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Internal Utilities
Canonical Form:
CF[sd_SeriesData)] := MapAt[CF, sd, 3];
CF[&.] :=
PP¢s @ExpandDenominator@ExpandNumerator@Together [
Expand[&] //. e e > e /. e »eF];
The Kronecker &:
Ké /: KG(',J’_ = If[l === j, 1, 0];
Equality, multiplication, and degree-adjustment of
perturbed Gaussians; E[L, Q, P] stands for e"*¢ P:
E/:E[L1_,Q1 ,P1 ]=E[L2 ,02 ,P2 ] :=
CF[L1=L2] ACF[Q1 = Q2] ACF[Normal[P1-P2] =0];
E/:E[L1_,01 ,P1 ]E[L2 ,0Q2 ,P2_] :=
E[L1+L2,Q1+0Q2, P1xP2];
E[L_,Q ,P lg :=E[L, 0, Series[Normaler, {c, @, $k}]];

Zip and Bind
Variables and their duals:
{t*, b*, y*, a*, x*, 2°} = {z, B, n, a, §, £};
{t* B*, 0", a*, £, 8"} = {t, b, ¥, 3, X, 2};
(u_¢ )" 2= (u%) g3
Finite Zips:
collect([sd_SeriesData, & ] :=
MapAt [collect[#, ] &, sd, 3];
collect[& , £ ] := PPcorrect®Collect([&, 27];
Zip [P_] :=P; Zip(s s 3[P_1 i= PPz
(collect[P // Zip(sy, &1 [+ fo. &% 0 8(se,a)f) 1. &* > 0]
QZip implements the “Q-level zips” on E(L, Q, P) = Pe**?. Such
zips regard the L variables as scalars.
QZipy rist,simp @E[L_, Q_, P_] :=
PPQZ;,OHodule[(g, z, 2zs, €, ys, ns, qt, zrule, Q1, Q2},
zs = Table[Z*, (£, ¢5}1;
¢ =0Q/.Alternatives @@ (5| zs) » 0;
ys = Table[d. (0 /. Alternatives @@ zs -» 0), {Z, (5}];
ns = Table[d, (0 /. Alternatives @@ (s - 0), {z, z5}];
qt = Inverse@Table[KS, .« - 9;,-0, {&, &5}, {2, z5}];
zrule = Thread[zs -» qt. (zs +ys)];
Q2= (Q1 =c+ns.zs /. zrule) /. Alternatives @@ zs -» 0;
simp /@ E[L, Q2, Det[qt] e ¥ Zip, [e¥ (P /. zrule)]] ];
QZipys rise 2= QZipss,crs
Upper to lower and lower to Upper:
U2l = {BY-" » e PR¥PL, B 5 @ PRYP, TE 5 PPN,
T 5 &Pt A 5 ePY, A o e?¥};
120 = {ec_. b; +d_. s BlTc/uw) ed’ et b . ., prc/(aY) e",
PR R Tf”‘ e, e+ ted: o, /B gd,
ac_. aj_ +d_, » agly ed, e~ a+d_. - ac/y ed’
e” = eim"“""} 3
LZip implements the “L-level zips” on E(L, Q, P) = Pe**?. Such zips
regard all of Pe? as a single”P”. Here the ’s are b and a and the (s
are Band a.

SL2Invariant Page 2

LZips yist,simp @E[L_, Q_, P_] :=
PPiz;,@Module [{Z, z, 25, C, Vs, ns, 1t, zrule, L1, L2,
01, 02},
zs = Table[Z*, {Z, ¢5}];
c=L/.Alternatives@e ({s|Jzs) » 0;
ys = Table[d. (L /. Alternatives @@ zs » 9), {Z, ¢5}];
ns = Table[d, (L /. Alternatives @@ (s - 0), {z, z5}];
1t = Inverse@Table[KS; o+ - 9;,-L, {Z, &5}, {2, 25}];
zrule = Thread[zs » 1t. (zs +ys) ];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives @@ zs - 0;
Q2= (Q1=0Q/.U21 /. zrule) /. Alternatives @@ zs - 0;
simp /@
E[L2, Q2, Det[1t] e™*®
Zip,[e'*® (P /. U21 /. zrule)]] /7. 120];
LZips pisr 2= LZips,crs
Bind( [L_, R_] :=LR;
Bind(is }[L_E, R_E] := PPgiq@Module[{n},
Times [
L/.Table[(v:b|B|t|T|a|Xx|y)i= Vaeis
(i, {is}}1,
R/.Table[(v:iB|z|a|A|&|n)i-> Ve, {1, {i5}}]
1 /7 LZiPgiattenerable|(neistreisaneids (1:{is}}] //
QZiPr1attenoTable[ (¢n01.vr0i) (1, {1]}] 13
By ise[L_, R_] :=Bind, [L, R];
Bis  [L_, R_] :=Bind(i[L, R];
“Define” code
Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhs is
computed only once for each value of $k. Fancy Mathematica not
for the faint of heart. Most readers should ignore.
SetAttributes [Define, HoldAll];
Define[def , defs ] := (Define[def]; Define[defs];);
Define[op_is =6_] :=
Module[{sD, ii, jj, kk, isp, nis, nisp, sis},
Block[{i, 3, k},
ReleaseHold [Hold[
SD [0Psssp,5k_Integers PPaootesk@Block [ {1, J, Kk}, 0pisy, sk = &5
OPnis,sk] 13
SD[OPisp: OP{\'.s},sk]S SD [OPsis_) Op[sis}]i
] 7. (5D - setDelayed,
isp - {is} /. {i»i , 323 ,k-k },
nis -» {is} /. {i»ii, j » jj, k » kk},
nisp- {is} /. {i-ii_, j=>3ji_, k=>kk_ )}
H 11
Booting Up
$k=2; h=y=1;
Define[ami,j_.k = E[ (a5 +aj) ak, (€7 & + &) X 1lgks

bm; 5.k = E[ (Bi + Bj) bxy (mi+n3) Yis elePi-1) g y"]’k]
Def:l.ne[

sl (1-e¥2)" (ny;x5)"
R1,1=E[baj bi, A XxjYi, e"[z k(1-ek7‘h) ]tk,
k=2
Pi,j= E[Bi aj/h, ni&5/n,
1+ If[sk =0, 0, Normal@P(; j},s-103] -

(Ra,2~B1,2~ ( (Pru.s).0) gu (Prs.apsea) ) ) 131]] ]



Define[aS; =E [-ai aj, —£i Xi,

efiX (-b*xe}"

sum [Expand[ o

Nest [Expand [ 81,2y #] &

e i ety ] k] ] > {k, @, $k} ] ] Sk ~By,y~amy,j.i,
as; =E[-aiai, -Xi M &,
1+If[$k =@, @, NormaleaS(;},s-1[3] -
((35(s),0) sx~By~aS: ~By ~ (355}, c-1) ) [31]] |
Define[bS; = R 1 ~By~aS;~By~Ps,1,
bS; = Ri,1~B;~35,~B1~P; 1,
af;i 4,k = (Ry,jRa,k) ~By,2~bmy 2,3~B3~P3;,
bAj.j,k = (Ry,1 Rk,2) —B:,z—aﬂh,z-rﬁs-l’i,s]
Define[
dmi,j_,k =
(E[Bi1bs + ajay, nmiyi+ &%y, 1] (84i.1,2~B2~a8;.7,3~B3~2353)
(bAja.1,-2~B.a~bAo,2,3) ) ~B.3,.2,.1,1,2,3,4,~
(P_1,3P_3,3 @my . bm; 3.4},
dS; = E[Bi by + @i a3, M1 Y1 + €1 X2, 1] ~By,2~ (BS1 a5,) ~
By,2~dmz 1.i,
dAjg,k = (PAi,z,1 3A1,3,4) ~B1,2,3,4~ (dM3, 4. dmi,z-j)]
Define[ Rj,; = Expand /@R;,;~B;~dS;,
Ci=E[0, 0, B’ e/,
Ei = E[G, e’ B;l.l’) eﬁsaifl]‘k,
Kink; = (RI,B Ez) ~By,2~dmy, 5,1 ~By,3~dmy, 3,5,
Kink; = (R_i,z cz) ~Bq,z2~dmy 5,1 ~By,3 "d"'i,a-»i]
Note.t==€a-ybandb==-t/y+e€aly.
Define[b2t; = E[as a; - Bi ti /¥, &1 X +niys, e F%/7]
t2b; = Efajai-tiybi, §iXi+niyi, e it]g]
Define [kRy,j = Ry,3~Bs, i~ (b2ts b2t5) /. tijs-t,
kRy,j = Ry, y~By,j~ (b2t; b2t5) /. ty)3- 1,
kmg, sk = (t2bs t2by) ~Bj,j~dm; ok ~Bx~b2ty /.
{tk=t, Tk >T, 14520},
kC; = Cij~Bij~b2t; /. Ti T,
KC; = Ci~Bi~b2t; /. Ty~ T,
kKink; = Kink;~B;~b2t; /. {ti=t, Ti =T},
kKink; = Kink;~Bj~b2t; /. {ti-+t, Ti-T}]
RVK: :usage =
"RVK[xs, rots] represents a Rotational Virtual
Knot with a list of n Xp/Xm crossings xs and
a length 2n list of rotation numbers rots.
Crossing sites are indexed 1 through 2n, and
rots[k] is the rotation between site k-1 and
site k. RVK is also a casting operator

converting to the RVK presentation from other
knot presentations.";
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RVK[pd_PD] := Module[{n, xs, x, rots, front, k},
n = Length[pd] ;

IL ®s = Listeepd /.

x_X = If[PositiveQ[x], Xp[x[41, x[111,
Xm[x[2], x[1011;
rots = Table[®, {2n}];
front = {8} ;
For[k =08, k<2n, ++k,
If[k == @ v FreeQ[front, -k],
front = Flatten[front /. k - Catch[xs /. {

V"\g/j{

Xplk+1, L ]| Xm[L , k+1] > Throw[{L, k+1,1-L}],

Xp[l_, k+1] | Xm[k+1, L ] =
(++rots[L]; Throw[{1-L, k+1, L}])
111,
If[MatchQ[front, {___, k, ___,s -ks ___}1,
--rots[k +1]]
1
1;
RVK[xs, rots]
15
RVK[K_] := RVK[PD[K]];
rot[_,@] = E[8, 0, 1];
rot[i_, n_Integer] /; n>@ :=
rot[i, n] = Module[{j}, (rot[i, n-1] kCy)~B¢ j~kmi,i,i];
rot[i_, n_Integer] /; n<@ :=
rot[i, n] = Module[{j}, (rot[i, n+1]KC;)~B:,;~km,.:];

coowwy L i e Woal=1
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Z[K_ ] := Z[RVKeK];
Z[rvk_RVK] :=
Z[rvk] =
Module[{todo, n, rots, &, done, st, x, &1, i, j, k,
k1, k2, k3},
{todo, rots} = List e@ rvk;
AppendTo[rots, @];
n = Length[todo];
£=E[0,0,1];
done = {0} ;
st = Range[@, 2n+1];
while[todo =1= {},
{x} = MaximalBy [todo,
Length[done N {#[1], #[2], #01] -1, #[2] -1}] &,
1];
—Z$tedo =—tode—ZHNe—
{i, j} = Listeex;
£1 = Switch[Head[x],
Xp,
M, kg [
Ri,5 (Ris,k NP Ul /7 My uaaic /7 Mi,uaak /7 Mikaax) 15
Xm,
M5,k [RT, 5 (RE,k3 NPy Ukia /7 My aak /7 My iaak /7 My i30k) ]
15
£1 = rot[k, rots[i]]] €1 // my,i,i; rots[i] =0;
€1 =Cgirot[k, rots[i+1]] // mi,y.i; rots[i+1] =0;
£1 =rot[k, rots[jl] &1 // my, 4455 rotsi] =©;
1 =Cirot(k, rots[j+1]] // my,,45 rots[j+1] =0;
Cx=0r1;
If [MemberQ[done, i], £=2//m ..
st=st/.sti+2] -»stfi+1]];
If[MemberQ[done, i-1], & =& // Mst[i],imst[i]5
st =st /. sti+1] »st[i]];
If [MemberQ[done, j], & =2 // My .45
st=st /.st[j+2] »stj+1]];
If[MemberQ[done, j-1], & =& // Mu[s],imst[s]5
st=st /. st[j+1] » st[il];
done =doneJ{i-1,1, j-1, j};
todo = DeleteCases[todo, x]
1
L /. {ug=>u, Cag=C, Wog = W}
]
TimingeBlock [ {$k = 1},
Z= kR;,s kRs,z kR3'7 R4 k_'(—i—'-'li(-a mg mxe;
DO[Z = Z~By,r~kmy,ra1s {r, 2, 10}];

simplify /e Z]
[4.10938,
Ele, 8, — = (T(-1+2T-3T2+273) +

+ T
1-T+T2 (1-T+73)3 :

2 (-1+T-T+ T 2 -2(1+7%) x;y,)r¢0|ejzn

SL2Invariant Page 4

http://drorbn.net/A cademicPensieve/Projects/SL 2 nvariant/one/CS-SL 2Invariant_on_180623.pdf

PrintProfile[]
ProfileRoot is root. Profiled time: 97.468

( 149) 0.658/ 76.046 above Bind
126) 0.016/ ©0.016 above CF
16) 0.916/ 2.344 above Boot[1]
18) 0.124/ 6.123 above Boot|[2]
5) 0.063/ 12.939 above Boot|[3]
CF: called 34229 times, time in 45.991/51.657
32777) 5.666/ 5.666 under CF
663) 31.682/ 37.348 under LZip
126) 0.016/ 0.016 under ProfileRoot
663) 8.627/ 8.627 under QZip
32777) 5.666/ 5.666 above CF
Zip: called 1885 times, time in 25.667/112.361
( 221) 4.333/ 20.942 under LZip
( 221) 1.954/ 9.685 under QZip
( 1443) 19.380/ 81.734 under Zip
( 1885) 4.960/ 4.960 above Collect
( 1443) 19.380/ 81.734 above Zip
LZip: called 221 times, time in 16.095/74.385
( 221) 16.095/ 74.385 under Bind
( 663) 31.682/ 37.348 above CF
( 221) 4.333/ 20.942 above Zip
Collect: called 1885 times, time in 4.96/4.96
( 1885) 4.960/ 4.960 under Zip
QZip: called 221 times, time in 3.598/21.91
( 221) 3.598/ 21.910 under Bind
( 663) 8.627/ 8.627 above CF
( 221) 1.954/ 9.685 above Zip
Bind: called 221 times, time in ©.859/97.154

( 149) 0.658/ 76.046 under ProfileRoot
29) 0.015/ 2.312 under Boot([1]
27) 0.092/ 5.999 under Boot([2]
0.094/ 12.797 under Boot[3]

221) 16.095/ 74.385 above LZip
221) 3.598/ 21.910 above QZip
Boot|[3]|: called 11 times, time in ©.142/21.8
( 5) ©.863/ 12.939 under ProfileRoot
( 6) 0.079/ 8.861 under Boot|[3]
( 16) 0.094/ 12.797 above Bind
( 6) ©0.079/ 8.861 above Boot[3]
Boot[2]: called 22 times, time in ©.124/6.154
( 18) 0.124/ 6.123 under ProfileRoot

(
(
( 16)
(
(

( 4) @/ 0.031 under Boot (2]
( 27) 9.092,/ 5.999 above Bind
( 4) @/ ©.031 above Boot|[2]

Boot[1]: called 24 times, time in ©.032/3.095

( 16) 0.0916/ 2.344 under ProfileRoot

( 8) 0.9016/ ©.751 under Boot([1]

( 29) 0.015/ 2.312 above Bind

( 2) e/ @ above Boot (9]

( 8) 9.016/ ©.751 above Boot([1]
Boot[@]: called 2 times, time in ©./0.

( 2) 0/ @ under Boot[1]



