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Objects. All are of the form e/+? P, where
o L is a quadratic of the form ) l,cz(, where z runs over
{ti,a; }ics and ¢ over {7;,a;}ics, with integer coefficients /..
o () is a quadratic of the form ) ¢,cz(, where z runs over
{2, mi}ties and ¢ over {&,y;}ies, with coefficients g, in the
ring Rg of rational functions in {7}, A; }ics.
o P =5 ¢"P,is docile (deg Py < 4k) in {y;, a;, z;,mi, & Yies with
coefficients in Rg, and where deg(y;, a;, x;,1;,&) = (1,2,1,1,1).
In QuarksAndDegrees.m: Gradings to remove A and 7.
Q. What becomes of the classical-level automorphism (y, b, €) —
(72/7 7ba 76)?
Internal Utilities
Canonical Form:
CCF[& ] :=
PPccr @ExpandDenominatore
ExpandNumerator@PProgether@Together [PPEXp [
Expand[&] //. - & o e /. e 1 e“FIX ] ]_;
CF[& List] :=CF /@ &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&_ 1 := PPcg@Module[
{vs =Cases[&, (y|b|t]a|x|n|B|z|a]§)_ ,x]U
{y, b, t,a, x, n, B, T, a, §}},
Total[CoefficientRules [Expand[&], vs] /.
(ps_-»c_) = CCF[c] (Times @@ vs’) ]
15
CF[& FE] :=CF/@&;
CF [Esp [&s___ 11 := CF/@E,,[&5];
The Kronecker 6:
K& /: Ké; ,; :=If[1===7,1,0];
Equality, multiplication, and degree-adjustment of
perturbed Gaussians; E[L, Q, P] stands for -*C p:
E/:E[L1_,Q1 ,P1_ ]=E[L2_,Q2 ,P2 ] :=
CF[L1 = L2] ACF[Q1 == 02] A CF[Normal[P1 - P2] == @] ;
E/:E[L1 ,Q1 ,Pl ]E[L2 ,0Q2 ,P2 ] :=
E[L1+L2, Q1+Q2, P1%P2];
E[L_ ,Q ,P 13 :=E[L, Q, Series[Normaler, {e, 0, $R}]1;
E3@E;, [# ,Ll_,0Q ,P_] :=Module|
{NP = Normal[P]},
Eo[L, o0, (#NP /. e w*e) +0[e]®™?] // CF
]
E4@E;, [L_,Q ,P_] :=Module[
{NP = Normal[P], w},
w= (NP /. e—)O)'l;
Egfw, L, 00, (0NP /. e>we) +0[e]®™?] // CF
15
Zip and Bind
Variables and their duals:
{t*, b*, y*, a*, x*, z*} = {z, B, n, a, &, E};
{t* B*5 n* a*, £, 8"} = {t, b, y, a, x, z};
(u_i )" 2= (u*)y;
Finite Zips:
collect[sd SeriesData, & ] :=
MapAt [collect[#, £] &, sd, 3];
collect[& , £ ] := PPcorlect@Collect[&, £1;
Zip[P_] :=P;5 Zipee o 3[P_1 i= PPy

(collect[P // Zip sy, &1 1+ f_ . & » 8(er,aqf) /. &* > 0]

QZip implements the “Q-level zips” on E(L, Q, P) = Pe**°. Such
zips regard the L variables as scalars.
QZips ;ist@E[L_, Q_, P_] :=
PPgzip@Module[{Z&, z, zs, c, ys, ns, qt, zrule, Zrule},

zs = Table[Z*, {&, £5}1;

c =CF[Q /. Alternatives @@ (s |Jzs) » 0];

ys = CFeTable[d, (Q /. Alternatives @@ zs -» 9) ,

{&, &5}15

ns = CFeTable[d, (Q /. Alternatives ee s » @), {z, zs}];

qt = CFeInverse@Table [KS, ¢+ - 8;,:0, {&, &5}, {2z, z5}];

zrule = Thread[zs » CF[qt. (zs +ys)1];

Zrule = Thread[{s -» &5 + ns.qt];

CF /@ E[L, c+ns.qt.ys,

Det[qt] Zips [P /. (zrulegrule)]] 1;
Upper to lower and lower to Upper:
U21 = {BY" » e PP, B 5 e PRV, T 5 ePR Y,
TP-- > P2t .ﬂ?:' > eP¥%4, gP-- 5 ep”’};
12U = {e™ bi_rd o5 B/ V) @) @ B 4y BT/ (BY) @)
eC*' ti_+d7. Bs Tg/n ed, et t+d_. ooy Tc/h ed,

aj +d_. oy mg/r ed, et ord_.

e =AY e,

e&_ N eExpand@&};

LZip implements the “L-level zips” on E(L, Q, P) = Pe**©. Such zips
regard all of Pe? as a single”P”. Here the Z’s are b and a and the
s are Banda.

The Zipping Theorem. If P has a finite (-degree,

<P(Zi7 ()getn it g Ed >
(¢9)

~| _ct+ntgt ~ j i~
= |glect Gy <P (qi—“(zk +yr), Y+ q§)>

where ¢ is the inverse matrix of 1 —¢: (8% — q;)(ji =4.
LZip;’siList@]E[L_) Q,P_] :=
PP zip@Module[{Z, 2, 2zs, C, ¥s, ns, 1t, zrule, Zrule,
Zrule, Q1, EEQ, EQ},

zs = Table[Z*, {&, £5}1;
c =1L /. Alternativesee (s |Jzs) - 0;
ys = Table[d, (L /. Alternatives @@ zs » 0), {&, ¢5}1;
ns = Table[d, (L /. Alternatives @ee ¢s -» 9), {z, zs}];
1t = Inversee@Table [KS,, -+ - 0;,¢L, {&, &5}, {2, z5}];
zrule = Thread[zs » 1t. (zs +ys) ];

@)’

Zrule =
zrule /.
r Rules ((U=rf1] /. {b>B, t>T, a-» A}) >
(U/.U21 /. r //.12U)); (* not used «)
Zrule = Thread[&s » &5 +ns.1t];
Q1=Q/.U2l /. (zrule{ grule);
EEQ[ps__ ] :=
EEQ[ps] =
PPuggor@
(CF[e™* D[e%, Sequence ee Thread[{zs, {ps}}1]] /-
Alternativese@zs -0 //. 12U);
CF /@ ((*CF/@*)E[
c+ns.lt.ys, Q1 /. Alternatives ee zs -» 0,
Det[1t]
(Zip [ (EQe@ zs) (P /. U21 /. (zrule&rule))] /.
Derivative[ps  ][EQ][___1 = EEQ[ps] /.
_EQ > 1)
1/7/.12U0)

]
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B [L_, R_] :=LR; Define[aS; = Ry,j~Bi~Pi,j,
B{is_}[L_E, R_E] := PPg@Module[{n}, a5i = Efi)o{s) [-a: @i, -X: A &3,
Times[ 1+If[$k =0, 0, (35(i},sc-1) sk [3] -
L/.Table[(v:b |B|t|T|a|X]|Y)i= Vieis ((3S(s},0) sk ~Bi~aSi ~Bi ~ (aS[1},sk-1) s) [31]]]

{i, {is}}], . . Define[bsi = Ri,1~B1~aS1~B1~Pj 1,
R/.Table[(v:B|T|a|R| &N viei (i, {is}}] = =
i = Ri~ ~ ~ ~Fi,1»

LZipyo; . . oy, f4, {4
1 /7 LZ1Psoineetable| (861, reiranes {1 {is}}] // ahisj,k = (Ri,jRe,k) // bing,2,3 // P3,s,

QleJOi"@@Table[(fn@i:)’n@i}:{il{is}}] ]; bAi—»j,k = (Ry,1Rk,2) // amy, 2,3 // Pi,3]

Bis [L_,R_] :=B(is}[L, R]; Define|[

E morphisms with domain and range. dms 5k =

Bis vist [Eda1_ »rz [L1_, Q1_, P1_1, Egp orp [L2_, Q2_, P2_]] := (E{i,3}{1,3} [Bi bs + a3 a5, niyi+ &5%3, 1]
E (d1complement [d2,is]) - (r2UComplement[r1,is]) @@ (aAi-.1,z // aba,z,3// Ea) (bAj,_1,2 /7 bA_z_,_z,_3)) //
Bis [E[L1, Q1, P1], E[L2, 02, P2]]; (P_1,3 P_3,1 amz,j, bms, ) ,

Eg1 ora [L1_, Q1_, P1_] // Egy ory [L2_, Q2_, P2_] := dSi = E{i}.(1,2) [Bi b1 + @i @3, miya + €1 %z, 11 // (bS12S;) //
Bringz [Ed1-r1 [L1, Q1, P1], Ed2sr2[L2, Q2, P2]]; dmz, 1.3,

Egs »r2 [L1_, Q1_, P1_] = Egx 5r2 [L2_, Q2_, P2_] ":= dAij,k = (bAiLz,18A:i,2,4) // (dm3 s,k dm1,z-»j)]
(d1 == d2) A (r1=r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]); Define[C; = E(y,(:}[0, 0, B2 e°%/%]

Ea1 ora [L1_, Q1_, P1_]1 Eay or2 [L2_, Q2_, P2_] ":= T = Eqapip [0, 0, B2 et n2]

E (4102)- (raur2) @@ (E[L1, Q1, P1] E[L2, 02, P2]) ;
]Ed_—»r‘_[l-_) Q_J P_]$k7 = Eq,, @@E[L) Q, P]$k5
E [&__1[1_1:={S5}[1];

Kink; = (R1,3 Ez) // dmy o5, // dmg 3,;,
Kink; = (R1,3Cz) // dmg,2,1 // dmy,3,]
Note.t==€a-ybandb==-t/y+e€aly.

“Define” code Define[

Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhsis b2ts = Es}.{s} [01 a1 - B ts /¥, &1 Xs + M1 Yi, e Fi2/Y] 10
computed only once for each value of $k. Fancy Mathematica not t2bs = Eqsjoqs) [as @5 - Ty bi, &1 X5 +niys, %% ]g]
for the faint of heart. Most readers should ignore. Define[kR;,j = Ry,j // (b2t; b2tj) /. tij-t,
SetAttributes [Define, HoldAll]; KRi,j = Ri,j // (b2tib2t5) /. {tijj>t, Tyj-T},

Define[def , defs__] := (Define[def]; Define[defs];);

kmi,j_,k = (thi thj) // dmi,j_,k //
Define[op_;s =6_] :=

b2t /. {tx>t, Tx > T, ty|j > 0},

Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, KC;=Ci // b2ty /. Ti»T,

Block[{i, j, Kk}, KCi=Ci// b2ty /. TisT,
ReleaseHold [Hold [ kKink; = Kink; // b2t; /. {ti>t, Ty > T},
SD[opniSPJk_Integer'J PPBODt@Blo‘:k[{i: j: k}: opisp,$k = 8; kKinki = Kinki // bZti /. {ti = t-‘ Ti = T}]
OPnis,sk] 13 Some details of the code below are at
SD[0Pisps OP{is},sk]5 SD[OPsis__» OP(sis}] 3 http://drorbn.net/bbs/show?shot=Dror-160920-151350.jpg.

] 7. {SD - setDelayed, 7”/\L ,Z\/K ///L‘J//%/"”‘V For K=o, on-
isp> {is} /. {i»1i_,j->]j_,k->k_}, - — ”Emc/'zfl{'{[% @/{HM
nis » {is} /. {i -» ii, j » jj, k > kk}, ,,-/"r"f"\ PR Y Y,

. . . s s . s Kk - kk s ” e /'« 2T el
nisp » {is} /. {i-»>1ii_, j-»>3Jjj_, k> kk_} - = 4 \ ¢ Ti AN
| 2 3 < |51 ]1/__ ]_—’ a—t-!
1] J 2 > B &
Booting Up D 1 7 . Wl Foant | A
AL IR {0 -,
A p——— Z\\//g 9L J,)évﬂf,ﬂ}/ 72620 ] | Geond Wt LD
i -y as Uy 1o . v A
De'Flne[ami,j-»k = E{i,j}-{k} [ (a1 + a3) Ak, (€77 & + &5) Xs L]gks [/ L , RVK _ K«
e €Bi_1) s NV o Z ) — 2~
bms, jok = E{1,5}{k} [ (Bs + B3) bes (n5+713) Yics el s yk]$k] (% ’ ><V {'/1] A Ve
! W/ e
De-Fine[ N| y Uk &, wprdte rots

Ri,j = /\\ t - XMZJ/B
()

CFe
RVK: :usage =
"RVK[xs, rots] represents a Rotational Virtual
Knot with a list of n Xp/Xm crossings xs and

$k+1 1_exeh k(fly'X')k
]E{}—»{i,j} [.ﬁ aj b;, hXxjYi, eA(kZ‘I ( K (1 _)ekyehl) . ]]$k’
=2

Ri,q = CF@E{)—»{i,j}['h ajbi, -Axyyi/Bi, a length 2n list of rotation numbers rots.
1+I-F[$k =0, 0, (R_{i’j}’$k_1)$k[3] - Crossing sites are indexed 1 through 2n, and
(((E{i,j},o)$k R1,2 (5{3,4},”_1)“) /7 (bms,1,: amj,2.5) // rots[k] is the rotation between site k-1 and
(bmy, 3,1 amj’hj)) [3]]], site k. RVK is also a casting operator

converting to the RVK presentation from other

Pi,y = E{L,5}0 [Bi a3 /By 11e &3 /By knot presentations.";
A

1+If[$k == 0, 0, (P(i,j},5k-1) g [3] -
(Ru2 77 ((Pra3p.0) i (Paapser) o)) 131]]]



RVK[pd PD] := PPRVK@Module[{n, Xs, X, rots, front = {0}, k}, ProfileRoot is root. Profiled time: 77.548
( 1) .204/ 36.984 above Z
157) .420/ 32.503 above B

n = Lengthepd; rots = Table[@, {2n}]; e
Xp[x[4D, x[1]] PositiveQex7. ( 0
Xm[x[2], x[1]1] True ’ ( 37) 0.173/ 7.984 above Boot
For[k =@, k < 2n, ++k, If[k == @ V FreeQ[front, -k], ( 147) @.031/ 0.061 above CF
front = Flatten[front /. k> (xs /. { ( 2) 0.016/ ©0.016 above RVK
Xp[k+1, L] | Xm[L_, k+1] = {L, k+1,1-1L}, CF: called 12199 times, time in 24.968/59.806
Xp[L_ , k+1] | Xm[k +1, L ] > (++rots[L]; ( 1e47) ©.973/ 3.836 under EEQ
{1-L,k+1, L}) ( 47) 0.016/ ©0.063 under Boot
i, ( 1347) 6.357/ 18.406 under LZip
Cases[front, k| -k] /. {k, -k} :» —-rots[k + 1]; ( 147) 0.031/ 0.061 under ProfileRoot
( )
)

xs = Cases [pd, X_ X {

11; 9611) 17.591/ 37.440 under QZip

RVK[xs, rots] ]; ( 35642) 11.191/ 34.838 above CCF

Together: called 36776 times, time in 17.439/23.914
( 36776) 17.439/ 23.914 under CCF
( 36776) 5.755/ 6.475 above Exp

CCF: called 36776 times, time in 11.644/35.558
( 35642) 11.191/ 34.838 under CF

RVK[K 1 := RVK[PD[K]];
rot[i , O] := ]E”_,{i} [0, 0, 1];
rot[i_, n_] :=Module[{j},

rot[i, n] = If[n > @, rot[i, n-1] kCj, rot[i, n+1] kC;] //

kmy, 51 ] 5 ( 1134) ©.453/ ©.720 under Exp
$k = 1; Timinge@zZe@Knot[10, 100] ( 36776) 17.439/ 23.914 above Together
{35-3125, Zip: called 2675 times, time in 7.819/37.464
T4 ( 294) ©.890/ 6.074 under LZip
Eo |0 0, 1 AT 0P LT+ BT -1 Ts0Tar .78 " 294)  ©.709/ 3.749 under QZip

2087) 6.220/ 27.641 under Zip

2675) 2.004/ 2.004 above Collect

2087) 6.220/ 27.641 above Zip

Exp: called 36776 times, time in 5.755/6.475
( 36776) 5.755/ 6.475 under Together

(T*n (42 (-2+14T-51T2+120T° - 203 T*+ 258 T° - 246 T° +
152 T/ - 152 7% + 246 T — 258 T 4+ 203 T2 -
120 T + 51T - 14TY + 2T%) 4y (-6+2T -
8Xyh-440T° (-1+xyh) -4T¥® (3+2xyh) +
8T8 (-97+21xyh) +8T (131+21xyh) -20T°

(57+22xyh) +T™ (37+48xyh) +T (44 + 48Xy h) - ( 1134) ©.453/ ©.726 above CCF
8T (2+61xyh) +8T° (127 + 68Xy h) - LZip: called 294 times, time in 4.745/33.467

(
(
(
(

2 T13 (35 +78xyh) LaTe (-39 +136xyh) - ( 294) 4.745/ 33.467 under B
T2 (167 + 156 xy 1) + T2 (79 + 324 xy 1) + ( 1047) ©.486/ 4.242 above EEQ
13 (410 + 324 Xy 1) T4 (733+488xyh))) e)/ ( 1347) 6.357/ 18.406 above CI.:
(1-4T+9T2-1273:137% - 1275. 975477+ T8)%, (1 294) 0.890/ 6.074 above Zip
Collect: called 2675 times, time in 2.004/2.004
O[e]ZH ( 2675) 2.004/ 2.004 under Zip
PrintProfile[] QZip: called 294 times, time in 1.484/42.673

( 294) 1.484/ 42.673 under B
( 9611) 17.591/ 37.440 above CF
( 294) 0.709/ 3.749 above Zip
B: called 294 times, time in 0.641/76.781
) 0.063/ 36.686 under Z
65) 0.158/ 7.592 under Boot
) 0.420/ 32.503 under ProfileRoot
) 4.745/ 33.467 above LZip
( 294) 1.484/ 42.673 above QZip
Boot: called 59 times, time in ©.423/12.515
( 3) 0/ ©0.094 under Z
( ) 0.250/ 4.437 under Boot
( ) 0.173/ 7.984 under ProfileRoot
( 65) 0.158/ 7.592 above B
( ) 0.250/ 4.437 above Boot
( 47) 0.016/ ©0.063 above CF
EEQ: called 1047 times, time in 0.406/4.242
( 1047) 0.406/ 4.242 under LZip
( 1047) @.973/ 3.836 above CF
Z: called 1 times, time in 0.204/36.984

( 1) 0.204/ 36.984 under ProfileRoot
( 72) ©0.063/ 36.686 above B
( 3) @/ 0.094 above Boot

RVK: called 2 times, time in 0.016/0.016
( 2) 0.016/ ©0.016 under ProfileRoot



