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An

Unexpected Cyclic Symmetry of lu, - Verification

Notebook

Pensieve header: Verification notebook for “An Unexpected Cyclic Symmetry of $Slu_n$ by Dror Bar-
Natan and Roland van der Veen. Also available at http://drorbn.net/UnexpectedCyclic. Continues
pensieve://2020-01/ .

Only Theorem 2 is tested; Theorem 1 is simply the case where €= 0, so it does not require independent
testing.

Definitions.

Inf+]:=

Inf]:=

In[«]:=

In[«]:=

Inf+]:=

Inf]:=

General definitions - brackets B and pairings P are bilinear, brackets are anti-symmetric:

B[@, _]1 =0; B[_, 0] =6;

Bl[c_*x: (x]a|b) ,y]:
B[y_, c_*x: (x|a_|_b) ] :
B[x Plus,y 1 := B[#, y] & /@ x;
B[x_, y Plus] := B[x, #] & /@ y;

Expand[cB[x, y]1;

Expand[c B[y, x]1;

P[6, _]1=0; P[_, 0] =0;

Plc_xx:(x]a|b) ,y ]:
Ply_,c_xx:(x|a| b)__] :
PIx_Plus, y_] := P[#, y] & /@ x;
P[x_, y Plus] := P[x, #] & /@ y;

Expand[c P[x, y]1;

Expand[cP[y, x1];

B[y_, x_]1 := Expand[-B[x, y1];

The default value of n (can be changed):

n=>5;

The “length” A and the “truth indicator” x¢, and the Kronecker &-function 6:
I B i<

A { n-(i-j) i>j

Xe [cond_] := If[TrueQ@cond, 1, €];

8i i t=xell=7];

The bracket:

Xe [A[Xi,5] + A[Xk, 0] < N] (85,k Xi,0 - O1,iXe,5) J#RVLI#L
BIXi ,5 » Xe ,i ]

b-i—bj+§ai—§aj j::k/\l_::'i_,
B[ai , Xj ,r 1 := (61,5 - 6i,r) Xj,k}
€
B[b; , x; 1 := ; (81,7 - 6i,r) Xj,k3

8[(alb) . (alb) ] =0;

The duality pairing:
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In[«]:=

PIXi ,j 5 Xe ,0. 1 = 85,r601,i5

P[x__, (a| b)_] =0; P[(a]| b)_, x_]=6;
Plai , bj ] := 8,55 P[bj , ai ] := 6i;;
P[a_) a_] =0; P[b_, b_] =0;

The permutation @ and the automorphism Y.

n-1= Y[R_Integer] := { ;” - ’;f_n ;
E[&_] =5/ {xi_,j_ > Xyei,ypejs Qi > Ayeis bi_ B3 bw@l}
The basis of lu, / gl5,:
n-}= Basis[n_] := Flattene {
Table[{xi,j: xj,i}: {i, n-1}, {J) i+1, n}],
Table[{ai, bi}, {i, n}]1}
Testing.

In[«]:=

Basis[4]
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Out[« ]= {Xl,Z) X2,15 X1,3, X3,1, X1,4, X4,1, X2,3, X3,2, X2,4, Xa,2, X3,4, X4,3, A1, bl: a, bZJ as, b3: ds, b4}

In[#]:=

A full bracket-table forn=2:

n = 2; MatrixForm]
Table[B[u, V], {u, Basis[n]}, {v, Basis[n]}],
TableHeadings -» {Basis[n], Basis[n]}]

Oult[ » J//MatrixForm=

Inf«]:=

X1,2 X2,1 a1 b1 az b,

X ] € _E% 1 p, b, -X ~lex X Lex
1,2 5 5 1- D2 L2 1,2 L2, 1,2
€ a; €a 1 1
X2,1 |~ N + ) —b1+b2 0 X2,1 ;€X2,1 -X2,1 —;6X2’1
=E X1,2 -X2,1 0 0 0 0
b]_ %GX]_,Z —§6X2)1 0 0 0 0
dr -X1,2 X2,1 0 0 0 0
b2 —§€X1)2 §€X211 0 0 0 0

The bracket is anti-symmetricat n=4:

n = 4; ShorteTable[
{u, v} =t; B[u, v] +B[v, u]l,
{t, Tuples[Basis[n], 2]}]

out- shor= {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, O,

0, «<364>,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}

The bracket satisfies the Jacobi identity:

m-j= n =4; DeleteCases[0] @Table[

{u, v, w} =t; B[u, B[v, w]] +B[v, B[w, u]] +B[w, B[u, v]],
{t, Tuples[Basis[n], 31} ]

our-1= {}

http://drorbn.net/AcademicPensieve/Projects/UnexpectedCyclic/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: UnexpectedCyclic: Archive: UnexpectCyclicVerification-200129.nb

The pairing is invariant:

n-1= n =4; DeleteCases[0] @Table[
{u, v, w} =t; P[B[u, V], W] +P[v, B[u, w]],
{t, Tuples[Basis[n], 3]} ]

ou-}= {}
The action of W:
n1= (#->@[#]) & /@Basis[4]
ouf-]= {X1,2 > X2,3, X2,1 > X3,2, X1,3 > X2,4, X3,1 > Xa4,2, X1,4 > X2,1,
Xa,1 = X1,2, X2,3 = X3,4, X3,2 = Xa,3, X2,4 > X3,1, Xa,2 = X1,3, X3,4 = X4,1,
X4,3 > X1,4, @1 > a2, by > by, @y > az, by - b3, az > az, bz > bs, a4 > ay, by > by}

Wis an automorphism:

n-1= n =4; DeleteCases[0] @Table[
{u, v} =t; 2[B[u, v]] -B[Z[u], Z[V]],
{t, Tuples[Basis[n], 2]} ]

ouf-}= {}
W respects the pairing:

m-1= n=4; DeleteCases[@] @Table[
{u, v} =t; @[P[u, v]] -P[2[u], 2[V]],
{t, Tuples[Basis[n], 2]} ]

ou-}= {}

Bonus Tests

Acting by arbitrary index-permutations:
Inf«]:= ACta_List [£] =687, {Xi_,j_ 2 Xo[il,o0ils Qi Ao[ils bi_ = ba[[i]]}
At n =5, only cyclic permutations induce automorphisms:

nf-7= N =53
Select [Permutations [Range[n]],
o — And @@ Flatten[Table[

Act,[B[u, v]] === B[Act,[u], Act,[Vv]],
{u, Basis[n]}, {v, Basis[n]}
11

1
ou-= {{1, 2, 3, 4, 5}, {2, 3, 4,5, 1}, {3, 4, 5,1, 2}, {4,5,1, 2,3}, {5,1, 2, 3, 4}}

Yet in the case of gl,,, meaning when € = 1, all permutations induce automorphisms:
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nf-]= N =4;
Block[{e = 1}, Select[Permutations[Range[n]],
o — Ande@e Flatten[Table][

Act,[B[u, v]] === B[Act,[u], Act,[V]],
{u, Basis[n]}, {v, Basis[n]}
11
11
our- )= {{1, 2, 3, 4}, {1, 2, 4, 3}, {1, 3, 2, 4}, {1, 3, 4, 2}, {1, 4, 2, 3}, {1, 4, 3, 2},
{2, 1, 3,4}, {2,1, 4, 33}, {2,3,1, 4}, {2, 3,4,1}, {2,4,1, 3}, {2,4, 3,1},
{3,1, 2,43}, {3,1, 4, 2}, {3,2,1, 4}, {3, 2,4, 1}, {3, 4,1, 2}, {3,4, 2,1},
{4, 1, 2, 3}, {4, 1, 3, 2}, {4, 2,1, 3}, {4, 2, 3,1}, {4, 3,1, 2}, {4, 3,2, 1}}

If e is invertible, the isomorphism class of gl¢, is independent of €, using Inonu-Wigner contractions:
mep= ING [8] 2= & /e {Xi,5 /3 1>7J9 AXq,5, bi = Ab;};

nf-]= N =4;
UnioneFlatteneTable|
(B[u, vl /. € » 1) = IN.@B[IW;/c@u, IWy,@V],
{u, Basis[n]}, {v, Basis[n]}

]

ouf-]= {True}

Even cyclic index permutations become singular at €= 0 when conjugated by Inonu-Wigner
contractions (so Wsimply isn’t that):

m-j= n=4; Table[u » IN.@Act(; 3,4,1)@IW;,c@u, {u, Basis[n]} ]

Outf+ = {Xl,z = X2,35 X2,1 2 X3,2, X1,3 2 X2,4, X3,1 2 X4,2, X1,4 2> € X2,1,
X1,2 X1,3
Xa,1 = — 5 X2,3 > X3,4, X3,2 > Xg,3, X2,4 > €X3,1, X4,2 > 7, X3,4 > € Xq,1,
€ €
X1,4
Xa,3 > — , a1 — ap, b]_ - bz, dp; — as, b2 - b3, as — da, bg - b4, dg — di, b4 - bl}
€

m-j= n=4; Table[u » IW;,c@Act(> 3 4,1;@IN.@u, {u, Basis[n]} ]

X2,1
Out] - J= {Xl,z = X2,3, X2,1 = X3,2, X1,3 > X2,4, X3,1 > X4,2, X1,4 = )
€
X3,1 X4,1
Xa,1 = € X1,2, X2,3 > X3,4, X3,2 > Xa,3, X2,4 > — , X4,2 > € X1,3, X3,4 = >
€ €

X4,3 > € X1,4, a1 = A2, blﬁbz, dp; — as, b2—>b3, ds — dg, b3 - b4, dg — di, b4%b1}

The same is true for all other permutations (except the identity):
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mf-1= N = 33 MatrixForm[
Table[IW.@Act,@IW,;,.@u, {o, rows = Permutations@Range@n}, {u, cols = Basis[n]}],
TableHeadings - {rows, cols} ]

Out[ » J//MatrixForm=

X1,2 X2,1 X1,3 X3,;1 X2,3 X32 a1 by ax by, az bs
{1, 2, 3} | X1,2 X2,1 X1,3 X3,1 Xz,3 X3 a1 b1 a by as bs
{1, 3, 2} | X1,3 X3,1 X1,2 X2,1 €X3,2 %l ay by a3z bz ax by
{2, 1, 3} |exz,1 L:L X2,3 X3,2 X1,3 X3,1 @ by a; by az bs
{2, 3, 1} | X2,3 X3,2 €Xa,1 %L € X3,1 5:1 a; by a3 bz a; by
{3, 1, 2} [ex31 5:1 € X3,2 %i X1, Xz,1 as bz a; by ay b
{3, 2, 1} |eX3,2 &e‘i € X3,1 &j € X2,1 &E“L as bz a; by a; by

n-;= n = 33 MatrixForm[
Table[IW,,.@Act,@IW.@u, {0, rows = Permutations@Range@n}, {u, cols = Basis[n]}],
TableHeadings - {rows, cols} ]

Out[ » J//MatrixForm=

X1,2 X2,1 X1,3 X3,1 X2,3 Xz, a1 by ax by az bs
{1, 2, 3} [X1,2 X2,1 X1,3 X3,1 Xz,3 X3 a1 by a; by asz bs
{1, 3, 2} [X1,3 X3,1 X1,2 X2,1 5:1 €Xp,3 a1 by as bz ay by
{2, 1, 3} 5:"" €X1,2 X2,3 X3,2 X1,3 X3,1 3 by a; by az bs
{2, 3,1} [X2,3 X3,2 %‘L € X1,2 %J‘ €X1,3 @ by az bz a; by
(3,1, 2} %l € X1,3 %l €X2,3 X1,2 X2,1 a3 bz a3 by a; by
(3,2, 1} 5:1 € X2,3 XJ: € X1,3 Xé’l €X1,2 a3 bz a; by a1 b;
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