI
(

Phi_is_sder

b[LW[1], ¢1] +D[LW[2], ¢2] +D[LW[3], ¢3])@{6}

Ls[0, 0, 0, 0, 0, O,

http://drorbn.net/AcademicPensieve/Projects/WKO4/Archive/ #MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: WKO4: Archive: WKO4-150710.nb 2015-08-02 19:39:50

DK2Es

DK2Es[s __][¢&.]1 := E1[¢ // oMap[s], CWS[0]] // T;
DK2Es[1, 2, 3] [@o]

DK2Es

Es|
23 1123 71223 1233 72223 727233 1 —— 1323
<1+LS{O, —, 0, - + + - + + 1213~ +
24 1440 5760 5760 5760 5760 480 1920
1 ———_ 1322 1332 2333
— 123 2- - - P
640 1152 1152 1440
13 1113 1123 71223 1 T—— 1133 1233
2-1s[0, -—, 0, - + -—1132 - + +
24 1440 1152 1920 480 5760 1152
71213 191323 71232 771322 71332 1333
+ + + + + },
5760 5760 1920 5760 5760 1440
12 1112 1123 71223 71122 1132 1233
3-1s[o, —, 0, - + + + - - +
24 1440 5760 5760 5760 1440 1440
1213 1323 1232 71222 71322 1332
+ - - - - ,...]>,cw5[o,o,o,o,...}]
5760 1440 1152 5760 5760 1440

The computation below takes a a couple of hours and yields “BS[8 True,False,...]”:

TrueQ[DK2Es[1l, 2, 3] [&0] =3v] @{8}

BS[8 True, False, ...]
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Section 3.6 - The Relation between Drinfel’d Associators

and the Kashiwara-Vergne Equations

zB
R = DKS[t[1, 2] /2];
Zs = (=80) 113241 4k §o°11:3:2] 4 ROIZ:3] 4y (m3)O11:2:3] 4y ,0112,3,4]
zB
tos 1 1 1 1
DKS[ r - T tiztos - T tistos+ —— tiatssa+ T tagtse, O
2 12 24 24 12
Ti13toz oz tos . T tigtogtogtyy . 14 T34 Log Loy ~ tiatsy t3q Loy ~ T t1gtagtagtay ~
5760 5760 1920 1920 5760
Toat3gtsgtss tiratogtagtos tratostigtsy  tigtsgtogtsg 1 —
+ + - - tiztiztostos+
5760 1920 1920 1920 720
———— T tigtigtogtoy T tigtigtsgatas  tigtogtsgtss  tigtigtigtoy
— tiztiztiztos - + - + -
720 5760 5760 5760 1440
Ti1gtigtigtsy 1 ————— tiatostostyy 1 ———  toatostostay
— - twatiatogtaar — - ——toatoatsatsyy - ————————— }
1440 960 5760 960 5760
VfromPhi
Zs // DK2Es[1, 2, 3, 4] // tn* // tn?
VfromPhi
24 72224 72244 2444
Es[<1%LS[O,77, 0, - + ,...],
24 5760 5760 1440
2 24 2224 1 T — 1 =
2-51s[0,0,0,0, ...],35L8[—, -—, 0, ——-——2244 + 244 4, B
2 12 5760 720 720
4 51s[0, 0, 0, 0, ]> CWs[0, 0, 0, 0, ...]]

The computation below takes a few hours and yields “BS[8 True,False,...]”:

Ve = Zs // DK2Es[1,2,3,4] // tn* // tn® // hn?® // hn* // ho[{1, 3} » {x, y}] //
to[{2, 4} » {x, y}]; TrueQ[Vs[1] =Vo[1]]@{8}

SeriesSolve:ArbitrarilySetting : In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.

SeriesSolverArbitrarilySetting : In degree 7 arbitrarily setting {®s[3,1,1,1, 1,1, 1, 2] » 0}.

SeriesSolve:ArbitrarilySetting : In degree 7 arbitrarily setting {as[x, x, x, X, X, y, y] - 0}.

General:stop : Further output of SeriesSolve:ArbitrarilySetting will be suppressed during this calculation. >>

BS[8 True, False, ...]

nu

vinv = & //DK2Es[1, 2, 3] // dS[2] // dm[3, 2, 2] // dm[2, 1, x]

]

nu

—

XX
Es|[(x->1Ls[0, 0, 0, 0, ...]), CWs[0, —, 0, -
24 2880

XXXX
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nucap4
(vinv *% Cap *#* Cap ** Cap ** Cap) @ {6}
nucap4
: In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.
nucap4

Es[(x > LS[0, 0, 0, 0, 0, 0, ...]), CWS[0, 0, 0, 0, 0, 0, ...]]

Section 3.7 - A Likely S4 Action on Solutions of KV

rhoV
PV =Rs[x, y] ** (Vo // (-l)deg) ;
(Vo = pV) @{8}
thoV
: In degree 7 arbitrarily setting {as[x, x, x, X, X, y, y] = 0}.
thoV
: In degree 8 arbitrarily setting {as[x, x, x, X, y, x, y, y] = 0}.
thoV

BS[9 True, ...]

p3[& Es] := & // dS[y]l // dAly, y, z] // dm[x, z, x] // do[{x, ¥y} > {y, x}]’
{(Vo@{2}, (Vo // p3)@{2}, (Vo // p3// p3// p3)@{2}}

b Y% B3 XY RY
{Es[<xeLS[O,—§,...},yeLS[;,—;,...]>,CWS{O,—48,...H,
Y Xy Y XY v XY VY
Es[<xeLS[—;, E,...],yeLS[—;, Z,...}>,cws[—?,g+g,...“,
Es[<x+LS[O,—§,...],yeLS[?,—?—j,...]>,CWS[O,—%,...H}

(Vo= (Vo // p3// p3// p3))e@{6}
BS[7 True, ...]

6[x_, s_ ] := Module[{y}, @s[x, y, -s] // dS[y] // dm[x, y, x]];
e[1, 1]e{6}

Es[(1-1Ls[2T,0,0,0,0,0,...]), cws[T, 0,0,0,0,0, ...]]
V1=Vo**®s[x,y, —1/4] *%

Es[(x > LS@0, y» Ls@0), CWS[CW[x] /12-CW[y] /12] - (2Cap[2] // tA[x, x, y1)];
(V1 =p3[Vi])@{6}

BS[7 True, ...]

(Vi1 =p3[Vi])@{8}
. In degree 7 arbitrarily setting {as[x, x, x, x, X, y, y] = O}.

. In degree 8 arbitrarily setting {as[x, x, x, x, y, X, y, y] - O}.
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e[z, 1/4] *% (Cap**Cap // do[x, z])

'z z zz ZZZZ
Es[<HLs[—, 0, 0, 0, .]>,cws[—,f—, ;]
2 4 48 5760
Cap
Es[(x>LsS[0, 0, 0, 0, ...1), cws[o,—§, =EE
96 11520
Cm2 = Es[(x > LS[0]), -2Cap[2]]
Es[(x > Ls[0, 0, 0, 0, ...]), CWs]O, B ]
48 5760
((cm2 // do[x, y]) Es[(x > LS[0]), CWS[0]])
Es|[(x->1Ls[0, 0, 0,0, ...], y>Ls[0, 0, 0, 0, ...]), CWS|[o0, % 0

e[y, 1/4]

Es[<y—>Ls[§, 0, 0,0,

J]

]> cws[%, 0, 0,0, ...

Vo = (Vo // dS[x]) »* ((Cm2 // do[x, y]) Es[(x - LS[0]), CWS[O]]) *k

(cm2 /7 da[x, x, y] // dS[y]) == (e[y, 1/4] Es[(x -» LS[0]), CWS[0]]) #=

(e[z, -1/4] //dalz, x, y] // ds[y])

2015-08-02 19:39:50

X Y 5XY 1 5 X XXY 193 x XVy 59 XVyy
Es[<x%LS[—*+*, , — XXy - — XYy, - + o
2 24 32 96 2880 5760 5760
5%V 1 1 X XRY 11xXVy 97 XYY Y
yeLS[O, , -~ XXy - — XYY - + }>,
24 48 12 1440 1920 5760
X XX LRy VY XX XYY
CWs[-—, —— - LA ¢ S o £ 4
4 48 48 24 48 48
RKXRXX XXXy 83 XxXyy 227 x®yxy 17 XYYy %0%% H
5760 288 2880 5760 5760 2880
Vo // p3
v XY 1 1 Y
Es[<x%LS[fl,7y 0, - — x XXy + — xXx XY _EYYY .},
2 12 720 720 5760
vV OOX 1 X XXY Tx XY XY
yeLS[—l, — Y - — XYV, - y+ Y EYYY ]>,
2 24 96 1440 5760 2880
cws[—z Xy Yy | XXXy RXYY XYXY RYYY YYYY 11
2" 48 48’ " 2880 2880 5760 2880 5760
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Vo // p3s// p3

X Y XY 1 1 X XRY X XYY XYY Y
Es[<x—>LS{————,——,—xTy——'Wy, + - ,...],
2 2 24 96 96 2880 1920 5760
XY X XRY Tx XY
y%LS[O, Y 0 Y + Yy

TXYYY }>

24" " 1440 5760 5760 '
XX Xy XXKX XXX XX XYX b

CWS[O, xx Xy 0 Y Yy yxy Yvyy
48

a8’ ' 5760 2880 2880 5760 2880 -1

V3 =

(Vo // p3) **Es[(x - LS[LW@x/Z] , ¥ LS[—LW@y/Z]), (-2capl2] // to[x, y]) - 2 Cap[2]]

X vy 5%y 1 1 X XXy 17xXVy XYV Y
Es[<x»LS[*f*, , - XXy +— XVVY, - ,...],
2 2 24 32 96 2880 5760 5760
X 1 X X'X 7Tx XY 13 xy
y%LS[—'Y', — Y - XYY, - Tf"' yy+ =L ]>’
24 48 1440 5760 5760
v XX Xy Yy XXXX XXX XX XYX X
CWS[—X,—+—Y+£,O,— B Yy Yy Xyxy YYY_YYYYI.“H
2 48 48 24 5760 2880 2880 5760 2880 2880
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