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Pensieve header: The full $sl_2$ invariant using the Drinfel’d double. Continues 2018-05/ybax.nb,
Talks/StonyBrook-1805/ybax.nb, Projects/SL2Portfolio/Logoi.nb.

Profiling

In[+]:= Once[
SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Invariant"];

<< KnotTheory" ;
<< "../Profile/Profile.m";

15
BeginProfile[];
Once@PopupWindow [Button["Show Profile Monitor"],
Dynamic [PrintProfile[], UpdateInterval - 3, TrackedSymbols - {}]]
ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.
ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.
- ToFileName: String or list of strings expected at position 1 in ToFileName[{File, WikiLink, mathematica}].
. ToFileName: String or list of strings expected at position 1 in ToFileName[{File, QuantumGroups}].

Loading KnotTheory™ version of January 20, 2015, 10:42:19.1122.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: June 2018. Original version: July 1994.

out = | Show Profile Monitor

External Utilities

Inf+]:= HL[& ] := Style[s&, Background - Yellow];

Program

Program
Internal Utilities

Program

Canonical Form:
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Program

m1=  CCF[&.] := PPccr@ExpandDenominator@ExpandNumerator @PProgether @ Together [PPgy, |
Expand[£] //. - e’-» e /. e » e FPI]];
CF[& List] :=CF /e &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&_] := PPce@Module [
{vs=cases[s, (y|b|t]|a|x|n|B|t|a]|&) ,=]U{y,b,t,a, x,n, B, t, a £}},
Total[CoefficientRules[Expand[&£], vs] /. (ps_ - c_) = CCF[c] (Timeseevs™)]
(E

CF[& E] :=CF/@&; CF[Es, [&5___ 1] :=CF/@E;,[S5];

Program
The Kronecker 6:

Program
In[+]:= K& /: Ké; ,; :=1If[1===73,1,0];

Program
Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e-*? p:

Program

mep= E/:E[LI_, Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=
CF[L1 == L2] ACF[Q1 == Q2] ACF[Normal[P1 - P2] == O] ;
E/:E[L1 ,Ql ,P1 1E[L2 ,Q2 ,P2 ] :=KE[L1+L2,Q1+Q2, P1xP2];
E[L ,Q ,P 1ls :=E[L, Q, Series[NormaleP, {e, 0, $R}1];

Program
Infe]= ]E3@]E[a1_, L_, Q_, PS_] := CF /@]E[L, vl 0, wt (w_4e)—1+Range@Length@Ps.PS]N(;
E4@E[L_, Q_, P_] := Module|
{w = Normal[P]~* /. € » @, Ps = CoefficientList[P, €]},
CF/@E [w’ L, ) Q, (d_3+4 RangeelLengthePs PS] ];
E3@E;, [as___ ] :=E3@E[as] /. E -» Eg;
E4@E;, [as___] :=E4@E[as] /. E -» Egy;
Program
Zip and Bind
Program
Variables and their duals:
Program

In[«]:= {t*, b*, y*, a*, x*, z*} = {z, B, n, a, &, E};
{t*, B*, n*, a*, £, "} = {t, b, y, a, X, z}; (u_i_)* t= (Uu*) i

Program

Finite Zips:
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Program

Inf+]:= collect[sd SeriesData, & 1 := MapAt[collect[#, &] &, sd, 3];
collect[& , £ 1 := PPcollect@Collect[&, £1;
Zip [P_] :=P;
Zip, [Ps_List] := Zips /@Ps;
Zipis o 3[P_1 = PPz
(collect[P // Zipisy, &1 /+ f. &% 2 0o,y f) /. & > 0]

Program
QZip implements the “Q-level zips” on E(L, Q, P) = -*? P(€) and/or on
E(w, L, Q, P) = w™ e*¥" 2 p(w™ €). Such zips regard the L variables as scalars.

<P(Zi, é‘j>ec+niz,'+.\’j{j+q;zi(f> _ |é| <P(Zi, é’j>ec+77i2i .
a3 ()

- ik, - . .
= |g|ec T <P (Qf‘(zk + i), ¢ + n’Qf)> :

Program

Inf-]:= $QZipFail = False;
QZipys 1ist®@E[L_, Q_, P_] := PPQZip@Module[{§, z, zs, ¢, ys, ns, qt, zrule, Zrule, out},
zs = Table[Z*, {Z, £5}1;
c =CF[Q /. Alternatives ee (<5 zs) - 0] ;
ys = CF@Table[d. (0 /. Alternatives @@ zs » @), {&, £5}];
ns = CFeTable[d, (0 /. Alternativesee s » @), {z, zs}];
qt = CFeInverse@Table[KS, - 0,,-Q, {&, &5}, {2z, 25}];
zrule = Thread[zs » CF[qt. (zs +ys)11];
Zrule = Thread[{s » &s +ns.qt];
out = CF /@ E[L, c +ns.qt.ys, Det[qt] Zips [P /. (zruleUgrule)]];
If[- ($QzipFailv TrueQ[out = E3@QZip~@E4@E[L, Q, P1]),
$QzipFail = True; Print["QZip4 fail at {L,Q,P}=", {L, Q, P}]
];
out
[E
Program

Inf+]= $QZipFail = False;
QZipys 1ist@E[w , L_, Q_, Ps_] := PPQZip4@Modu1e[{§, z, zs, ¢, ys, ns, qt, zrule, Zrule},
zs = Table[Z*, {&, {5}1;
¢ =CF[Q /. Alternativesee (<5 zs) - 0];
ys = CF@Table[o. (0 /. Alternatives @@ zs » @), {Z, £5}];
ns = CFeTable[d, (0 /. Alternativesee ss » @), {z, zs}];
qt = CFeInverse@Table[KS,, - - 0,,:0, {&, &5}, {z, z5}];
zrule = Thread[zs -» CF[qt. (zs +ys)]1];
Zrule = Thread[&s » &5 +ns.qt];
CF /@ E[wDet[qt /], L, c+ns.qt.ys, Zips[Ps /. (zruleUgrule)]] |;

Program

Upper to lower and lower to Upper:
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Program
mep= U21 = {Bﬁ?:‘ - @ Ph¥bi pp . gPAYb, T > @PBti ) TP P2t A o> @PYN, AP ep”’};
12U = {eC_. b; +d_. . B_EC/(I)Y) ed’ e’-- b+d_. N B—C/ (aYy) ed,
e‘-* ti +d_. N Tg/h ed’ e’ t+d . N Tc/h ed,
P ai +d_. . ‘ﬂgly ed, et-* a+d_. o mc/y ed,
el o eExpand@&};
Program
LZip implements the “L-level zips” on E(L, Q, P) = Pe'*?. Such zips regard all of Pe? as a single”P”. Here
the Z’s are b and a and the {’s are Band a.
Program

Inf-]:= LZip_l,"S_List@lE [L_,0Q ,P_] :=
PP zip@Module[{&, z, zs, c, ys, ns, 1t, zrule, Zrule, grule, Q1, EEQ, EQ},
zs = Table[Z*, {&, {5}1;
c =L /. Alternatives e@ (;’sUzs) - 0;
ys = Table[d, (L /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (L /. Alternativesee ¢s - @), {z, zs}];
1t = Inverse@Table[KS, ¢+ - 0,,2L, {&, &5}, {z, z5}];
zrule = Thread[zs -» 1t. (zs+ys)];
Zrule = zrule /. r_Rule »
((u=r@1/.{b>B,t>T,a>A}) > (U/.U21 /. r//.120)); (x not used x)
Zrule = Thread[{s » &5 +ns.1t];
Ql=Q/.U21l /. (zrulegrule);
EEQ[ps___] := EEQ[ps] = PPuxqr@ (CF[e™* D[e®, Sequence @e Thread[{zs, {ps}}]1]] /-
Alternativeseezs -» @ //. 12U);
CF /@ ((CF/ex)E|
c+ns.lt.ys, Q1 /. Alternativesee zs -» 0,
Det[1t] (Zips[(EQeezs) (P /. U2l /. (zruleUgrule))] /.
Derivative[ps___][EQI[___] = EEQ[ps] /. _EQ-1)
] /7. 12u)

E

Program
Infe]:= By [L_, R.] :=LR;
Biis y[L_E, R_E] := PPg@Module[{n},
Times|

L/.Table[(vib|B|t|T|a]|x|y); > Vieis {i, {is}}],
R/.Table[(v:B|T|a|A|E|N)i-> Vneis {1, {i5}}]
] // LZipjoineeTable[ {Brei; neisanei}s (i, {is1}1 7/ QZiPjoineeTable (&rei,sYrei}s{iy{is}}] ]3

Bis [L_, R_]1 :=Bisy [L, R];
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Program
E morphisms with domain and range.
Program

In[«]:= Bis_List []Edl_-ﬂ'l_ [L1_,Q1_,P1_], Ed2 sr2_ [L2_, Q2_, P2_]] :=
]E(d1UComp1ement[dz,is])-»(rzUComplement[rl,is]) @@B;; []E [le Ql) Pl] > E [L2, QZJ P2] ]3
Eq1 or1 [L1_, Q1_, P1_] // Eaz 5r2 [L2_, Q2_, P2_] :=
Brlndz []Edl—wl [le QIJ Pl] > Eq2,r2 [LZJ QZJ P2] ]3
Ed1 »r1_ [L1_,Q1_,P1_ ] = Ed2 »r2_ [L2_, Q2_, P2_] ":=
(d1 = d2) A (r1=r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
]Ed17->r17 [Ll_) Ql_: Pl_] Edzf-»rzf [LZ_J QZ_J P2_] A=
E (d1yd2) -» (r1Ur2) @@ (]E [L1, Q1, P1] E[L2, Q2, P2] )S
Eq o0 [L_,0Q 5P _lsr :=Egq,r@E[L, Q, P]3k;
E_[& __1[i_] := {S}[1D;

Program
“Define” code

Program
Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

Program

mn-=  SetAttributes[Define, HoldAll];
Define[def_, defs__] := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [

SD [0Pnisp,sk_integers PPeoot @BLock [{i, j, K}, Opisp,sk = &5 OPnis,sk1 ]
SD[0pisps OP(isy,sk]s SD[OPsis > OPysisy];
1 /. {SD - SetDelayed,
isp-» {is} /. {i»1i_,j-»Jj_, k-»>k_},
nis -» {is} /. {i-ii, j-» jj, k » kk},
nisp » {is} /. {i-»ii_, j-»jj_, k> kk_}

3111

Program
Booting Up
Program

In[+]:= $k = 2; (xh=y=1;%)

Program

In[e]:= Define[ami,j_,k = E(i,j}-(k} [ (ai + aj) ak, (e—yaj i+ §j) Xk s 1]$k’
-€Bi_ .
by, sk = E i, 531k [ (Bi + B3) bis (M1 +13) Vs e(e*"-1)m A ]
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Program
$k+1 (1 - e)'eb)k (hy; Xj)k
& Kk (1-ekven)
CF@]EU_,{i,j} [—fl aj bi, -A Xj Vi /Bi, 1+ I'F[$k =0, 0, (ﬁ{i,j),$k—1)$k [3] -
(((Ri,53,0) sk Ra,2 (Ry3,a3,9k-1) k) 7/ (bmi 1. amy,o.;) 7/ (bmg,s.i amy,alj)) [31]],
Pi,j = Eg,jj-3[Biaj /A, ni §5/ h, 1+ IF[$k = 0, O, (Pi,5j;,8k-1) sk [3] -
(R,2 /7 ((Pqa,33,0) sk (Pgi,2,9k-1) $k) ) [3111]

Infe]:= De-Fine[Ri,j = CF@E 1}, (i,5) [.ﬁ aj b;, hxjyi, e” ]$k’

Ri,j

Program
In[+]:= Define[asj = ﬁi,j ~Bi~Pi,jJ
aSi = E(iyuqiy[-81 @i, - Xi Az €5, 1+ IF[$k = 0, @, (aSqiy,ek-1) sk [3] -
((3S(s1.0) sk~Bi~aS; ~Bs ~ (35(sy, s11) 56 [31]]]
Program

n-1=  Define[bS; = Ry,1~By~aS;~By~Pj 1,
bS; = Ri,1~B1~aS; ~By~Pi,1,
al;j,j,k = (R1,5R2,k) 7/ bmy .3 // P34,
bA;,j,k = (Rj,2Rx,2) // amy .3 // Pi,3]

Program
In[e]:= Define[dmi,j_,k = (]E{i,j}-»{i,j} [Bibi + a5 A5, NiYi+ §5 X5, 1]
(aAi-»1,2 // aby,n,3 // E3) (bAjs-1,-2 /7 bA-z-»-z,-s)) /7 (P-1,3P_3,1 amy, 5, bms, 5. ) ,
dS; = E(iy,a,2y [Bi by +aiaz, niys+&ixa, 1] // (El asz) /7 dmz, 1.,
dAi,g,k = (bAi->3,1 aAi-»z,4) // (dm3,4—>k dm1,2-»j) ]
Program

In[«]:= De‘Fine[Ci = IE{}_,{]'_} [0, 0, Bi/z e_ﬁeai/2]$k,
C; = E ()50} [0, 0, B;llz eheai/z]sk,
Kink; = (Rl,sfz) /7 dmy 5. /7 dmy 3,
Kinki = (Ry,3Ca) // dmy,os // dimg 3]
Program
Note.t==€a-ybandb==-t/y+e€aly.
Program
Infe ]:= Define[bzti = E(i}5(i} [Oli a; -Bit; /Y, EiXi +7M;Yi, @ P ai/’],;k:
t2b; = E(iyoqi) [Oli aj-Tiybi, SiXi+niyi, e ai]$k]
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Testing

In[+]:= Block[{$k =13}, {
am - amj j,k, bm - bm; j,,, dm - dm; ., R > Ri 5, R- ﬁi,j, P-P; 5,
aS - aS;, aS -» aS;, bS » bS;, bS -» bS;, dS - dS;, aA -» ali,j,ks bA > bA;L5 ks
da - da;j,ks €= Ciy € Ci, Kink » Kink;, Kink » Kink;, b2t - b2t;, t2b » t2b;

} 77

Column

Qzip4 fail at {L,Q,P}:{h as by,
(1 - B1) Mng13472[2] Eng13472(1]

B X3 Yn$13472[1] + Y1 Nng13472[1] + Y1 Tn$13472(2] + X1 Eng13472(1] + h + X1 Eng13472(2] »

3.2.,2
1 hay Y07 X3 Yig13a7211) D @3 Y1 Mng13azz(2) ¥ D X1 Eng13araia)
+ - - - +

VB 2+/By 4-/B; By VB

2
Y N X1 Y1 Nng1347212] En$13472(1) (¥y-3¥B1) y1 MTn$13472[2] Eng13472(1)
a1/ B Mn$13472(2] §n$13472[1] + + +

VB 2+/B;

2 2 2 2
(¥ - 3¥B1) X1 Mng13ar2(2] Epgazarapa; (¥ - 4 ¥ Bi+ 3 BE) Nhsizarai2; Ensrzaraay
+

2B 4n+B;

6+O[€}2}
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am - E(i, 151k} {ak (a4 +O(j) » Xk <(e‘Y0‘j &+ §j) > 1]

bm = E i,k [bk (Bi+PBj)s Yk (Ni+715), L-ykBinje +0[€}2}

dm - E(i, 4150k [ak O + @k 0 + by B1 + b By, Yk g + Y g Xebiy BTy oo
Ay Aj h
14 - Wbis  XeBi&i y g By py & + INMI& , (3B vend& , (e3yBoxns &} | (y-4vBe3vBE) nied) |
Ai A5 Ai Aj 2 A; 274 4 h
0[e]?]
1 2,2 2
R—>E(4,j) [hajbi, AXjyi, 1- " (vB*x3y?) e +0[e]?]
R hxyy; ntajxsy;  3vyn’xiyi
R%]E(}%{i,j}[—ﬁ aj b;, __XBJ._L—’ 1+ (_ aB?( Vi _ Y4B)z( y ) €+O[€]2]

- B L s yni&le 2
P%E{i,j}%{)[%f]‘, th, 1+_77:7_+0[€] }
aS > Eyiy5qi) | -1 Qiy —Xi A i, 1+ (—ﬁ ai Xj A; §1 - iyhx%?{% §i) €+O[€]2]
aS > Eijoi) | —ai 04, —Xi A &1, 1+ (Yf’lxiﬂi Ei-haiX; A; &1 - %YﬁX%?@ 5%) €+0[€]2}

-
-
bS = Eay-c) [-bs B, - Y04, 1+ (-ﬂﬁiﬂi- ﬂﬁﬂi) e+0[e]?]
-
-

Bi 2B?
h< i N4 Yhyini YiBini yhyint 2
BS > E 1)1 biBi,—ML,1+( - e CELIGH
B;i Bi Bi 2Bf
dS - E(i)i) |-ai 0 - by B, - LI _x; gy & ¢ DB IS
B; nB;
Ve A 14 ny2 a2 2
outf+ J= 1+(r_x;._ﬂlﬁLfMﬂ;ﬁﬁLfLﬁ;ﬂlfhaixiﬂiéifxiﬂiﬁiérraﬂ;ﬁu&f
i i i i
YAX Y s & (o MieyBid) ni s, (K-Bid) Bini &y |, Vi (ByA-vBiA) iy
B; B; hBj 28?2

i (3yAB-yBi ) ni & | (-3yA+4vBiA-yBIA) nf &l
2B; 4 1B}

iyﬁx%ﬂ%§%+ e+0[€]2]

1
aAe]E{iH{j,k} aj 04 +ak i, Xj Ei+Xk&iy, 1+ (—f’l aj Xk & + zYﬁXj Xk ﬁ) 6+0[€}2]

dA - E(iy504,k {aj oy +ak oy +byBi+beBiy ¥Yini+Bjykni+ Xy &+ Xk i,
1+ (LvnByysyeni-nasxcEi+ Lynxsxed) e+0[e)?]
CoEqLa [0, 0, VB -2 (h a; \/Bi ) e +0[e]?]

L, Lac ,07e)?]

Joafe

Kink - ]E{}ﬁ{j_} I:h aj bi) h XiYi,

bA = Eiiy55,k) | b3 B + bk Biy BeYymi+Yknis 1+ %Yf’l Bkyjyknie+0[e]?]

E% ]E{}ﬁ{i} [0, 0,

haj yhixty?

1

[ _

Jor [zﬁ afor

KinkeE{)ﬁ{i}[—ﬁaibi, —h;);lj‘, \VBi + [—ihaini —%/Lim—%ﬁ €+0[€]2}
N Bi i

b2t > E1y.01 [a1 o4 - Bfi, Yini+Xi&i, 1+ QL%i +0[e]?]

e+0[e]2]

t2b - E(i)543 [ai o -y biTi, yini+xi&i, 1+ajtie +0[€]2}

Check that on the generators this agrees with our conventions in the handout:
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nf-}= Timinge

{{" [a,x]" > ((IE{}-){1,2) [0, 0, a; x1] // am1,2->1) [3] - (]E{)a(l,Z} [0, 0, a1 x2] // am1,z->1) [3] ) >
"[b,y1" > ((Eq3s01,2)[05 @, Y2 b1l /7 by 5,1) [3] - (E(y501,2) [0, @, Y1 ba] /7 bmy5,1) [31) ]} /.

Z 1Z,

{"aly1"
"A[b]"
"Afa]"
"ATX]"

- Last[E .1, [0,
- Last[E .1, [0,
- Last[E .1, [0,
- Last[E .1, [0,

0, y1] ~B1~bAy1,5],
0, by] ~B1~bAy,1,2],
0, a1] ~B1~alA1,1,2],
0, X1] ~B1~al1,1,21},

2020-01-21 03:09:20

"S(a)" > ((Eq-1) [0, @, a1]1 ~B1~aS;) [31),
"S()" > ((Eqy-(1) [0, @, X1] ~B1~aS;) [31),
"S(b)" > ((E(y-(1) [0, @, by] ~B1~bS;) [31),
"S(Y)" > ((Eg-c1) [0 @5 y1] ~B1~bS1) [3])
} /eZ 4> z}
our-- {@.796875,
{{la;x] > -xv, [byy] > -ye+0[e]’}, {Aly] > (Bay1+ya2) +0[€]?, A[b] - (by+by) +0[€]?,

Alal » (a1 +ay) +0[€]3, A[X] » (X3 +Xz) ~ha; Xy e+ lf12a§x262+0[e]3}, {s(a) »-a+0[e]?,
2

(athz) €2+0[e]?, S(b) »-b+0[€e]3, S(y) » Y

L orer}})

S(X) »-X-axhe-

N |

Hopf algebra axioms on both sides separately.
Associativity of am and bm:

1= Timinge@Block [ {$k = 3},
HL /@ { (amy 2,1 // amg 3,1) = (amz 3,2 // amy 2,1), (bm1,2->1 // bm1,3_,1)

]

{0.171875, {True, True}}

= (bm2,342 // bml,Z—»l)}

Out[«]=

R and P are inverses:

Timing@Block[{$k = 3}, {Ri,jJ Pi,k: HL[(Ri’j // Pi,k)

1
(0.15625, {E( (1,5, [hajbs, Axyyi, 1- " (vB*x3yi) e+

Inf+]= = E(k)-¢j) [35 0ks Xj Eks 1111} ]

1 1
Out[+ ]J= - YZ hS X;-’ yi L YZ h6 Xz]} yi 62 N
9 32

€3 +0[el?],

PG Py Ry e
48 16 36 384
ynicte (36y2n?nici+40y?nni &R+ 9v?int &) €
: 4n : 288 h?
133 nt &k N 5v° 3 &R N ¥? n§ &R
96 h 144 h? 384 n3

Ni $k
, —, 1

h

+

Ok Bi
[ h

Efi, k-0

e’+0[el?*], True}}

1 1
—¥*anig+ =¥ ni&i+
24 6

as and aS are inverses, bs and bS are inverses:

Inf-]:= Timing[HL /e { (51 // 351) = E{1y,q1y [31 01, X1 €15 1], (El // b51) = Eq1)5¢13 [P1 B1y Y111, 1] }]

ouf-1= {@.375, {True, True}}

(co)-associativity on both sides
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Inf+]:= Timing[
HL /@ {(3A1->1,2 // aba,3,3) = (al151,3 // Al151,2) (bA1->1,2 // bAz-»z,s) = (bA1->1,3 // bA1->1,2):
(amy >, // amg,3,1) = (amp,3,2 // amy 2,1), (bm1,2->1 // bm1,3->1) = (bm2,3->z // bm1,2->1) }]
ouf-]= {0.3125, {True, True, True, True}}

A'is an algebra morphism

o= Timing[HL /@ {(amy,2.1 // ad1,1,2) = ((3B1s1,3 @Bas2,4) // (AMganz @My 201))
(bm1,2->1 // bA1_,1,2) = ((bA1-»1,3 bAzqz,4) // (bm3,4_,2 bml,z_,l) ) }]
ouf-j= {0.46875, {True, True}}

An explicit formula for aS;
1= Timing@Block [{$k = 4}, HL[aS; = |E(iy,qi,j) [~ a5, - &1 Xis

efiXi (-hye)k

Sum [ Expand -
2¢ k1

Nest [Expand [x} 0x,,2, #] & e <%, k]], (k, @, $k}] s 77

am;, j-i ]]
ouf-]= {3.14063, True}

S is convolution inverse of id
Inf«]:= Timing[HL[#E E{l}-){l} [0_, 0, 1]] & /@ {
(3A1->1,2~31~351) ~By,2~amy 5,1, (3A141,2~Bz~352) ~Bi,2~amy 2,1,
(bA1->1,z~Bl~bS1) ~By,2~bmy 3,1, (bA1->1,2~Bz~b52) ~|31,2~b"'|1,2-»1}]
ou - {0.453125, {True, True, True, True}}
But not with the opposite product:

1= Timing[Short[# = E1),(1,[0, 0, 111 & /@ {
(aA1->1,2~Bl~351) ~B1,2~amy, 1,1, (aA1->1,2~Bz~352) ~Bi,2~amy 1,1,
(bA1->1,2~31~b51) ~By,2~bmy 1,1, (bA1->1,2~Bz~b52) ~Bl,2~bmz,1-»1}]

1
Out[+ ]J= {@.53125, {; <—27/61”’1x17~11 §1+Y2€2h2X1\7(1 §1—2762h2a1x1?{1 §1+27{262hzx%?{%§%) =0,
(—Zyeﬁxl.&—yzezhle§1+2y262ﬁ2x%§%) =0,
(-2vehyim-y*e*n’yini+2y* e’ n’*yini) =0,

o))

-2yehBiyini+ «<3> +27{2€2f12y§n%
2B2

Sis an algebra anti-(co)morphism

Inf«]:= Timing[HL /e {amllz_,1~Bl~a51 = (a51 aSz) ~B1)2~am2,1_,1, bml’z_,1~Bl~bS]_ = (b51 bSZ) ~B]_’2~bm2,1_,1,
aS;~By~aAj,1,2 = aA1,,1~Bg1,2~ (a51 a52) 5 bS1~By~bAy,1,2 = bA1,5,1~By 5~ (b51 sz) }]

ouf-]- {0.640625, {True, True, True, True}}

Pairing axioms
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In[e J:= Timing[HL /e { (bm1,z-»1 E(3)-3) [a3 a3, §3 X3, 1] ) ~B1,3~P1,3 =
( E (1351} [B1 b15 n1 Y1, 11 E(a35¢23 [B2 b2y m2 Y2, 1] 3A3->4,5) ~B1,4~P1,4~B3,5~P3 5,
(bA1->1,2 E(3),¢3) [a3 @3, §3 X3, 1] E(ay,(4) [0a A4, E4 Xa, 1]) ~B1,3~P1,3~B3,4~P3,4 =
( E (1351} [B1 b1, N1 Y1, 1] am3,4_,3) ~B1,3~P1,3 }]
ouf-= {0.3125, {True, True}}

1= Timing [HL /@ { ((bS1E (2)4(2) [02 @25 §2%25 11) 7/ P1,2) = ((E(1ysqay [B1b1s My, 11 8S3) 7/ Pa,3),
(E1 E(2)5¢2) [02 @2, &2 X2, 1]) ~B1,2~P1,2 = (1E{1}_>(1} [B1bi, n1y1,s 1] Ez) ~|31,2~P1,z}]

ouf-]= {0.21875, {True, True}}

Tests for the double.
Check the double formulas on the generators agree with SL2Portfolio.pdf:

Infe]= Timing@{{
"la,y]" >
((E(311,2)[05 @, Y2 81] ~By,2~dmy,2,1) [3] - (Egyoq1,2 [0, @5 y1 3] ~By,2~dmy 5,1) [31),
"[b,x1" > ((Eqs(1,2)[05 @5 Xa b1] ~By,p~dmy,5,1) [3] -
(E{}-»{l,Z} [0, 0, X1 b,] ~B1,z~dm1,z->1) [3] ) s
"xy-qyx" = ((E(-(1,2)[@5 @, X1Y2] ~By,2~dmy,2,1) [3] -
(1 + G) (]E{}—>{1,2) [0, 0, y1X;] ~B1,2~dm1,2->1) [3])
} 7. {z_1 > 2} // Expand // Factor,
{
"A(a)" - ((IE(}—»(l) [0, 0, a1] “‘Bl“‘dAl—»l,Z) )
"A)" > ((Eqy12)[05 @5 X1] ~By~dAg,1,2) [3]),
"A(b)" - ((E{}-»u} [0, 0, b;] ~B1~dA1-»1,2) )
"A(Y)" > ((Eqy-1) [0 @, Y11 ~B1~dAg,s,2) )
} 77 simplify,
{

"S(a)" > ((E(y-1)[05 @, a1] ~By~dSy) [3]
"S(X)" > ((Eo1)[05 @5 X1] ~By~dSy) [3]
"S(b)" > ((Ey-(1) [0, @, by] ~By~dSy) [3]
"S()" > ((Egy-(11[05 0, y1] ~B1~dSy) [3]
} 7. {z_y > 2} // Simplify

k)

’

— —~—~—

}
our- - {3.51563, {{[a,y] > -yv+0[e]?, [b,x] >xe+0[e]?,

_ _ _l 2 1 222| 2 3
Xy-qyx — + (@aB-xXy+xyvyh)e+ a“Bh+ —xyvy h| e +0[€] },
2

2
1
{a(a) > (ag+ay) +0[€]?, A(X) > (X3 +X3) —hayxge+ —h?aix;e*+0[e]?,
2
A(b) - (by+by) +0[e]?, A(y) - (y1+B1ya) +0[e]’},

{s(a) »-a+0[e]?, S(x) > -x-axhe-— (a®xh?) e?+0[e]?,

N |

a ¥2n?) e?
S(b) > -b+0[e]?, S(y) » -2+ LL1E y )
B

_ 0 3
- o o)

(co)-associativity
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Inf+]:= Timing[
HL /e { (dA1->1,2 // dAz-»z,s) = (dA1->1,3 // dA1->1,2) s (dm1,z->1 // dm1,3->1) E (dmz,3->2 // dm1,2->1) }]
ouf-}= {1.85938, {True, True}}
Ais an algebra morphism
imf-j= Timing@HL [dm1,2->1~31~dA1->1,2 = (dA1->1,3 dA2->2,4) ~B1,2,3,4~ (dm3,4_,2 dm1,2->1) ]
ou-}= {1.875, True}
S, inverts R, but not S;:

In[«]:= Timing@{R1)2~B1~d51 = ﬁl,z: HL [R1,2~Bz~d52 = EI,Z]}

1
outf- = {0.359375, {E(4yeh2 BIx,y1 -2v2e?n’B2x,y1+4ve?haBix,y; +
1

8y e’ n*Bix3yi-4ve’nta;Bixiyi-3v* e’ h’ x3y3) =@, True}}
Sis convolution inverse of id
1= Timing[HL[# = E(1y,1, [0, @, 1]] & /@
{ (dA1-)1,2 ~By~ d51) ~By,2~dmy 5,1, (dA1->1,2 ~By ~ dsz) // dm1,z-»1}]
ouf-]= {3.51563, {True, True}}
Sis a(co)-algebra anti-morphism

1= Timing[HL /@
Expand /e {dml,z_,1~B]_~dSl = (d51 dSz) ~B]_,2 ~dm2,1_,1, d51~Bl~dA1_,1)2 = dA]__,z,l ~Bl)2 ~ (d51 dSZ) }]

ouf-= {7.4375, {True, True}}
Quasi-triangular axiom 1:
inf-= Timing@HL[Ry 2 ~B1~dA; ;1,3 = (Ry,4R3,2) ~By,a~dmy 4,5]
our - {0.171875, True}
Quasi-triangular axiom 2:
in-1= Timing@HL [ ( (dA1->1,2 R3,4) ~Bi1,2,3,4~ (dm1,3->1 dmz,4-»2) ) = ( (dA1->2,1 R3,4) ~B1,2,3,4~ (dm3,1-»1 dm4,2-»z) ) ]
ouf-]= {1.59375, True}
The Drinfel’d element inverse property, (u1 Uz)~B12~dmj 51 = E[0, 0, 1]:

Inf«]:= Timing@HL[((Rl,z~B1~d51~31,2~dm2)1_,i) (Rl)z~Bz~dSz~Bz~dSz~Bl,2~dm2,1_,j)) ~Bi’j~dmi,j_,i =
E(}5¢i; [0, 0, 1]]
our - {1.51563, True)

The ribbon element v satisfies v2 = S(u) u. The spinner C=uv~.. It is convenient to compute z= S(u) u™*
which is something easy.
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Inf+]:= Timing@Block[{$k = 2},
( ( (R1,2~B1~d51~31,2~dm2,1->i) ~Bi~dSi) (R1,2~Bz~d52"Bz~d52~31,2~dm2,1-»j) ) ~Bi,;j "'dmi,j—)i]
1 haje h?a}e?

our- - {2.10938, E(;.1 [0, O, E+ . + ?m[ep]}

In[«]:= Timing@Block[{$k = 2}, HL /@ { (Ci EJ) ’“‘Bi,j ~dmi,j_,i = ]E{}_,(i) [9, 0, 1], (El EJ) ~Bi,j~dmi,j_,i =
(((Re,2~By~dSy~By,;~dmy,1,;) ~Bi~dS;) (Ry,2~By~dS;~By~dS;~By p~dmy,1,5)) ~Bs, j~dm;s 5,5}]
our - {2.40625, {True, True})
Reidemeister 2:

In[«]:= Timing[HL[# = IE{}_,{]_’Z} [0, 0, 1]] & /@
{ (ﬁl,z R3,4) ~B1,2,3,4~ (dm1,3_,1 dm2,4->2) s (Rl,z ﬁ3,4) ~B1,2,3,4~ (dm1,3—»1 dm2,4->2) }]

ouf-1= {1.29688, {True, True}}

Cyclic Reidemeister 2:

1= Timing@HL | (R1,4 Rs,2 E3) ~Ba,a~dMy 4, ~By 3~dmy 3, ~By,s~dmy 5,1 = C1 E(y,(2) [0, 0, 1] ]

ouf-]-= {@.859375, True}

Reidemeister 3:
ir-p= Timing@HL[ ((Rq,2 Ra,3 Rs,6) ~B1,a~dmy,4,1~By 5~dMy, 5,5 ~B3,6~dM3, 6,3 ) =
((R1,6 R2,3Ra,s5) ~By,4~dmMy 4,1 ~By,5~dimy, 5,5 ~B3, ¢ ~dm3,6,3) |
our-1= {1.25, True}

Relations between the four kinks:

Inf«]:= Timing[HL /@ {Kinkl = (R3,1 CZ) ~81,2~dm1,2_,1~B1,3~dm1,3_,i,
KinkJ = (ﬁ3)1 Ez) ~Bl,2~dm1,2_,1~81_‘3~dm1’3_,j, (Kinkl Kinkj) ~Bi)j~dmi’j_,1 = ]E{)_,{l} [0, 0, 1] }]

our - {2.42188, {True, True, True} )}

The Trefoil

Inf+]:= Timing@Block[{$k =1},
Z= R1,5 Rs,z R3,7 E4 Kinkg Kinkg Kink]_e;
DO[Z = Z“Bl,r“'dml,r—d; {r‘.v 2) 19}]5
{simplify /@Z, Simplify /e (Z~By~b2t; /. T1>T)}]

Out[«]= {2.93125, {]E{}ﬁ{l} [0, 0,

B, hBy (-ay (-1+By-B}+B}) +y (By-2Bf-2B}+2hx1y1+B3 (3+2hxy1))) €
- +
1-By +B? (1-By+B3)?
T
0[€l)?], E(yuqy [0, 8, ————+
1-T+T2

TA (T (—1+2T—3T2+2T3)Y+2 (—1+T—T3+T4> a; -2 <1+T3> YﬁX1y1> €

(1-T+T2)3 oty
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Program
n-1=  Define[kRs,j = (Ry,j // (b2tib2tj)) /. tijj-t,

kRi,j = (Ri,j // (b2tib2ty)) /. {tijj->t, Tij5->T},
kmg, sk = ((t2bs t2bs) // dmy,5. // b2t ) /. {ti»>t, Tk > T, Ty 5> 0},
kCi = (Ci//b2t;) /. TiT,
kC; = (Ei // b2ti) /. TioT,
kkink; = (Kink; // b2t; ) /. {ti>t, T; > T},
KKink; = (mi // b2ti) /o (tiot, Ty T)]

1= Timinge@Block [{$k = 1},
Z-= kR1,5 kRG)z kR3,7 E4 kKinkg kKink9 kKinklg:.
DO[Z = Z"‘Bl,r"‘kml,r—»l) {r‘J 2: 16}];

Simplify /e Z]
our-- {1.23438, E(y, (1 [0, O,
T Th (T (—1+2T—3T2+2T3) Y+2 (—1+T—T3+T4> a; -2 (1+T3> yhx1y1> €
+ +0[e]?]}
1-T+T? (1-T+72)°

RVK, rot, Z from 2016-09/0OneSmidgen.nb. See also local version in this folder.

Program
Some details of the code below are at http://drorbn.net/bbs/show?shot=Dror-160920-151350.jpg.
Program
Infe]:= RVK: :usage =
"RVK[xs, rots] represents a Rotational Virtual Knot with a list of n Xp/Xm crossings

xs and a length 2n list of rotation numbers rots. Crossing

sites are indexed 1 through 2n, and rots[k] is the rotation

between site k-1 and site k. RVK is also a casting operator

converting to the RVK presentation from other knot presentations.";
Program

n-1=  RVK[pd_PD] := PPgg@Module[{n, xs, X, rots, front = {8}, k},
n = Length@pd; rots = Table[0@, {2n}];
Xs = Cases[pd, X X { ;z[x[[4]], X111 PositiveQ@x];
[x[27, xM11] True
For[k =@, k < 2n, ++k, If[k = @V FreeQ[front, -k],
front = Flatten[fr‘ont /. k- (xs /.
Xp[k+21, L ] |Xm[L_ , k+1] = {L, k+1,1-1L},
Xp[L_, k+1] | Xm[k+1, L_] = (++rots[L]; {1-L, k+1, L})
N1
Cases[front, k | -k] /. {k, -k} > ——rots[k + 1];
115
RVK[xs, rots] |;
RVK[K ] := RVK[PD[K]];

= xs = Cases [pd, x_X :» If[PositiveQ@x, Xp[x[4], x[11]1, Xm[x[2], x[10111;
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1= RVK[Knot[10, 100] ]

KnotTheory: Loading precomputed data in PD4Knots'.

our - RVK[{Xp[1, 6], Xp[5, 18], Xm[13, 20], Xm[7, 14], Xm[3, 18], Xm[9, 16], Xm[11, 4], Xm[15, 8],

Program

Inf[]:=

Program

Inf- ]:=

Xm[19, 12], Xp[17, 2]}, {0, 0,0, 0,0, -1,0, 0,0, 0,0,0,0,1,0,0,0,0,0,0}]

rot[i_, 0] := E(,(i;[0, 0, 1];
rot[i_, n_] :=Module[{j},
rot[i, n] = If[n > @, rot[i, n-1] kCj, rot[i, n+1] kC;5] // km;, 5,:];

Z[K_ 1 := Z[RVK@K];
Z[rvR_RVK] := (*Z[rvk] ==%)
Monitor[ PP-;-@Module[{todo, n, rots, &, done, st, cx, &1, i, j, k, k1, k2, k3},
{todo, rots} = List ee rvk;
AppendTo[rots, 0] ;
n = Length[todo];
£=E(, [0, 0, 1];

done = {0} ;

st = Range[0, 2n +1];

While[{} =!= ($M = todo),
CX =

RandomChoice@MaximalBy[todo, Length[done N {#[11, #[I20, #[11-1, #[2] -1}] &];
{i, j} = Listeecx;
£1 = Switch[Head[cx],
Xp, (kRi,j KKink,) 7/ kmj,iss5

)
Xm, (ﬁi,j kKinkk) // kmj,k_,j

3
§:]l = (rot[k, rots[i]] &1) // kmy,;,;; rots[i] = ;
€1 = (&lrot[k, rotsfi+1]]) // km,i,;; rots[i+1] = @;
€1 = (rot[k, rots[jl] £1) // kmy,j,;; rots[jl = @;
€1 = (g1rot[k, rots[j+1]1) // kmj,i,55 rots[j+1] = @;

E x=1C1;
If [MemberQ[done, i], £ =, // Kmi i,1,i5 st =st /. sti+2] » sti+1]];
If[MemberQ[done, i-1]1, & =22 // KMstpig,isstpigs St =st /. st[i+1] » st[il];
If [MemberQ[done, jl, &= // kmj 1,95 st =st /. st[j+2]-»>st[j+11];
If[MemberQ[done, j-1], & =& // kMmstpip,jostpips St =st /. stj+1] -» st[jl]l;
done =doneJ{i-1,1i, j-1, j};
todo = DeleteCases[todo, cx]

];

CF/@ (£ /. {Xe> X, Yo—>Y, ag > a})

1> $M]
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Knot
m-1- $k = 1; Timinge@eZe@Knot[10, 100]
Knot
T4
1-4T+9T2-12T3+13T4-12T5+9T6-4T7+T8 :
((a(-8T*n+24T°h-36T°1n+24T h-24T°h+36T°n-24T"1h+8T2n)) /
(1-8T+34T2-96T°+2037T*-344T°+4927T°-608 T’ + 653 T° - 608 T° + 492 T*® - 344 T +
203T12—96T13+34T14—8T15+T16> + (—6T4yh+44T5yh—167T6yﬁ+41@T77/h—
73378y n+1016 TPy A -1140T® v 1 + 1048 T vy h - 776 TR yA + 440 T3 y 1 -
156 Ty h-16T® yh+79T® vy h-70TY vy h+37T®¥ vy h-12T® vy h+2T®yh) /
(1-12T+7572-316 T + 1002 T* - 2544 T° + 5394 T° - 9840 T/ + 15771 T% - 22512 7% +
28866 T1% - 33432 T 1 35095 T12 - 33432 T3 1 28866 T1# - 22512 7% + 15771 T8 -
9840 TV + 5394 T'® - 2544 T'% + 1002 T?° - 316 T* + 75 T2 - 12 T2 + T*) +
(xy (-8T*yn?+16T° yn*> 20Ty B>+ 4T yh? + 4T3y 0?20 TP y 0> + 16 T y h? -
8T11yh2))/(1—8T+34T2—96T3+203T4—344T5+492T6—668T7+653T8—
608 T° +492 T - 344 T 4 203 T2 - 96 T3 + 34T -8 T + T%) ) € + 0[€]?] |

our-- {27.3281, E(y, [0, O,

1= $k = 13 TimingeSimplify[Z@Knot[10, 100]]

4
our - {40.9844, E (5,0 [0, O, T +
1-4T+9T2-12T3+13T4-12T°+9T6-4T7 + T8
(T*n (42 (-2+14T-51T>+120T° - 203 T* + 258 T° - 246 T® + 152 77 -
1527°+ 246 T'% - 258 T + 203 T2 - 120 T + 51 T - 14 TV + 2 T%6) +
¥ (-6+2T®-8xyh-440T° (-1+xyh) -4T® (3+2xyh) +8T (-97+21xyh) +
8T’ (131+21xyh) -20T® (57+22xyh) + T (37+48xyh) + T (44 +48xyh) -
8T (2+61xyh) +8T> (127+68xyh) -2T" (35+78xyh) +4T* (-39+136xyh) -
T? (167 + 156 xy h) + T*2 (79 + 324 xy h) + T> (410 + 324xyh) T* (733 +488xyh)))
€)/(1-4T+9T2-12T3+13T4-12T°+97°- 477+ T%)° 1 0[€]?] }

n-1= EndProfile[];

Profile
nf-1= PrintProfile[]
Profile
ou-]= ProfileRoot is root. Profiled time: 84.826
( 1) 0.110/ 40.360 above Z
157) 0.471/ 35.263 above B
37) 0.158/ 9.125 above Boot
147) 0.062/ 0.078 above CF
2) 0/ @ above RVK
CF: called 13451 times, time in 26.912/65.31

(
(
(
(

1047 0.986/ 3.894 under EEQ
0.063/ 0.094 under Boot
1347 6.901/ 19.966 under LZip

)
47)
)
147) 0.062/ 0.078 under ProfileRoot
)
)
)

9875 18.680/ 40.837 under QZip
0.220/ 0.441 under QZip4
36730) 12.274/ 38.398 above CCF
Together: called 37864 times, time in 19.265/26.374

37864) 19.265/ 26.374 under CCF

(
(
(
(
(
( 988
(
g
(
( 37864) 6.155/ 7.109 above Exp
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CCF: called 37864 times, time in 12.978/39.352
36730) 12.274/ 38.398 under CF
1134) 0.704/ 0.954 under Exp
37864) 19.265/ 26.374 above Together

(
(
(
Zip: called 2851 times, time in 8.439/39.908
( 294) 1.041/ 6.525 under LZip
( 294) 0.812/ 4.182 under QZip
( 44) 0.015/ 0.045 under QZip4
( 2219) 6.571/ 29.156 under Zip
( 2851) 2.313/ 2.313 above Collect
( 2219) 6.571/ 29.156 above Zip
Exp: called 37864 times, time in 6.155/7.109
(

37864) 6.155/ 7.109 under Together
( 1134) 0.704/ ©.954 above CCF
LZip: called 294 times, time in 5.275/36.049
( 294) 5.275/ 36.049 under B
( 1047) 0.389/ 4.283 above EEQ
( 1347) 6.901/ 19.966 above CF
( 294) 1.041/ 6.525 above Zip
Collect: called 2851 times, time in 2.313/2.313
( 2851) 2.313/ 2.313 under Zip
QZip: called 294 times, time in 1.847/47.43
( 294) 1.847/ 47.430 under B
( 9875) 18.680/ 40.837 above CF
( 22) 0.078/ 0.564 above QZip4
( 294) 0.812/ 4.182 above Zip
B: called 294 times, time in ©.674/84.153
72) 0.109/ 40.171 under Z
65) 0.094/ 8.719 under Boot
157) 0.471/ 35.263 under ProfileRoot
294) 5.275/ 36.049 above LZip
( 294) 1.847/ 47.430 above QZip
Boot: called 59 times, time in ©.391/14.048
( 3) 9/ ©.079 under Z
)
)
5)
)

19 0.233/ 4.844 under Boot

37 0.158/ 9.125 under ProfileRoot
6 0.094/ 8.719 above B

19 0.233/ 4.844 above Boot

(
(
(
(
( 47) ©.063/ 0.094 above CF

EEQ: called 1047 times, time in ©.389/4.283
( 1047) 0.389/ 4.283 under LZip

( 1047) ©0.986/ 3.894 above CF

Z: called 1 times, time in ©.11/40.36

( 1 0.110/ 40.360 under ProfileRoot
( 72 0.109/ 40.171 above B
( 3 @/ ©.079 above Boot

( 22 0.078/ 0.564 under QZip
( 988 0.220/ 0.441 above CF
( 44)  0.015/ 0.045 above Zip
RVK: called 2 times, time in 0./0.
( 2) e/ @ under ProfileRoot

)
)
)
QZip4: called 22 times, time in ©.078/0.564
)
)
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